
Quantum Mechanics Tutorials

Approximations: variational method

1. ⇡ electrons in the allyl system

We will approximate the one-electron wave functions of the ⇡ electrons in the allyl system by linear
combinations of normalized atomic orbitals pz

i

(r) (simply denoted pi(r) in the following), which are
centered on carbon atoms Ci (see figure below).
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A trial wave function can thus be written as

�(r) = � p1(r) + µ p2(r) + ⌫ p3(r),

where �, µ and ⌫ are real coe�cients. The following approximations and notations will be used for
deriving the secular equation:

• the overlap integrals hpi|pji =
Z

dr p⇤i (r) . pj(r) are equal to �ij ,

• the energies Hii = hpi|Ĥ|pii (associated to the atomic orbitals pi) where Ĥ is a one-electron Hamil-
tonian describing the molecule, are all equal to a real number ↵,

• the so-called ”coupling integrals” Hij = hpi|Ĥ|pji are all equal to a real number � when Ci and Cj

are adjacent carbon atoms. They are assumed to be zero if Ci and Cj are not adjacent (Hückel
approximation),

• ↵ and � are negative.

1. Derive the secular determinant in terms of ↵, � and the one-electron energy E. Rewrite it in terms

of the variable x defined as x =
↵� E

�
.

2. Solve the secular equation in x.
3. Deduce from question 2. what are the energy levels of the ⇡ electrons in the allyl system. Draw

the corresponding energy diagram.
4. Using arrows for spin states (" or #), give on three separate energy diagrams the electron distribution

corresponding to the ground state configuration of the ⇡ electrons in (a) the allyl radical (3 electrons),
(b) the allyl cation and (c) the allyl anion.

5. Give the three wave functions �1, �2 and �3 (referred to as molecular orbitals) which correspond
to the three energy levels found in question 3.

6. Normalize these three molecular orbitals.
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2. The 1D harmonic oscillator

Consider a 1D harmonic oscillator whose Hamiltonian equals

Ĥ =
p̂x

2

2m
+

1

2
m!2x̂2.

This Hamiltonian is even (i.e. invariant under reflection x ! �x), so its ground state has even parity.
Consequently it is described by an even function. As an attempt to find an approximation to the exact
ground state wave function, we consider an even trial wave function depending on a single ↵ parameter:
�↵(x) = e�↵x2

(↵ > 0).

Using the variational method, find the ground state energy of the 1D harmonic oscillator as well as
the expression of the associated wave function. For that purpose proceed as follows:

a) Derive the expectation value E↵ of the energy over the trial wave function �↵ (use integration by parts).

b) Minimize E↵ with respect to ↵.

c) Comment the result.

Useful formula:

Z +1

0
e�u2

du =

p
⇡

2
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