Electronic spin states in a magnetic field

It can be shown experimentally (by applying a uniform and static magnetic field Eo to hydrogen atoms,
for example) that the electron has so-called spin quantum states. From a classical (i.e. non-quantum) point
of view, spinning is about rotating around its own axis. In this exercise, we focus on the quantum spin
states of a single electron which are denoted |+) and |—). The latter correspond to counterclockwise and
clockwise rotations around the z axis, respectively, as depicted in Fig. 1. The states |[+) and |—) will be

used as an orthonormal basis of quantum spin states for the electron.

et |-

Figure 1: Representation of |[+) and |—) spin states [“état” means “state” in French ;-)].

a) If the magnetic field is along the z axis (i.e. By = By €.), the matrix representation of the spin Hamilto-

nian operator in the basis {|+),|—)} reads
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where wy = —2 is the so-called Larmor frequency [e is the elementary charge of the electron (in absolute
Me

value) and m,. its mass]. We assume that, at the initial time ¢ = 0, the electron is in the spin state

|+). What is the probability to find the electron in the spin state |—) when ¢ > 0. Justify your answer

without any mathematical derivation.



b)

We now assume that the magnetic field is along the z axis (i.e. EO = Bpéy). In this case, the matrix

representation of the Hamiltonian operator in the basis {|+),|—)} reads

P
A=,
700
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51+ = 1=) and [2) =

hw hw
associated to the energies —70 and 70, respectively, and that they are orthonormal.

Verify that the eigenvectors of H are |1) = (|+> + \—>), that they are

Let |¥(t)) = C1(t)|1) + C2(t)|2) be the decomposition of the spin quantum state at time ¢ in the basis of
the eigenvectors of H. Show that Cy(t) = C1(0) 2 and Csy(t) = C2(0) e it

We assume that, at time ¢ = 0, the electron is in the spin state |+). What are the values of C1(0) and
C(0) ?

Show, by calculating P, (t) = |(+|¥(¢))|?, that the spin state of the electron oscillates between |+) and

|—) with Larmor’s frequency wyp.

Explain why, by referring to Ehrenfest’s theorem, the expectation value of the energy (¥ (¢)|H|¥(t)) does

not vary with time. What is its value ?
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