
Quantum Mechanics Tutorials

Harmonic oscillator - Vibration energy of molecules

The energy of a molecule is approximately the sum of the energies of translation of the electrons
(kinetic energy), of inter-atomic vibration, of rotation of the molecule and that of the electronic states.
The optical spectroscopy, i.e. the interaction of electromagnetic radiation with atoms or molecules, is one
of the most important experimental techniques for investigating the structure of atoms and molecules.
Indeed, essential informations are given by the absorption properties of molecules in di↵erent range of the
electromagnetic spectrum, i.e. in di↵erent energy ranges related to each component of the energy of the
molecules.

For instance, the electronic absorption spectra (UV-vis) are characteristic of the electronic states
that will be studied during the second semester. The microwave absorption spectroscopy gives insight
into the rotation of the molecules and, using a simple model, where the molecule is a rigid rotator, it
is possible to evaluate the rotation energy, inertia moments or inter-atomic bond lengths. The energy
levels of the vibration of a molecule and the rigidity of the inter-atomic bonds are investigated by using
infrared spectroscopy. In that case, a simple model is the harmonic oscillator, whose potential energy is a
good approximation of the inter-atomic potential around its minimum, in the vicinity of the equilibrium
inter-atomic distance. For real case, it is necessary to consider the 3 dimensions of the space and the
coupling between these motions.
In this tutorial, we will treat the vibrations of a molecule by considering only 1 dimension.

1. Definitions

One calls harmonic oscillator a particle moving in a potential V (x) = 1
2kx

2 with k > 0. Such a particle

is subject to a withdrawing force F = �dV
dx = �kx. The classical movement of such a particle of mass

m is sinusoidal with pulsation ! =
q

k
m . These movements arise anytime a particle vibrates around its

equilibrium position since, at this position, the potential minimum may be approximated by a harmonic-
like potential as given above.

a) Write the classical expression of the total energy of a 1D harmonic oscillator as a function of the
position x and the impulsion px. Deduce the expression of the related Hamiltonian Ĥ related to the
particle in quantum mechanics.

b) The following operators are used :
X̂ =

p
m!
~ x̂; P̂x = 1p

m~! p̂x.

Express the Hamiltonian Ĥ in terms of X̂, P̂x and !. Verify that [X̂, P̂x] = i.

c) In order to solve the problem, operators â and â† are introduced:
â = 1p

2
(X̂ + iP̂x); â† = 1p

2
(X̂ � iP̂x) (annihilation and creation operators).

Prove that â† is the adjoint of â (hint: use the fact that p̂x and x̂ are hermitians).
Show that [â, â†] = 1. Are â and â† associated to observables ?

d) Let N̂ = â†â denote the so-called ”counting operator”. Show that N̂ is hermitian and give its expression
in terms of X̂ and P̂x. Deduce the expression of the Hamiltonian in terms of N̂ and !. Conclude that
the eigenvectors of N̂ are eigenvectors of Ĥ.
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2. Solutions of the Schrödinger equation

a) Using questions 1.c) and 1.d), prove that [N̂ , â] = �â and [N̂ , â†] = â†.

b) Let | �i be an eigenvector of N̂ associated to the eigenvalue �. Show that � 2 R+.

c) Show that for � 6= 0, â| �i is eigenvector of N̂ with associated eigenvalue � � 1. Show that â†| �i
is eigenvector of N̂ with associated eigenvalue � + 1. Justify the names ”creation operator” and
”annihilation operator” given to â† and â respectively.

d) Let us assume that � is not an integer: it can therefore be written as � = m + q where m 2 N and
0 < q < 1. Let | m+1

� i = âm+1| �i. Show that | m+1
� i is eigenvector of N̂ associated to q � 1.

Conclude.

e) Show that all eigenvectors | ni (n 2 N) of N̂ can be obtained from the state | 0i, usually referred to
as ”vacuum state”, where â| 0i = 0.

f) Write the equation fulfilled by the wave function  0(x) using questions 1.b), 1.c), and 2.e). Show that

the solution is unique and give the expression of  0(x) [hint:

Z +1

�1
dx e�↵x2

=

r
⇡

↵
].

g) Give the eigenvalues (that are the energies of the 1D harmonic oscillator) and the corresponding
eigenvectors of the Hamiltonian Ĥ. Are the energies degenerate ? Calculate the energy di↵erence
between two successive levels and comment the result.

h) Is the energy of the vacuum state equal to zero ?

3. Application to diatomic molecules

The oscillation of the molecule HI around the equilibrium positions of the atoms may be modeled by
an harmonic oscillator with mass m = MH (the iodine atom is quasi motionless) and force constant
k = 313.8 N.m�1. Calculate the frequency ⌫0 of the oscillator. Evaluate the di↵erence between two
adjacent energy levels. Calculate the wavelength of light necessary to induce a transition between two
contiguous levels. In which range of the spectrum of light is this wavelength ? It can be shown that
the only allowed transitions are between contiguous levels (selection rules). Thus a given wavelength is
characteristic of a given inter-atomic bond. It is the principle of spectroscopy. MH = 1.674 10�27 kg
; h = 6.626 10�34J.s ; ~ = h/2⇡ = 1.054 10�34 J.s ; c = 2.997 108 m.s�1. Avogadro’s number :
N = 6.022 1023 mol�1.

4. Model of the point charge elastically bound, in an electric field

One considers a particle (of charge q and mass m) which is bound to a nucleus, in the presence of a static

electric field
�!E = E�!ex. This charge interacts with the nucleus through a potential energy V (x) = m!2x2/2

where x denotes its position with respect to the nucleus and ! is a characteristic pulsation. This model is
that of the elastically bound particle. The interaction energy between the bound system (particle+nucleus)
and the electric field equals in classical mechanics W = �qEx (the nucleus is assumed to be at the fixed
position x = 0). Write the Hamiltonian Ĥ(E) of the system in the presence of the electric field.
Using a variable change u = x � x0, show that the Schrödinger equation is equivalent to that of a 1D
harmonic oscillator (give the value of x0). Give the possible values En(E) of the energy as well as the
corresponding eigenfunctions  n(E). Let D̂ = qx̂ denote the dipole moment operator and hD̂i 

n

(E) =

h n(E)|D̂| n(E)i the expectation value for D̂ in the state | n(E)i with h n(E)| n(E)i = 1. Prove the
Hellmann-Feynman theorem:

dEn(E)
dE = �hD̂i 

n

(E).
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Deduce the value of hD̂i 
n

(E) and show that the so-called ”static polarisability” of the bound system

↵(0) =
dhD̂i 

n

(E)

dE

����
E=0

equals
q2

m!2
. What is the expectation value of the position x̂ in the presence of the

electric field ?
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