M1 Matériaux et nanosciences

Examen de Mécanique Quantique (english version)
december 2013

Tous les documents ainsi que les calculatrices sont interdits.

Le baréme proposé est uniquement indicatif (I’examen est noté sur 22 points).

1. Questions about the lectures (12 points)

Give detailed answers to the following questions:
a) [2 pts] How is the time-independent Schrodinger equation related to the time-dependent one ?

b) [3 pts] In quantum mechanics, an observable is connected with an operator. Give an example for a
particle. What mathematical property does this operator have 7 Does quantum theory enable you to

know exactly what will be measured for that observable ?

c) [2 pts] What is the spin of the electron ? In which theory is it described ? How is the quantum state of

the electron written in such a theory 7
d) [2 pts] Compare Hiickel and Hartree-Fock methods.

e) [3 pts] What is the electron correlation energy ?

2. Problem (10 points): variational principle for the excited states

Let H be the Hamiltonian of a quantum system whose orthonormal basis of eigenstates is denoted
{|¥;)}i=0,1,2,... with the associated eigenvalues {E;}i=0,1,2,... We assume in the following that the latter are

all non-degenerate and ordered as follows:

Ey< By < By < ...

Let |¥) = Z C;|¥;) be any normalized quantum state written in the basis of the eigenvectors of H.

(2
Real algebra will be used in the following.

a) [1 pt] Show that > C? =1 and Ey < (U|H|T).



b)

c)

[2 pts] Let us consider the quantum state |¥(£)) = £|Wo) ++/(1 — £2)|¥1), where £ is a real number and
0 < & < 1. Show, by considering the particular case £ = 0, that the stationarity condition is fulfilled for
the first excited state. Show then, when investigating the sign of (¥ (€)|H|¥(¢)) — E, for € > 0, that the
energy of the first excited state E; is not locally (that is for small  values) a minimum for the energy
expectation value.
[1 pt] Let | V') = Z Ci|¥;) be another normalized quantum state. Show that

i

1
(U[H|Y) — By + (V|H|Y') — E1 =) (pi—1)Ei+ Y _ piEi,
i=0 i>1
where p; = C? + (C!)2.

1
[1 pt] Deduce from the normalization of |¥) and |¥’) that Z(l —Di) — Zpi =0.
i=0 i>1

[1 pt] Conclude that

1
(U[H|W) — Eog+ (V|H|Y) — By =Y (1 —p:)(B1 — E;) + > pi(E; — En).

1=0 i>1

1
Hint : start from the expression (U|H|W¥) — Ey + (V'|H|V') — By + E; x (Z(l —pi) — sz>
=0 i>1
[2 pts] We now assume that |¥) and |¥’) are orthonormal and we denote {|¥*))};_53  the comple-

mentary orthonormal states such that [¥), |0’), {|{@*))};_o 3  is an orthonormal basis for the all space

of quantum states. The eigenstate |¥;) is decomposed in that new basis as follows:

W) = C10) + C'W)y + Y cWe®),
k=2,3,...

Show that (¥;|¥;) > C? + (C")?, C = C; and ¢’ = C!. Conclude that p; < 1.

[2 pts] Deduce from questions 2. e) and 2. f) that
Ey+ By < (Y|H|) + (V'|H|V).

Explain then how the ground |¥) and the first excited |¥;) states can be obtained simultaneously and

variationally.
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