EXERCISE: | (1) Show that |I11>...Ix_1Ix) is normalized.

(2) Let us consider another state |J1J2 ... Jy_1Jn) and assume that at least one of the occupied
spin-orbitals (let us denote it ¢ 5, ) is not occupied in |I1 I3 ... Iy _1In). Show that the two states are
orthogonal.

(3) The "counting” operator N isdefinedas N = Z ny where ny = &}& 7. Show that
I

arlhils.. . IN_1IN)=|Lis.. . In_1INn) if I=1, 1<k<N

=0 otherwise

and conclude that | N|I1 Iz ... In_1In) = N|I1Iz... In_1In) |

(4) Explain why states corresponding to different numbers of electrons are automatically orthogonal.

(5) Explain why any normalized state | V) fulfills the condition | 0 < (U|n;|¥) <1 |




EXERCISE:

(1) At the non-relativistic level, real algebra can be used, ¢;(X) = wio(r,7) = ¢;(r)do~r,

« 1 1
h N V% _|_ Une (I‘) X and wee = ——X .
2 Ir; — ra|

Show that the Hamiltonian, that is here a spin-free operator, can be rewritten in the basis of the molecular
orbitals {gbp(r)} as follows
p

A A 1 A A
H = thquq + 2 Z (prlgs) (quET’S - 5q7°EpS)

p7q paQ7r73

where £, = Zd;,o—&q,m hpg = ($p|hlde) and
g

(prigs) = / / dridrz ¢p(r1)ér(ra) —— dg(r1)ds(ra) = (palrs)

r1 — ra|




EXERCISE:

For any normalized N-electron wavefunction ¥, we define the one-electron (1) and two-electron (2)
reduced density matrices (RDM) as follows,

(1) Show that the 1IRDM is symmetric and that Vp, the occupation n, = Dy, of the orbital p fulfills the
inequality 0 < n, < 2. Show that the trace of the IRDM equals N.

(2) Explain why the expectation value for the energy (¥U|H|¥) can be determined from the 2RDM.

1
Hint: show that D,, = N1 Z Dypgrr.

N/2
(3) Let us consider the particular case |V) — |®) = H H j . Explain why both density matrices

are non-zero only in the occupied-orbital space.

Show that D;; = 26;; and Dk = 40;;011 — 25jk57;l and ...




.. deduce the corresponding energy expression:

N/2 N/2
(P|H|P) —2Zhu+ > (2<w|zy <z‘j|jz'>>-

1,7=1

(4) Let ¢,5 and a,b denote occupied and unoccupied (virtuals) orbitalsin & , respectively. Explain
why FE,; and EaiEAb ; are referred to as single excitation and double excitation operators, respectively.

1 .

1 . .
Hint: derive simplified expressions for |®¢) = —FE,;|®) and |<I>§jb) = iEmEbjkD) with

V2

1< 7, a<b.
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