
Electronic spin states in a magnetic field

It can be shown experimentally (by applying a uniform and static magnetic field B̨0 to hydrogen atoms,

for example) that the electron has so-called spin quantum states. From a classical (i.e. non-quantum) point

of view, spinning is about rotating around its own axis. In this exercise, we focus on the quantum spin

states of a single electron which are denoted |+Í and |≠Í. The latter correspond to counterclockwise and

clockwise rotations around the z axis, respectively, as depicted in Fig. 1. The states |+Í and |≠Í will be

used as an orthonormal basis of quantum spin states for the electron.
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Figure 1: Representation of |+Í and |≠Í spin states [“état” means “state” in French ;-)].

a) If the magnetic field is along the z axis (i.e. B̨0 = B0 ęz), the matrix representation of the spin Hamilto-

nian operator in the basis {|+Í, |≠Í} reads

Ë
Ĥ

È
=

S

WU

~Ê0
2

0

0 ≠~Ê0
2

T

XV ,

where Ê0 =
eB0
me

is the so-called Larmor frequency [e is the elementary charge of the electron (in absolute

value) and me its mass]. We assume that, at the initial time t = 0, the electron is in the spin state

|+Í. What is the probability to find the electron in the spin state |≠Í when t > 0. Justify your answer

without any mathematical derivation.
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b) We now assume that the magnetic field is along the x axis (i.e. B̨0 = B0 ęx). In this case, the matrix

representation of the Hamiltonian operator in the basis {|+Í, |≠Í} reads

Ë
Ĥ

È
=

S

WU
0

~Ê0
2~Ê0

2
0

T

XV .

Verify that the eigenvectors of Ĥ are |1Í =
1Ô
2

1
|+Í ≠ |≠Í

2
and |2Í =

1Ô
2

1
|+Í + |≠Í

2
, that they are

associated to the energies ≠~Ê0
2

and
~Ê0
2

, respectively, and that they are orthonormal.

c) Let |�(t)Í = C1(t)|1Í + C2(t)|2Í be the decomposition of the spin quantum state at time t in the basis of

the eigenvectors of Ĥ. Show that C1(t) = C1(0) e
i Ê0

2 t
and C2(t) = C2(0) e

≠i Ê0
2 t

.

d) We assume that, at time t = 0, the electron is in the spin state |+Í. What are the values of C1(0) and

C2(0) ?

e) Show, by calculating P+(t) = |È+|�(t)Í|2, that the spin state of the electron oscillates between |+Í and

|≠Í with Larmor’s frequency Ê0.

f) Explain why, by referring to Ehrenfest’s theorem, the expectation value of the energy È�(t)|Ĥ|�(t)Í does

not vary with time. What is its value ?

2



mfl* 
[

nr 
I

f a 
I

trJ/f

{
o3tr.l
rslgqJF\

r{

-usl
\

-9qJ
vl

JU3ood
'.1I,lJ

'qJ

1+:-,9lln+

t-tI

ErtN
II/"lv+

"rr Igl

t+sJt-

lTt-,9ll 
)"a

4Tef.'"n
.tl-

IIJ-,9l{5b+tl2s+<\
!'(

5-l(

+Jo+30
f,ld
+('

-,9rlt(;+

t>n

A"I'l1I

,)

sJ
U

J.-
jou { 

[t
t f nn d( l{':

jr,t I q
,dt.J 

'1, *r tt]

+lnn
+

t3jr"+-,9flt(tI+

<*.r'dll:<*J6\

0. drl
{s

{}.iA
\ts{-{

n 
J 

tu(
s{ 

.F- 
'ls

^-{-"(t
$ .fg .$l{1.
+ {lq
3 ;r 

s
E -{', f q
* t $ .flq'-
^ 

'I(-- g
+ 

-,s
v\,
.}- *."

-4 
.rt

-'E !- 
JJ

'ri 
7

{4

J-(F
\s'(tt\J

J
o3

_5\Jtt't\{6-er)
Jir\{-'I+ss'1J,-,q

o,-1

l#
tt.qJ= 

[#

{r9

t*,{ilyI8i
*-l {
j :r
r'.cI .a.n
.{ (b
t 

\-/
!/d 

+
:l"j
Luv
_,,: T i
{{iJ.,9 1.A

I
e E-
ii i
S -{ 

--+
:/6.Lw

rl
a(c(o-<

,{J{.(=rl
:V-{tr6_{

.rt
-+\\l(J.I]+fJoI
3[+ll(+

<se

otlJ+! Frr
't, 

,, 
["[

rr n H
nI

.i 
el Icll

i 5lI

n.(

JT1+rl+ll 
v

+jr.r
#tlf(tJ\)t03rd
+ttn+

(=

f,

'6vl

,l
trqaz*)-!t

I

;+

J(+tlsi{{tt'{(.eda+{+\{Jfi-tL-Y\)

c\

qlr[*c!
+

.frl

s-
(t

3

{,9[ jd
T'urtl
oo

#
Itt

3<t
#

tt0(.t
r-L
JJ{-J
qln

,l(rJIq

\lIt {tt
(n+S
*++rJ --,r

rttl
ETst 

cJ

J),6Lat



od

"'l *
+l+5l*
*'t

tlil,r
A^ 
Jr=.
Y*,o
1}lv
,F-
+4(:r
-v.t 

J- 
'S t

Y T 
.' Y

dl
u i.lc

/\dcfvst"ialf ,.f !,
ir3 3
+ 

'-{

/\:cyVsl
J,c'-dirsI,lr&I(t:&
ttrnv

?1.. !'
€J irr
-d 

{'
i,1,rd

-l'7+ 
./as

Fli,.
<E,.t',
JJt3.'-r)

j 
-,9

i,ltt\
:lSr, 

\,
qt

\|--
(=

--tr.l
N

q,
if.E\q)

J{Jo-tt-d-FIIJ

s+c'i,\,+

JJCt.t
rq)=rB+{

tT i_,
v toI
iH[ r 

fl

+ {nfl
,! [gI

[,s 
t

lcItsl)''.6vl
J6-S \

\
lx

+

J=J'6TJ$IJ.J!(

{)o3&$t

0

{!n'* 
,-r

tsi - $n

{ 
:3'i

J,- 
+ 

-lu[
3o 

tf 
+!

'i d 
'1"/ :" 

{

-rC 
+ -J ,

+ 
S 

di

^+ 
3 

+
c.l 

lt,^D 
-\, 

N
+.{:/Lt
v$T

, ts 
\Jl+ =tf

rt ='c1 
u 

il
='/

=9 l 5 $
il srr 

j
3i?k
+_'/id
v

+
.r.vg.
I 1 

-+
i'.ie4

cJi!6
vrf

$

- 
i'u

rs)
J\v 

tat
+ +r>
jtt

n
rls
sI0'i i*(

U

n--LJYG
r

<$[
<flo
':J J

-l-
.tO{}
jvt ur\
* 

l{
I

,iA-ag
n'J*
>3 -1 (t
l,x-g
{-l 

i
g '. -(rt
.,z6 

*

t*nJ.[-f
r-1 

-la

11 
tl 

-i.

{eIi
[$[r
Ii[ *
I =rc I 

I

l+ti
lflr

6Y(;s+lf$+(1= $*


