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1. Questions on the lecture material (8 points)

a) [1 pt] Give the main di�erence between variational and non-variational quantum chemical methods.

b) [2 pts] What are the main di�erences between the first and second quantization formalisms ? How is

the Pauli principle formulated in second quantization ?

c) [2 pts] What are the various strategies used in wavefunction theory for modeling dynamical electron

correlation ? What are the advantages and drawbacks of theses strategies ?

d) [1 pt] What is the motivation for using a Coupled-Cluster (CC) ansatz for the wavefunction ?

e) [2 pts] What is the Born–Oppenheimer approximation ? Are the nuclei treated in classical mechanics

within such an approximation ? How are vibrational energies and electronic energies related ?

2. Optimization of Kohn–Sham orbitals through orbital rotations (10 points)

We will discuss in this problem the optimization of Kohn–Sham (KS) orbitals in practical density-

functional theory calculations. Real algebra will be used. Within the local density approximation (LDA),

the ground-state energy is obtained variationally as follows,
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At the LDA level of approximation the Hartree-exchange-correlation (Hxc) functional can be written as
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where exc(‹) is a function of the value ‹ that has the density n at a given position r.

a) [0.5 pt] Explain with a simple argument why LDA is (in principle) an approximation.

b) [1.5 pts] Explain (with words) why |�Í can be parameterized as |�Í © |�()Í = e≠Ÿ̂ |�0Í where  ©
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---„q

f
Dpq() + ELDA

Hxc [n()] , (3)

Dpq() =
e
�0

---eŸ̂Êpqe≠Ÿ̂
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c) [0.5 pt] For which value of  do we reach the minimum in Eq. (3)? Hint: see Eq. (1).

d) [2 pts] Let n(, r) be the value of the density n() at position r. Prove that, according to Eq. (2),
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f) [1.5 pts] It can be shown that ˆDpq()
ˆŸlm

----
=0

= (nl ≠ nm) ◊ (”mp”lq + ”lp”mq) where nl and nm denote

the occupation numbers of the orbitals „l and „m in the KS determinant �0, respectively. Explain then,

by using Eq. (5), why the following condition is fulfilled by the minimizing KS orbitals,

(nl ≠ nm) ◊
e
„l

---f̂KS

---„m

f
= 0. (6)

g) [2 pts] Conclude from Eq. (6) that the minimizing KS orbitals fulfill the following (so-called KS) equations

f̂KS„p(r) = Áp„p(r) [Hint: distinguish cases where „l and „m are occupied or unoccupied in �0]. What

is the expression for the local KS potential at the LDA level of approximation ?

h) [1 pt] How would you implement, in practice, the optimization of the KS orbitals ?
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bptimizah 'm of Ks orbitals through orbital rotations

a) The exact functional of the density E Cn ) should use the
Hok

to deliver He exact Hxcvalue of He density hvein space

energy . At the LDA level of approximation we have

¥55ED = FI En) t EID
't  

En )
-

Jd - end ncr ) )
-

local sea energy
that uses He

value of
Hr density only at the

considered position r ( not elsewhere)
Comment : In He exact theory Ene fig =)

,

"

ddy⇐eCdrD
) old

=/
.

'

fdr her ) feelin
) ad

→ Ein -
- fdr my Sgi Genie

,

can]
s " "

# exact local ne energy
→ functional of He density

C and not only function of
her ) ) .

by bptimizmg I consists in optimizing He orbitals that are occupied
in I .

This can be achieved by orbital rotation which gives in

second quantization I E ) = I I Ck ) ) = e- til Eo ) where

K controls the orbital rotation
. Therefore 6

kn = -
It !

him → min

E K

s El til ES → SECH III Each = C E. I @4th e- Else,=L
E. i ei-ie-riion-fhp.gs#.iEEpgeYE

-

he → n
# he ,

=n C K ) Dpg I K)



o ) the minimum is reached when E =E
.

i . e
. when K=0

d)
"

Enki ] -

- zfdfdihfk.ly#kttfdreoaLnikiri)

→ HE!?
A

kind
= If drfdr

'

znfk,
r ) nlkir

'

)
Z Kem 8 Klm Iv -

v
' I

tkHdi,YZE
nor

'

+ fdr AghIn × FEEL " to
-
- nirari

Jalsa
'

II; " t . " ' b.
* it Ei!

-

office
't  

[ neck , ] Ir )

Since hlK=o ) = 2¥
,

it comes

"

y
.
:

s droit:# ¥ ' " '
In

. .

⇒ It ' "
he

.

= Eg hrs Iff:{ '
he

⇒

tfdrf.ci#cn.*.3mxpqohirHam7IIk..=gg(hpqtfdr0p
christened 44914 ) 2

Iffy! " !
.-

top I oiiitcnooxlog )
↳ local Cmultiplicative) potential operator.



Since hpg = top 1514 g) it comes

a "

he
.

-
- Fa 4M¥14 >

'

IT:{ 'In
.

where In =

' '

htt 's:* Cute
.
]x = - III t @new thatched MIX

f) The minimum is reached when K=o
.

Therefore
,

the following
stationary condition is fulfilled

° = "

he
.

-
- Item ))

f
X ( he - nm)

fine + feksm = 2fe ! C I "
is hermitian )

and we use real

algebra
thus leading to fe ! I he - nm) =o

g)
.

E
-

i
- -

Mooc.
t unocc . Fe ! I he -

o) -

-
o → fee ! -

-
o

- -

I
-

-

I nor 2 (depends if we Lau an openOcc ,
I OCC ,

- - I=

or closed shell )
un .cc . fun ou .

)
fe ! ( z - 2) = → ! ho condition

-

I ! 4 it the simplest case Closed shell)
fenks ( o - o ) =o=o !

"

'

→ We knowweatethe occupiedorbitals without changing 1h
energy in that can

.

-
no condition

'
-

-
- fame thing for the unoccupiedorbitals.

⇐

i:÷⇒.÷.

÷÷÷÷÷:



Conclusion :
We can find minimizing C Ks ) orbitals that fulfill
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h) Solutions
:

Solve Eg .
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Solution 2 : Newton - method
.

Desire also the hessian matrix elements

ECD = 2¥' → ACK) and then expand through Second order in K :
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