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Schrodinger equation for two-electron systems

e Two-electron wavefunction:  ¥(ry,r2)

where ri; = (x1,y1,21) et ro = (z2,y2,22) are space coordinates of electron 1 and 2.

e Schrodinger equation: HU(ri,ry) = E¥(ry,ro)

where the two-electron Hamiltonian equals H=T+V 4+ Wee with

+— kinetic energy operator

+— nuclear attraction potential operator

<— electron-electron repulsion operator




Schrodinger equation for two-electron systems
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e For an atom with atomic number Z: 1 where r =|r|.
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e For the Hy molecule:

B _47T80|I‘ — R4 ; 4meglr — Rp|’

where R 4 and R g are the position vectors of the two nuclei.




Particular case of "non-interacting"” electrons

e Let us assume that electrons do not repel each other (!) — Wee = 0.

e If one can solve the following one-electron Schrodinger equation,

(- 924 o) pr) = e,

2m

then a trivial solution to the Schrodinger equation for two electrons is

U(ry,ro) = ¢(r1)e(r2) and E =2e¢|

Proof:

<T—l—‘7>gp(r1)gp(r2) = p(r2) [ (—%V%l + v(r1)> o(r1) | +¢(r1) [ (—%V%z + U(r2)> 90(1'2)]

= p(r2)ep(r1) + p(ri)ep(r2)

= 2ep(r1)p(r2)




H, [orbital basis set: aug—-cc—-pVQZ]
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Returning to interacting electrons ...

e Describing interacting electrons (Wee # 0) is more complicated. Indeed, in this case, any exact
solution ¥(ry, r2) to the Schrodinger equation cannot be written as ¢(r1)p(r2):

U(ry,re) # @(r1)e(ra).

Proof : Let us assume that we can find an orbital ¢(r) such that A (gp(rl)go(rg)) = Ep(r1)p(ra)
for any r; and rs values. Consequently,

Wee (0(r1)e(r2)) = Bo(r)e(r2) = (T4 V) (r)e(r2).

Using the definition of the operators and dividing by ¢(r1)p(r2) leads to

e R Vhe) i Vie(r)
dmeg|ry — ra| 2m  @(ry) 2m  p(ra)

—v(ry1) —v(ra).

W Vip(r)
m  (r)

In the limitro — ry =r, itcomes Vr, FE+ — 2v(r) — 400 absurd !




Hartree—Fock approximation for two electrons

e A Hartree product ®(ri,r2) = ¢(r1)e(r2) can be used as an approximation to the exact
ground-state wavefunction.

e The "best" p(r) orbital is obtained by applying the variational principle and by restricting the
minimization to Hartree products. Thus we obtain an approximate ground-state energy which is
known as the Hartree—Fock (HF) energy:

Eyp = min(®|H|®)
(2]

e Note that ¢(r) should be normalized so that ®(r;, r2) is normalized.

EXERCISE: | (1) Show that

— /RB dr ¢ (r)VZ2p(r) —l—/]RS dr")(r)go2(r)> _|_/RS /RS e de! e2@2(r)¢2<f’/)
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Hartree—Fock approximation for two electrons

(2) By introducing the Lagrangian ~ L[p] = (®|H|®) + (1 — (p|y)),

show that the minimizing HF orbital oy (r) fulfills the following self-consistent equation,

2m

( — —Vi+o(r)+ /3 dr’ e (7) eur (r) = eareur(r).
R

dmteg |r — r/|

6290%11:‘ (r)SO%IF (r/)
/|

(3) Show finally that Egp = 2epp — / / dr dr’ +—  Fyp #2egr!
R3 JR3
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e In practice, the HF equation is solved approximately by decomposing the trial orbital ¢(r) in a finite

basis of non-orthogonal (gaussian) atomic orbitals (AO) {Xp(r)}p:1 Y

M

~

p(r) = Cp xp(r).

are then optimized variationally.




Electron correlation

Let us stress that HF is an approximate method. In the following, we shall refer to the difference
between the exact ground-state energy Ep and the HF energy as the correlation energy E:

Ec.=Fyg— Egr <0

"Modelling electron correlation” means "going beyond the HF approximation".

Note that the doubly-occupied HF orbital ¢p (r) is an eigenfunction of the so-called Fock operator

2m dmteg |r — /|

f' _h_2v2+ (’U(I‘)—f—/ dI‘/ 62 SD%IF(IJ))X
r 3

Of course, this operator has many other eigenfunctions {¢; (r)} i with energies
1=1,2,...

{si} iy that are higher than egp. These orbitals are referred to as virtual orbitals (or just
1=1,2,...

virtuals).

Frontier orbitals: ¢pr (r) is referred to as HOMO (Highest Occupied Molecular Orbital)
and 1 (r) is the LUMO (Lowest Unoccupied Molecular Orbital).




Electron correlation
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Electron correlation

e Virtual orbitals can actually be used as a basis for modelling electron correlation, thus leading to the
following (better) approximation to the exact ground-state wavefunction,

Uo(ri,r2) =~ pur(ri)epr(ra) +— HF wavefunction

+E Ci(goHF(rl)goi(rg) + goi(rl)goHF(rg)) +— single excitation
i>1

+ > C,L-j@(rl)gpj(rg) + gpj(rl)%(m)) +— double excitation

j>i>1

The coefficients C'; and C;; are optimized variationally.

If the distribution of ALL the electrons (two here) in ALL the orbitals (occupied and virtuals) is
considered, the method is referred to as Full Configuration Interaction (FCI).

The FCI method is exact in a given finite basis of atomic orbitals. In this case, the FCI wavefunction
is of course not equal to the exact wavefunction Wo(r1,rz). The latter can only be reached, in
principle, by using an infinite basis.
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H, in the dissociation limit
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