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Investigating rigorous combinations of wave function and density-functional theories

Outline

e Merging wave function (WFT) and density-functional (DFT) theories: why ?
e Hohenberg-Kohn (HK) theorems

e HK theorems at work:
Kohn-Sham (pure functionals: LDA, PBE, ...)

hybrid HE-DFT (hybrid functionals: PBEO, B3LYP, CAMB3LYP, ...)

post-HE-DFT (double hybrids, range-separated schemes, ... )
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Investigating rigorous combinations of wave function and density-functional theories

Merging WFT and DFT: why ?
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Investigating rigorous combinations of wave function and density-functional theories

Merging WFT and DFT: why ?
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Investigating rigorous combinations of wave function and density-functional theories

Notations

e N-electron Hamiltonian within the Born-Oppenheimer approximation:

I:I — T -+ Wee + ‘A/ne
—  kinetic energy

1
with wee(r12) = — —  full electron-electron repulsion

r12

nuclei

with vpe(r) = — 24

=N —  electron-nuclei attraction

e electron density n(r) fulfills / dr n(r) = N
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Investigating rigorous combinations of wave function and density-functional theories

Notations

e Density operator in the 1-electron case:

ny(r) = 7 (r) (r) = (Plr)(rly) = (Pla(r)]d)

e local nuclear potential operator:  Une(r) = / dr vpe(r) |r)(r| = / dr vpe(r) n(r)

e Generalization to the N-electron case (second quantization):

(U|n(r)|¥) where ¥ is an N-electron wave function

N
Ve =3 e (rs) = / dr vao (1) ()

=1
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Investigating rigorous combinations of wave function and density-functional theories

Hohenberg and Kohn theorems

HK1: There is a one to one correspondence between the local potential v(r), up to a constant, and the
non-degenerate ground-state density n(r) of the electronic Hamiltonian

H) =T + Wee + / dr v(r)n(r)

Proof:
v(r) — W[v] ground state of H[v] — Ny (r) = (Y[v]|A(r)|¥]v])
n(r) — unique v(r) (up to a constant) so that the density of ¥[v] equals n(r) ?

Let us assume that we can find two local potentials v(r) and v’ (r) that differ from more than a
constant and lead to the same ground-state density:

Ny (o] (r) = Ny [v/] (r) = n(r)
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Investigating rigorous combinations of wave function and density-functional theories

Hohenberg and Kohn theorems
e U[v] cannot be equal to ¥[v’] otherwise
H[v)|[v]) = E[v]|¥[v]) and H[V][¥[']) = E[][¥[v])

leads to H[v]|¥[v]) — H[v']|¥[v'])

\ 7
Vo

— (Al = A1) [90]) = [ dr (v(x) = ') A Ve]) = (Elo] - BW) [0[e]) ()

=# constant

Comment: the eigenvectors of a local potential operator correspond to electrons fixed at given

positions in space
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Hohenberg and Kohn theorems
e Non-degeneracy implies

(U[')|H[v][¥[v']) > E[v] and (P[o]|H[v'][¥[s]) > Elv']

(O[T + Wee|[¥[v']) — (C[0]|T + Wee|¥[v]) > /dr v(r) (ng[)(r) — nyp(r)) =0

(O[T + Wee|[¥[v']) — (C[0]|T + Wee|¥[v]) < /dr V' (1) (nwpe)(r) — N (1))

e Conclusion: ngp(r) — o) — Y] — Ey

the ground-state energy Fv] is a functional of the ground-state density ny,)(r)

Elv] = Elng[y)]
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Hohenberg and Kohn theorems

HK?2: The ground-state density ng(r) of the electronic Hamiltonian

Hlvne] =T + Wee + / dr vpe(r)n(r)

minimizes the energy density-functional E[n| = F[n] + / dr vpe(r)n(r),

where the Hohenberg and Kohn universal functional F'[n] is defined as

Fn] = (U[n]|T + Wee|¥[n]),

and the minimum equals the exact ground-state energy Eo:

min E[n| = E[ng] = Ey

n

Comment: we know from HK1 that n(r) — vn|(r) — VYv[n]]
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Hohenberg and Kohn theorems

Proof:

e for any density n(r), U[n] is well defined according to HK1 and

(0[] | H [one] [ ¥[n]) > Eq

N——

\(\Il[n] T + VAVee|\IJ[n]>J /dr Vne(T) Ny (r) > Eo

leading to

e When n(r) equals the exact ground-state density no(r):
no(r) — ovne(r) — VY[ng] = Y]vne] = Yo

E[nO] = <\PO|T + Wee|\110> + /dr 'Une(r)nO(r) = <\IJO|T + Wee + ‘A/ne|qjo> = Eo
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Kohn-Sham DFT (KS-DFT)

the energy density-functional

Eln| = F[n] + / dr vpe(r)n(r)

is fully known from the HK functional F'[n], for which the explicit expression is unknown (!)

unknown = known + (unknown — known)

HK1 was formulated for "fully-interacting” electrons described by the Hamiltonian

T+Wee—|—/drv(r)ffz(r) () = Uln] = Fln] = (Un]|T + Wee| T n))

HK1 is actually also valid for fictitious "non-interacting" electrons described by the Hamiltonian

T+ / dr v(r)7(r) : n(r) — ®XS[n] — Tgln] = (BKS[n]|T|0XS[n])
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Kohn-Sham DFT (KS-DFT)

e The Hamiltonian of "non-interacting" electrons is a one-electron operator:

HES =T 4+ / dr v(r)n(r) VZ 4 0(ry)
e Its exact ground state ®¥5[n] is therefore a single Slater determinant:

X5 [n) = [pip3 . --sOQ%I

where the Kohn-Sham orbitals ¢; fulfill

1
—EV%% + v(ri)pi = €ips

e The "non-interacting” kinetic energy is then easy to calculate:

Tsln) = (@S TSy = ~2 x 3 [ dr i (0)9%0i(0)
1=1
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Kohn-Sham DFT (KS-DFT)

The kinetic energy of non-interacting electrons being "known":

Fn] = Ts[n] + (F [n] —Ts Mj)

Ve

EHXC [TL]

1

/
Hartree, exchange and correlation energy functional: Eyjxc[n] = = / —n(r)n(r )

r — ']

5 drdr’ 4+ Fxc[n]

Energy expression in KS-DFT deduced from HK2

Eo = mgn {TS [n] + Fuxc[n] + / dr vne(r)n(r)}

The exact explicit expression of T's|[n] is unknown (!)
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Investigating rigorous combinations of wave function and density-functional theories

Kohn-Sham DFT (KS-DFT)

e Let us consider an arbitrary wave function ¥ of density ny (r) — ®%5[ng] which is the ground
state of a "non-interacting" Hamiltonian

HYS =T —I—/dr v(r)n(r)

(UIHEST) > (255 [ng ][ 752" [ny])

(U|T|T) — (K5 [ng]|T|®%5 ng]) > /dr v(r) (%Ks[w](r) - n\p(r)) =0

leading to | (U|T'|¥) > Ts[ny]

Conclusion: the kinetic energy of a "fully interacting" electronic system is larger than the kinetic

energy of the "non-interacting” electronic system which has the same electron density
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Investigating rigorous combinations of wave function and density-functional theories

Kohn-Sham DFT (KS-DFT)

e Consequence: minimization over densities n(r) <> minimization over wave functions W:

for any W, (U|T + Vie|U) > Tgng] + /dr Une (r)nyg (1)

<\IJ‘T + Vne|\I]> + EHXC [n‘lf] Z TS [n‘lf] + EHXC [n\I/] + /dr Une(r)nllf (I‘)

\ 7
Ve

E[n\p] > EO

e When ¥ equals the non-interacting ground state ®%5[ng] associated to the exact density nq(r)

(@5 [n0]|T + Vne|2™®[n0]) + Erxc[ngxs(n,)] = Elnol = Eo

Eo = m\li’n {<\IJ|T + ‘A/nel\Ij> + EHXC[n\I/]}
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Comparing WFT and KS-DFT

e Ey=min {<\p|T+ Vie + Wee|xp>} = min {<¢|T+ Voo |®) + EHXC[%}}

\ \

¥ = &M 137 Crdety <I>=|90?90§---902%\
k

\ . 7
"

\ 7
~

multideterminantal wave function single determinant

e approximations to Exc[n|: LDA, PBE, ... known as pure functionals since they depend explicitly on
the density n(r), its gradient |Vn(r)|, etc... — problems with self-interaction error, charge
transfers, ...
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Merging Hartree-Fock (HF) and DFT

HK3: There is a one to one correspondence between the local potential v(r), up to a constant, and the
non-degenerate Hartree-Fock ground-state density n¥ (r) of the electronic Hamiltonian

Hv) =T + Wee + / dr v(r)A(r)

v(r) — ®HF[y] HF approximation for H[v] — NgHE [, (r) = (@HF [v]|A(r) |2 [v])

n(r) — unique v(r) (up to a constant) so that the density of ®7¥[v] equals n(r) ?

Assuming that we can find two local potentials v(r) and v’ (r) that differ from more than a constant
and lead to the same HF ground-state density is absurd !
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Investigating rigorous combinations of wave function and density-functional theories

HK1 was formulated for "fully-interacting” electrons described by the Hamiltonian

T—l—Wee—l—/dr v()a(r) : n(r) — Y[n] — Fln]= (V[n]|T + Wee|¥[n])

HK3 is formulated at the HF level of approximation for electrons described by the Hamiltonian

T+ Wee + / dr v(r)n(r) : n(r) —» OHF[R] — FHF[p] = (OHF[n]|T + Wee|DHF [n])

The Hartree-Fock energy of "fully-interacting” electrons being "known'":

Ve

E:[n]

Energy expression in the "hybrid functionals" scheme deduced from HK2

Eo = mnin {((I)HF (n)|T + Wee| @R [n]) + Ec[n] + / dr vne(r)n(r)}
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Investigating rigorous combinations of wave function and density-functional theories

Comparing WFT and the "hybrid functionals" scheme

e Ey=min {<\1;|T+ Vie + Weemj)} = min {<q>|T+ Wee + Vie|®) + Ec[nq)]}

\ \

U =" 4+ " Crdety, O = |pips ... o |
k

2

\ 7
Ve

\ - >4
Ve

multideterminantal wave function single determinant

e approximations to E.[n|: LDA, PBE, ...

e A modified electron-electron interaction is used in practice: | Wee — W

W = a; Wee a=25% for PBEO and a,=20% for B3LYP

W = W long range part of the electron-electron repulsion — CAMB3LYP, ...
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Merging post-HF methods with DFT

e A proper description of multireference systems requires more than a single determinant
— a complete active space (CAS) must be defined

H.. H CAS = |0§|,|05|
Be CAS = |1s5225?|, [1s22p2], |1322p3|, 11522p2|

e Natural multireference extension of the hybrid functional scheme:

Fo = min {<@|T + Wee + Vae|®) + Ec[ncp]} s min {(\IJ|T + Ve + Wee|U) + ESAS[W]}

P vecCAS

Vo

leads to a "double counting problem" not universal !
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Merging post-HF methods with DFT

Wee — Weﬂg + (Wee — We’f'le’L)

7

~

e h

post-HF methods W™ complement of W/ — B [n]
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HK1 was formulated for "fully-interacting” electrons described by the Hamiltonian

T—|—Wee—|—/drv(r)ﬁ(r) . n(r) — ¥n] — Fn]=(¥n)|T + Wee|¥[n])

HK1 is also valid for fictitious electrons with modified interactions as described by the Hamiltonian

T—l—ng—F/dr v(r)n(r) : n(r) - ¥™n] — F™[n]= (q:m[n]|T+ng|\11m[n]>

Assuming that it is possible to compute accurately correlation for W/

Fln] = F™[n| + (F[n] — Fm[n]>

\ 7
-~

EfiZn]

Hybrid post-HF-DFT energy expression deduced from HK2

Eo = min { (U [7 -+ W™ o)) + Bl + [ dr one(o)n(n) |
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Comparing WFT and combined post-HF-DFT

o Fg—= m\ﬁn {<\IJ|T—|‘ Vie + Wee|\11>} — m\ﬁn {(KIJ|T+ Wee + Vne|\l’> EHXC[ ]}

! !

v = dgp + Zdeetk OIr + ZC,T’detk
k

\ 7 \
Ve v

multideterminantal wave function multideterminantal character induced by W/
approximations to " [n]: LDA-type, PBE-type, ...
ng can in principle be described with any post-HF method (MP2, CC, CI, CASSCF, CASPT2, ...)
MP2 with ng — a;Wee — double hybrid functionals of S. Grimme (J. Toulouse et al.)

CASSCF with W = Wr — multireference range-separated DFT schemes (see lecture 2)
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