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An introduction to post-Hartree-Fock quantum chemistry (II)

Static correlation
• H2 in the equilibrium geometry:

|Ψ0〉 = C0|1σαg 1σβg 〉+ . . . where |C0|2 = 98% no static correlation

• In the dissociation limit: HA. . . HB and NOT H−A . . . H+
B or H+

A. . . H−B

φ1σg (r) =
1
√

2

(
φ1sA (r) + φ1sB (r)

)
and φ1σu (r) =

1
√

2

(
φ1sA (r)− φ1sB (r)

)
|1σαg 1σβg 〉 =

1

2

(
|1sαA1sβB〉+ |1sαB1sβA〉+|1s

α
A1sβA〉+ |1sαB1sβB〉

)
−|1σαu1σβu〉 =

1

2

(
|1sαA1sβB〉+ |1sαB1sβA〉−|1s

α
A1sβA〉 − |1s

α
B1sβB〉

)

|Ψ0〉 =
1
√

2

(
|1σαg 1σβg 〉 − |1σαu1σβu〉

)
strong static correlation
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An introduction to post-Hartree-Fock quantum chemistry (II)

• Exact ground-state wave function in the dissociation limit:

Ψ0(r1, σ1, r2, σ2) = Ψ0(r1, r2)
1
√

2

(
α(σ1)β(σ2)− α(σ2)β(σ1)

)
where Ψ0(r1, r2) = φ1σg (r1)φ1σg (r2)− φ1σu (r1)φ1σu (r2)

• If electron 1 is bound to HA, around r2 = r1 we have |r1 − r2| << |r1 − rA| << |rB − rA|

φ1sB (r2) = φ1s(|r2 − rB|) = φ1s(|r2 − r1 + r1 − rA + rA − rB|) ≈ φ1s(|rA − rB|)
φ1sB (r1) = φ1s(|r1 − rB|) = φ1s(|r1 − rA + rA − rB|) ≈ φ1s(|rA − rB|)

Ψ0(r1, r2) ≈ φ1s(|rA − rB|)
(
φ1s(|r1 − rA|) + φ1s(|r2 − rA|)

)

φ1s(r) = e−ζr −→ Ψ0(r1, r2) ≈ e−ζ|rA−rB|

Conclusion: static correlation has nothing to do with the cusp condition ... It is here a long-range type of

correlation (left/right correlation)
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An introduction to post-Hartree-Fock quantum chemistry (II)

Multi-Configurational Self-Consistent Field model (MCSCF)

• The MCSCF model consists in performing a CI calculation with a reoptimization of the orbitals

|Ψ(κ,C)〉 = e−κ̂
(∑

i

Ci|i〉
)

• The MCSCF model is a multiconfigurational extension of HF which aims at describing static
correlation: a limited number of determinants should be sufficient.

• Short-range dynamical correlation is treated afterwards (post-MCSCF models)

• Choice of the determinants: active space

H. . .H 2 electrons in 2 orbitals (1σg , 1σu) −→ 2/2

Be 2 electrons in 4 orbitals (2s, 2px, 2py , 2pz) −→ 2/4
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Multi-Configurational Self-Consistent Field model (MCSCF)

• Complete Active Space (CAS) for Be: |1s22s2〉, |1s22p2x〉, |1s22p2y〉, |1s22p2z〉,

if all the determinants are included in the MCSCF calculation −→ CASSCF

if a Restricted Active Space (RAS) is used −→ RASSCF

• The orbital space is now divided in three:

doubly occupied molecular orbitals (inactive) φi, φj , . . . 1s

active molecular orbitals φu, φv , . . . 2s, 2px, 2py , 2pz

unoccupied molecular orbitals φa, φb, . . . 3s, 3p, 3d, . . .
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An introduction to post-Hartree-Fock quantum chemistry (II)

Multi-Configurational Self-Consistent Field model (MCSCF)

EX6: In order to illustrate with H2 the fact that active orbitals can be partially occupied, show that the
active part of the density matrix AD, defined as

ADvw = 〈Ψ|Êvw|Ψ〉,

where |Ψ〉 =
1

√
1 + c2

(
|1σαg 1σβg 〉 − c|1σαu1σβu〉

)
,

equals

AD =


2

1 + c2
0

0
2c2

1 + c2

 .

Note: In the particular case of a single determinantal wave function (c = 0) the active density matrix

reduces to

2 0

0 0

.
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An introduction to post-Hartree-Fock quantum chemistry (II)

• Iterative optimization of the orbital rotation vector κ and the CI coefficients Ci:

|Ψ(0)〉 =
∑
i

C
(0)
i |i〉 ←− normalized starting wave function

|Ψ(λ)〉 = e−κ̂
|Ψ(0)〉+ Q̂|δ〉√

1 + 〈δ|Q̂|δ〉
←− convenient parametrization λ =



...

κpq
...

δi
...


p > q

Q̂ = 1− |Ψ(0)〉〈Ψ(0)|, |δ〉 =
∑
i

δi|i〉, 〈Ψ(0)|Q̂|δ〉 = 0, 〈Ψ(λ)|Ψ(λ)〉 = 1

• MCSCF energy expression: E(λ) = 〈Ψ(λ)|Ĥ|Ψ(λ)〉

• Variational optimization: E
[1]
λ+

=

Eo[1]
λ+

E
c[1]
λ+

 = 0 where E
o[1]
λ+

=
∂E(λ)

∂κ

∣∣∣∣
λ+

and Ec[1]
λ+

=
∂E(λ)

∂δ

∣∣∣∣
λ+
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An introduction to post-Hartree-Fock quantum chemistry (II)

• Newton method:

E(λ) ≈ E(0) + λTE
[1]
0 +

1

2
λTE

[2]
0 λ → E

[1]
λ+
≈ E[1]

0 + E
[2]
0 λ+ = 0 → E

[2]
0 λ+︸︷︷︸ = −E[1]

0

Newton step

• Convergence reached when E[1]
0 = 0

EX7: Show that E
o[1]
0,pq = 〈Ψ(0)|[Êpq − Êqp, Ĥ]|Ψ(0)〉 and E

c[1]
0 = 2

(
HCAS − E(0)

)
C(0)

where HCAS
ij = 〈i|Ĥ|j〉 and C(0) =


...

C
(0)
i

...



Note: E
o[1]
0 = 0 is known as generalized Brillouin theorem.
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An introduction to post-Hartree-Fock quantum chemistry (II)

Multi-Configurational Self-Consistent Field model (MCSCF)

EX8: We consider in this exercise a different parametrization of the MCSCF wave function:

|Ψ(κ,S)〉 = e−κ̂ e−Ŝ |Ψ(0)〉

where Ŝ =
∑
K

SK

(
|K〉〈Ψ(0)| − |Ψ(0)〉〈K|

)
, 〈Ψ(0)|K〉 = 0, 〈K|K′〉 = δKK′ and

∑
i

|i〉〈i| = |Ψ(0)〉〈Ψ(0)|+
∑
K

|K〉〈K|

Derive the corresponding MCSCF gradient and show that the optimized MCSCF wave functions
obtained with this parametrization and the previous one are the same.

Note: This double exponential form is convenient for computing response properties at the MCSCF level
and performing state-averaged MCSCF calculations.
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An introduction to post-Hartree-Fock quantum chemistry (II)

Multi-Reference Perturbation Theory (MRPT)

• Multiconfigurational extension of MP2:

unperturbed wave function |Φ0〉 −→ |Ψ(0)〉

unperturbed energy E(0) = 2
∑
i

εi −→ ???

perturbers |D〉 −→ ???

zeroth-order excited energies E(0) + εa + εb − εi − εj −→ ???

unperturbed Hamiltonian F̂ −→ E(0)|Φ0〉〈Φ0|+
∑
D

〈D|F̂ |D〉|D〉〈D| −→ ???
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An introduction to post-Hartree-Fock quantum chemistry (II)

Multi-Reference Perturbation Theory (MRPT)

• MCSCF Fock operator: F̂ =
∑
p,q

fpqÊpq

fpq = hpq +
∑
rs

(
〈pr|qs〉 −

1

2
〈pr|sq〉

)
Drs and Drs = 〈Ψ(0)|Êrs|Ψ(0)〉

• The density matrix is split into inactive and active parts: D = ID + AD

IDij = 2δij ,
ADuv = 〈Ψ(0)|Êuv |Ψ(0)〉

• In general, the MCSCF wave function Ψ(0) is not eigenfunction of the MCSCF Fock operator (which
is a one-electron operator):

ĤCAS|Ψ(0)〉 = E0|Ψ(0)〉, E0 : converged MCSCF energy

ĤCAS = P̂CAS Ĥ P̂CAS, P̂CAS =
∑
i

|i〉〈i|
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An introduction to post-Hartree-Fock quantum chemistry (II)

Multi-Reference Perturbation Theory (MRPT)
EX9: Show that the Hamiltonian and the Fock operator reduce, within the CAS space, to

ĤCAS =

(
2
∑
i

hii +
∑
i,j

(
2〈ij|ij〉 − 〈ij|ji〉

))
P̂CAS

+
∑
uv

(
huv +

∑
i

(
2〈ui|vi〉 − 〈ui|iv〉

))
ÊuvP̂

CAS +
1

2

∑
uvwx

〈uw|vx〉
(
ÊuvÊwx − δvwÊux

)
P̂CAS

F̂CAS =

(
2
∑
i

hii + 2
∑
i,j

(
2〈ij|ij〉 − 〈ij|ji〉

))
P̂CAS

+
∑
uv

(
huv +

∑
i

(
2〈ui|vi〉 − 〈ui|iv〉

))
ÊuvP̂

CAS +
∑
iuv

(
2〈ui|vi〉 − 〈ui|iv〉

)
ADuvP̂

CAS

+
∑
uvwx

(
〈uw|vx〉−

1

2
〈uw|xv〉

)
ADwxÊuvP̂

CAS
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An introduction to post-Hartree-Fock quantum chemistry (II)

Multi-Reference Perturbation Theory (MRPT)

• MRPT2 based on F̂ is known as CASPT2:

Ĥ0 = 〈Ψ(0)|F̂ |Ψ(0)〉︸ ︷︷ ︸ |Ψ(0)〉〈Ψ(0)|+ Q̂Ĥ0Q̂

E(0)

At the CASPT2 level the zeroth-order energy does not equal the MCSCF one (as for MP2)

• MRPT2 based on ĤCAS is known as N-Electron Valence PT2 (NEVPT2):

Ĥ0 = 〈Ψ(0)|ĤCAS|Ψ(0)〉︸ ︷︷ ︸ |Ψ(0)〉〈Ψ(0)|+ Q̂Ĥ0Q̂

E0

At the NEVPT2 level the zeroth-order energy equals the MCSCF one.
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An introduction to post-Hartree-Fock quantum chemistry (II)

Multi-Reference Perturbation Theory (MRPT)

• Choice of the perturbers: eight types of excitation subspaces for the first-order correction to the wave
function

S
(0)
ij,ab (j ≥ i, b ≥ a) S

(−1)
i,ab (b ≥ a) S

(+1)
ij,a (j ≥ i) S

(−2)
ab (b ≥ a)

S
(+2)
ij (j ≥ i) S

(0)
i,a S

(−1)
a S

(+1)
i

• Contracted perturbation theory: for example, states in S(−2)
ab are expressed as

ÊauÊbv |Ψ(0)〉 =
∑
i

C
(0)
i ÊauÊbv |i〉

↓
optimized at the MCSCF level (kept frozen in the MRPT2 calculation)
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• Unperturbed Hamiltonian in CASPT2:

Ĥ0 = 〈Ψ(0)|F̂ |Ψ(0)〉|Ψ(0)〉〈Ψ(0)|+
(
P̂CAS − |Ψ(0)〉〈Ψ(0)|

)
F̂
(
P̂CAS − |Ψ(0)〉〈Ψ(0)|

)
+
(∑
k,l

P̂
S
(k)
l

)
F̂
(∑
k,l

P̂
S
(k)
l

)

where P̂
S
(k)
l

projects onto the excitation subspace S(k)
l .

• Intruder state problem: |Ψ(1)〉 =
∑
P

|Ψ(0)
P 〉〈Ψ

(0)
P |Ĥ|Ψ

(0)〉

E(0) − E(0)
P

where 〈Ψ(0)
P |Ĥ|Ψ

(0)〉 is small and E(0) ≈ E(0)
P

• Introduction of a level shift parameter ε:

E(0) − E(0)
P −→ E(0) − E(0)

P + ε

• Intruder state problems can be avoided when using a different zeroth-order Hamiltonian
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ELSEVIER 

2 December 1994 

Chemical Physics Letters 230 (1994) 391-397 

C H E MI C A L 
P H Y SI C S 
L E T T E R S 

The Cr2 potential energy curve studied with multiconfigurational 
second-order perturbation theory 

K. Andersson, B.O. Roos, P.-A. Malmqvist, P.-O. Widmark 
Department of Theoretical Chemistry, Chemical Centre, University oflund, P.O. Box 124, S-221 00 Lund, Sweden 

Received 30 August 1994 

Abstract 

The potential energy curve of the Crz ground state has been obtained by multiconfigurational second-order perturbation the- 
ory. In this study 6-8 singularities appear in the potential curve for bond distances ranging from 1.5 to 2.2 A. However, these 
singularities are weak enough to allow the determination of approximate spectroscopic constants. By employing a large atomic 
natural orbital (ANO) basis set of the size Ss7p6d4f and by including 3s, 3p correlation effects and relativistic corrections, the 
following values were obtained (experimental data within parentheses): equilibrium bond length r, = 1.7 1 8, ( 1.68 A), harmonic 
vibrational frequency c&=625 cm-’ (481 cm-‘) and dissociation energy D,= 1.54 eV (1.44+0.06 eV). 

1. Introduction 

The complexity of the bonding in Crz has consti- 
tuted a challenge in ab initio quantum chemistry for 
several years. Much of the problem is related to the 
hextuple bond (derived from the atomic 3d and 4s 
orbitals) and the great importance of electron corre- 
lation. At the self-consistent field (SCF) [ 1 ] and 
complete active space (CAS) SCF [ 21 levels of the- 
ory the molecule is unbound at the experimental in- 
ternuclear distance. It is therefore obvious that a large 
part of the dynamical electron correlation effects has 
to be included for a proper description of the elec- 
tronic structure of Cr,. The multireference (MR) 
configuration interaction (CI) method has tradi- 
tionally been used for this purpose. However, Walch 
et al. [2] estimated that a reasonable MRCI expan- 
sion would involve 57 million configurations in Dlh 
symmetry. With present-day technologies such a cal- 
culation is impractical. In 1985 Goodgame and God- 
dard [ 31 applied the generalized valence bond 
(GVB) method with certain one-center integrals cor- 

rected to match the experimental difference between 
the electron afftnity and the ionization potential. They 
arrived at a bound structure with an equilibrium bond 
distance 0.07 A shorter than experiment and a dis- 
sociation energy 0.4 eV too high. The potential curve 
is displayed in Fig. 6 of Ref. [ 41 together with the 
experimental curve. A direct comparison of the two 
curves reveals that Goodgame and Goddard’s calcu- 
lated vibrational frequency is too high and the anhar- 
monicity too low. A second minimum at long inter- 
nuclear distances is yet another feature of Goodgame 
and Goddard’s curve. In 1991 Scuseria [ 51 em- 
ployed the singles and doubles coupled cluster method 
including a perturbative correction due to triple ex- 
citations (CCSD (T) ) to predict the equilibrium 
bond length and harmonic vibrational frequency of 
Cr2 using large basis sets. The resulting bond distance 
is 0.08 A too short and the harmonic frequency is 
about 300 cm-’ too high compared to experiment 
when the largest basis set including g functions was 
used. Scuseria also calculated the binding energy by 
employing the open-shell CCSD(T) method on the 

0009-2614/94/$07.00 0 1994 Elsevier Science B.V. All rights reserved 
.SSDI0009-2614(94)01183-4 
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K. Andersson et al. / Chemical Physics Letters 230 (1994) 391-397 395 

larger than 0.8 were taken into account when con- 
structing the CASPT2 curve and a smooth line was 
drawn between the points. The CASSCF curve has 
two main features: the shoulder at a short bond dis- 
tance (3.3 au) characterized by 3d-3d bonding and 
the minimum at long bond distances (5.5 au) char- 
acterized by 4s-4s bonding with the 3d electrons es- 
sentially atomic like. Instead of a shoulder the 
CASPT2 curve has a minimum at 3.2 au. At the longer 
bond distance (between 4.5 and 5 au ) the CASPT2 
curve has a second minimum. Spectroscopic con- 
stants are presented in Table 1. At this level of theory 
fairly good estimates of the equilibrium bond dis- 
tance (re) and the ha~onic vibrational frequency 
(0,) are obtained. The deviations from experimen- 
tal values are 0.02 A and 4 cm-‘, respectively. As an 
outcome of the CASPT2 calculations the results with 
a diagonal Fock matrix [7,8] were obtained. The 
spectroscopic constants calculated with this more 
simple model are also displayed in Table 1, The de- 
viations from experiment are 0.05 A and 6 1 cm-’ for 
r, and o,, respectively. The CASPT2 calculations give 
an error of about 0.5 eV in the dissociation energy, 
which is quite large compared to the experimental 
value of only 1.4 eV. The effects of relativistic correc- 
tions at the CASPTZ level of theory is demonstrated 
in Fig. 3 and Table 1: The second minimum almost 
disappears, and the value of the dissociation energy 
is increased by about 0.2 eV. 

Inclusion of the two ~TC, orbitals in the active space 
efficiently removed the corresponding singularities. 
Attempts to remove other singularities were less suc- 

Table I 
Spectroscopic constants for Crz with an AN0 6sSp4d3f basis set. 
No 3s, 3p correlation effects are included 

Method a r,(A) W, (cm-‘) De (eV) rt, (eV) b 

CASPTZ c 1.726 542 1.037 1.004 
CASPTZ 1.696 485 0.965 0.935 
CASPT2+RCc 1.720 558 1.228 I.193 
CASPT:!+RC 1.690 514 1.158 I.126 

exp. 1.6788 d 480.6&0.5’ - 1.4431:0.056’ 
1.42rt0.10g 

a The active space is formed by 3d, 4s and 4r, orbitals. 
b The calculated zero-point energy corrections have been used. 
c Only the diagonal elements of the corrected Fock matrix are 
used. See Refs. [7,8]. 
*Ref. 1191. eRef. 141. ‘Ref. 1181. gRef. 1201. 

cessful. To put an extra pair of og and q, orbitals in 
the active space instead does not remove any singu- 
larities from the potential curve. The reason is that 
there are several og and o, orbitals competing for en- 
tering the active space and that not the full fraction 
of the CT& or 0, orbital defining the intruder state is 
included. 

In a third set of calculations the effect of correlat- 
ing the 3s and 3p electrons was investigated. The large 
AN0 8s7p6d4f basis set was employed. Otherwise the 
computational details were the same as in the first set 
of calculations, except that in the CASPT2 calcula- 
tions the 3s and 3p electrons were correlated as well, 
leading to a dimension of the first-order interacting 
space of 620616 around equiIibrium. The resulting 
potential energy curve is presented in Fig. 4 together 
with the weight of the CASSCF reference in the first- 
order wavefunction. Although the small active space 
(3d and 4s derived orbitals) was used the singulari- 
ties characterized by rtU in the first set of calculations 
were not present. The different basis set is the cause 
of their disappearance. The energy denominators re- 
sponsible for these singularities have a minimum 
around the equilibrium distance, and they are slightly 

s 4 5 8 

B O N D DIS W U C E  (.4 U l 

Fig. 4. The potential curve of Cr, obtained with CASPT2 above 
and the weight of the CASSCF wavefunction in the first-order 
wavefunction below. The basis set is of AN0 type of size 8s7p6d4f 
and the active space is formed by 3d and 4s orbitals. The 3s, 3p 
correlation effects have been taken into account but no relativis- 
tic effects are included. 
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ELSEVIER 

27 October 1995 

Chemical Physics Letters 245 (1995) 215-223 

CHEMICAL 
PHYSICS 
LETTERS 

Multiconfigurational perturbation theory with level shift - 
the Cr 2 potential revisited 

Bj~rn O. Roos, Kerstin Andersson 
Department of Theoretical Chemistry. Chemical Centre, P.O. Box 124, S-221 O0 Lund, Sweden 

Received 26 June 1995; in final form 25 August 1995 

Abstract 

A level shift technique is suggested for removal of intruder states in multiconfigurational second-order perturbation 
theory (CASPT2). The first-order wavefunction is first calculated with a level shift parameter large enough to remove the 
intruder states. The effect of the level shift on the second-order energy is removed by a back correction technique (the LS 
correction). It is shown that intruder states are removed with little effect on the remaining part of the correlation energy. 

I + ~ + New potential curves have been computed for the X ~g and the a' ~ ,  states of Cr 2 using large basis sets (ANO: 
8s7p6d4f2g) and accounting for relativistic effects, 3s and 3p correlation, and basis set superposition effects. The computed 

I + spectroscopic constants (experimental values in parentheses) for the X ~ state are r e = 1.69(1.68) ,~, AGI/2 = 535(452) 
3 + = 1.64(1.65) A, AG]/2 =667(574) cm-I ,  cm -I ,  Do= 1.54(1.44) eV. The corresponding values for a' E,  are r~ 

T~ = 1.79(I.76) eV. 

1. Introduct ion  

Intruder states may cause problems in multicon- 
figurational perturbation theory. In methods based on 
a single reference function, like the C A S S C F /  
CASPT2 method [1-3],  intruder states appear mainly 
for excited states. Some examples are given in a 
recent review of  applications in organic spectroscopy 
[4] and others may be found in the doctoral thesis of  
Andersson [5]. For Cr z intruder states appear also in 
the ground electronic state [6,7]. The recent CASPT2 
study of  the potential curve was strongly hampered 
by the intruder states in the region around the mini- 
mum, which made it impossible to determine the 
spectroscopic constants with high precision. 

The best way to remove an intruder state in the 
CASPT2 method is to increase the active orbital 
space, such that the intruder state is moved into the 

CAS-CI space, where it is then treated variationally. 
There is, however, a limit to how large the CASSCF 
active orbital space can be. Consequently, such a 
procedure cannot be used generally. Intruder states 
often interact only weakly with the CASSCF refer- 
ence function. Their effect on the correlation energy 
is then small even if the corresponding expansion 
coefficient is large. A simple remedy to that problem 
is to simply neglect the effect of  the intruder state. 
Such situations obtain rather often in calculations of  
electronic spectra. They are normally caused by Ryd- 
berg type states, which have not been included into 
the CAS-CI space. 

However, none of  the above-mentioned methods 
are entirely satisfactory. Here we shall suggest an 
alternative method (LS-CASPT2) where the intruder 
states are removed by adding a level shift parameter 
to the zeroth order Hamiltonian combined with a 

0009-2614/95/$09.50 © 1995 Elsevier Science B.V. All rights reserved 
SSDI 0 0 0 9 - 2 6 1 4 ( 9 5 ) 0 1 0 1 0 - 6  
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Table 2 
Effect of the level shift in the zeroth-order Hamiltonian on the 
spectroscopic properties of  the A 3~+ excited state of  N 2 

Shift (H) r~ (,~) % ( cm-  ' ) D e (eV) /tea 

withoutthe LS correction 
0.00 1.3095 1340 3.36 - 
0.05 1.2917 1427 3.38 3.0 
0.10 1.2931 1433 3.38 6.9 

with the LS correction 
0.00 1.3095 1340 3.36 - 
0.05 1.2874 1378 3.40 - 1.3 
0.10 1.2931 1427 3.38 - 0 . 3 5  

2~g orbitals added to the active space b 
0.00 1.2953 1409 3.30 

exp. c 
- 1.2866 1461 3.68 

a Shift in mhartree with respect to the CASPT2 energy without a 
level shift. 
h Data from Ref. [2]. c Ref. [15]. 

ence function should be treated by extending the 
active orbital space, such that they are incorporated 
into the CAS-CI space. 

3.3. The potential curve for  the Cr 2 molecule 

Both the ground and excited state potential curves 
for the Cr 2 molecule have been studied by using the 
CASPT2 method [6,7]. The open shell character of 
the CASSCF wave function with many occupation 
numbers close to one together with the existence of 
low lying virtual orbitals results in a number of 
intruder states in the region around the energy mini- 
mum [6]. In the original CASPT2 study of the poten- 
tial curve it was possible to arrive at a set of 
spectroscopic constants by avoiding the intruder state 
regions in the fitting procedure. Even if this gave a 
reasonable bond distance and binding energy, the 
results were grossly affected by the presence of the 
intruder states. The stretching frequency was com- 
puted 145 cm-~ above the experimental value. How 

the potential around the minimum. A level shift of 
0.10 hartree removes the intruder state completely. 
The reference weight curve is completely fiat, indi- 
cating a balanced correlation treatment along the 
potential curve. Away from the intruder state region, 
the effect of the level shift on the total energy is less 
than one mhartree. Table 2 gives the numerical 
results. The spectroscopic constants for e = 0.00 have 
been obtained by fitting only the parts of the poten- 
tial which are not strongly affected by the intruder 
state. The calculations with ~ = 0.05 hartree give a 
potential which looks reasonable in the vicinity of 
the minimum. Inspection of the data in the table 
shows, however, that the intruder state will affect the 
spectroscopic constants. The LS correction becomes 
larger for short distances, thus moving the minimum 
inwards. It is only when e =  0.I0 hartree that the 
effect of the intruder state disappears. The computed 
spectroscopic constants are now in agreement with 
earlier results [2], where the intruder state was re- 
moved by adding two more orbitals to the active 
space. 

This example shows that LS-CASPT2 can be used 
to remove intruder states from the first order wave 
function in cases where the coupling is weak. In- 
truder states, which interact strongly with the refer- 

-0.100 

- 0 . I I 0  

- 0 . 1 2 0  

-0,130 

-0.140 

-0.150 

-0.160 

1.0 

0.8 

0.6 

0.4 

0.2 

I I I I 

BOND DISTANCE (au) 

Fig. 2. The potential curve for the ground state of Cr 2 for three 
values of  the level shift, 0.05 (solid line), O.10, (dashed line), and 
0.20 H (dotted line). The LS correction has been applied. The 
lower diagram gives the corresponding weight of the CASSCF 
reference function. 
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• Defining a two-electron Fock operator: Dyall’s Hamiltonian

εi = −〈âi,σΨ(0)|Ĥ|âi,σΨ(0)〉+ E0 εa = 〈â†a,σΨ(0)|Ĥ|â†a,σΨ(0)〉 − E0

ĤD =
∑
i

εiÊii +
∑
a

εaÊaa ←− HF-type Fock operator contribution

+

(
2
∑
i

hii +
∑
i,j

(
2〈ij|ij〉 − 〈ij|ji〉

))
− 2

∑
i

εi

+
∑
uv

(
huv +

∑
i

(
2〈ui|vi〉 − 〈ui|iv〉

))
Êuv +

1

2

∑
uvwx

〈uw|vx〉
(
ÊuvÊwx − δvwÊux

)

• ĤD|Ψ(0)〉 = ĤCAS|Ψ(0)〉 = E0|Ψ(0)〉

• When Ψ(0) reduces to the HF determinant Φ0, εi and εa equal the usual canonical HF orbital
energies (Koopmans theorem) and Dyall’s Hamiltonian reduces to the (shifted) Fock operator

ĤD −→ F̂ + EHF − 2
∑
i

εi = F̂D
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• Double contraction: keep one perturber per excitation subspace. For example in S(−2)
ab

{ÊauÊbv |Ψ(0)〉}uv −→ Ψ
(−2)
ab =

∑
uv

C
(−2)
ab,uvÊauÊbv |Ψ

(0)〉

contracted strongly contracted

• Advantage: the number of perturbers is reduced and they are now orthonormal.

• Choice of the C(−2)
ab,uv coefficients: analogy with a contracted formulation of MP2.

EX10: Show that Ĥ|Φ0〉 projected onto the doubly-excited determinants can be rewritten as

∑
D

|D〉〈D|Ĥ|Φ0〉 =
1

2

∑
a,b,i,j

〈ab|ij〉ÊaiÊbj |Φ0〉 =
∑
a≤b

∑
i≤j
|Ψ(0)
ij,ab〉

where |Ψ(0)
ij,ab〉 = P̂

S
(0)
ij,ab

Ĥ|Φ0〉

= (1−
1

2
δij)(1−

1

2
δab)

(
〈ab|ij〉ÊaiÊbj + 〈ab|ji〉ÊbiÊaj

)
|Φ0〉
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EX11: The purpose of this exercise is to show that MP2 can be rewritten in a contracted form, using the

perturber wave functions Ψ
(0)
ij,ab and the shifted Fock operator F̂D .

(i) Prove that the square norm of Ψ
(0)
ij,ab equals

N
(0)
ij,ab = 〈Ψ(0)

ij,ab|Ψ
(0)
ij,ab〉 = 4(1−

1

2
δij)(1−

1

2
δab)

(
〈ab|ij〉2 + 〈ab|ji〉2 − 〈ab|ij〉〈ab|ji〉

)

(ii) The unperturbed Hamiltonian in the contracted MP2 is defined as

Ĥ0 = 〈Φ0|F̂D|Φ0〉|Φ0〉〈Φ0|+
∑
a≤b

∑
i≤j

〈Ψ(0)
ij,ab|F̂

D|Ψ(0)
ij,ab〉

N
(0)
ij,ab

|Ψ(0)
ij,ab〉〈Ψ

(0)
ij,ab|

N
(0)
ij,ab

Show that the first- and second-order corrections to the energy equal

E(1) = 0 and E(2) =
∑
a≤b

∑
i≤j

N
(0)
ij,ab

εi + εj − εa − εb

(iii) Conclude that the standard MP2 energy expression is thus recovered through second order.
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Strongly Contracted NEVPT2
• Perturber wave functions: |Ψ(k)

l 〉 = P̂
S
(k)
l

Ĥ|Ψ(0)〉, N
(k)
l = 〈Ψ(k)

l |Ψ
(k)
l 〉

• Unperturbed Hamiltonian:

Ĥ0 = E0|Ψ(0)〉〈Ψ(0)|+
∑
k,l

E
(k)
l

N
(k)
l

|Ψ(k)
l 〉〈Ψ

(k)
l |, E

(k)
l =

〈Ψ(k)
l |Ĥ

D|Ψ(k)
l 〉

N
(k)
l

• First and second-order energy corrections:

E(1) = 0 and E(2) =
∑
k,l

1

N
(k)
l

〈Ψ(k)
l |Ĥ|Ψ

(0)〉2

E0 − E(k)
l

=
∑
k,l

N
(k)
l

E0 − E(k)
l

• Explicit expressions for the zeroth-order energies:

ĤD = F̂D + AĤD , AĤD =
∑
uv

(
huv +

∑
i

(
2〈ui|vi〉 − 〈ui|iv〉

))
Êuv

+
1

2

∑
uvwx

〈uw|vx〉
(
ÊuvÊwx − δvwÊux

)
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N
(k)
l E

(k)
l = 〈Ψ(k)

l |Ĥ
DP̂

S
(k)
l

Ĥ|Ψ(0)〉 = 〈Ψ(k)
l |[Ĥ

D, P̂
S
(k)
l

Ĥ]|Ψ(0)〉+ 〈Ψ(k)
l |P̂S(k)

l

Ĥ ĤD|Ψ(0)〉︸ ︷︷ ︸
E0|Ψ(0)〉

= 〈Ψ(k)
l |[Ĥ

D, P̂
S
(k)
l

Ĥ]|Ψ(0)〉+ E0N
(k)
l

the denominators in the NEVPT2 energy expansion thus become

E0 − E(k)
l = −

1

N
(k)
l

〈Ψ(k)
l |[Ĥ

D, P̂
S
(k)
l

Ĥ]|Ψ(0)〉

= −
1

N
(k)
l

〈Ψ(k)
l |[F̂

D, P̂
S
(k)
l

Ĥ]|Ψ(0)〉 −
1

N
(k)
l

〈Ψ(k)
l |[

AĤD, P̂
S
(k)
l

Ĥ]|Ψ(0)〉

• S
(0)
ij,ab subspace:

[F̂D, P̂
S
(0)
ij,ab

Ĥ]|Ψ(0)〉 = (εa + εb − εi − εj) |Ψ
(0)
ij,ab〉, [AĤD, P̂

S
(0)
ij,ab

Ĥ]|Ψ(0)〉 = 0

E0 − E(0)
ij,ab = εi + εj − εa − εb ←− MP2-type denominator

28.06.2012 Second school in computational physics, Les Houches, France Page 27



An introduction to post-Hartree-Fock quantum chemistry (II)

• S
(+1)
ij,a subspace:

[F̂D, P̂
S
(+1)
ij,a

Ĥ]|Ψ(0)〉 = (εa − εi − εj) |Ψ
(+1)
ij,a 〉, [AĤD, P̂

S
(+1)
ij,a

Ĥ]|Ψ(0)〉 6= 0

ε
(+1)
ij,a =

1

N
(+1)
ij,a

〈Ψ(+1)
ij,a |[

AĤD, P̂
S
(+1)
ij,a

Ĥ]|Ψ(0)〉 ←− effective one-electron energy

E0 − E(+1)
ij,a = εi + εj − εa − ε

(+1)
ij,a
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n-electron valence state perturbation theory: A spinless formulation
and an efficient implementation of the strongly contracted
and of the partially contracted variants

Celestino Angeli and Renzo Cimiragliaa)

Dipartimento di Chimica, Università di Ferrara, Via Borsari 46, I-44100 Ferrara, Italy

Jean-Paul Malrieu
IRSAMC, Laboratoire de Physique Quantique, Université Paul Sabatier, 118 route de Narbonne,
31062 Toulouse Cedex, France

!Received 26 April; accepted 27 August 2002"

The n-electron valence state perturbation theory is reformulated in a spin-free formalism,
concentrating on the ‘‘strongly contracted’’ and ‘‘partially contracted’’ variants. The new
formulation is based on the introduction of average values in the unperturbed state of excitation
operators which bear resemblance with analogous ones occurring in the extended Koopmans’
theorem and in the equations-of-motion technique. Such auxiliary quantities, which allow the
second-order perturbation contribution to the energy to be evaluated very efficiently, can be
calculated at the outset provided the unperturbed four-particle spinless density matrix in the active
orbital space is available. A noticeable inequality concerning second-order energy contributions of
the same type between the strongly and partially contracted versions is proven to hold. An example
concerning the successful calculation of the potential energy curve for the Cr2 molecule is discussed.
© 2002 American Institute of Physics. #DOI: 10.1063/1.1515317$

I. INTRODUCTION

Multireference perturbation theory !MRPT" is an impor-
tant and efficient tool to describe the correlation energy in
molecular systems where the wave function is not dominated
by a single determinant, as is the case for the homolytic
rupture of a chemical bond, for electronically excited states
and, generally, for many regions of the potential energy sur-
face of great chemical interest. MRPT methods fall into two
main categories, the first being based on the construction,
through perturbation theory, of an effective Hamiltonian in a
model space to be subsequently diagonalized1,2 while the
second category relies on the perturbation of a zero-order
variational wave function obtained by diagonalization of the
Hamiltonian in a suitable determinantal space. In this latter
family one of the most successful MRPT techniques is
CASPT2,3,4 which uses a CAS !complete active space" zero-
order wave function and perturbs it to the first order with
contracted functions obtained by applying excitation opera-
tors and using a Møller–Plesset type monoelectronic zero-
order Hamiltonian. The CASPT2 technique is occasionally
subjected to the ‘‘intruder state’’ problem, causing diver-
gences in the perturbation series, due to the near coincidence
of the eigenvalue of the zero-order Hamiltonian H0 for the
state under study with the energy of some of the wave func-
tions in the outer space. This situation is probably caused by
the lack of balance in the treatment of the CAS space and the
outer determinantal space interacting with the zero-order
CAS wave function, since in the former bielectronic interac-
tions are properly taken into consideration for active elec-

trons, whereas in the latter such interactions cannot be ac-
counted for due to the one-electron nature of H0 . The
importance of including the bielectronic interactions in H0

was asserted by Dyall5 and has been recently taken up in
Ref. 6, where a new method called n-electron valence state
perturbation theory !NEV-PT" was formulated in three vari-
ants according to three possible contraction schemes. Heully
et al.7 and Rosta and Surjàn8 have also stressed the impor-
tance of a bielectronic zero-order Hamiltonian.

In this paper the formulation of the second-order
NEV-PT will be reconsidered in a spin-free formalism and
all the relevant details for the efficient implementation of the
simpler approaches of NEV-PT2 !the ‘‘strongly contracted’’
and the ‘‘partially contracted’’ variants, see later" will be pro-
vided, making use of techniques inspired by the extended
Koopmans theorem9,10 and by the ‘‘equations of motion’’
formalism,11 as was anticipated in Ref. 12.

The rest of the paper will be dedicated to a short sum-
mary of the NEV-PT technique and to the detailed exposition
of the strongly contracted and partially contracted variants.
An application involving the severe test case of the chro-
mium molecule will be presented. For this test case the de-
composition of the second-order corrections in contributions
coming from different types of excitations brings some elu-
cidations on the role of the dynamical correlation in the bind-
ing energy.

II. A BRIEF RÉSUMÉ OF THE NEV-PT TECHNIQUE

In the n-electron valence state perturbation theory !NEV-
PT", the zero-order wave functions are of CAS-CI type and
are obtained as eigenvectors of a suitable two-electron zero-a"Electronic mail: cim@unife.it
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V. COMPARISON BETWEEN PC-NEV-PT
AND SC-NEV-PT

In the partially contracted variant the contribution of a
given subspace S̄ l

(k) to the second-order energy can be writ-
ten as

EPC
(2)& S̄ l
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It is interesting to compare this contribution with the one of
the strongly contracted case
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one readily arrives at the following relationship between the
c! coefficients: c! /c)!h! /h) , where h!!#$m

(0)!H!$ l ,!
(k) %

and therefore c!!h! /!N where N!")h)
2 . The energy dif-

ference in the denominator of Eq. &43' can be expressed as
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It is then readily recognized that the following relationship
holds between the partially contracted contribution and the
strongly contracted one:
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2 e!

2

Em
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where we have set e!!Em
(0)"El ,!

(k)"(1/N)")h)
2(Em

(0)

"El ,)
(k)) . Since the denominators in the right-hand side of Eq.

&44' are negative, one has the interesting result that the
second-order contributions to the energy in each subspace
are lower for the partially contracted case with respect to the
strongly contracted one

EPC
(2)& S̄ l

(k)'$ESC
(2)&Sl

(k)'. &45'

This inequality is not restricted to the precise choice of
H0 ; it is valid for all perturbations where the perturbers of
the contracted version are linear combinations of the uncon-
tracted one, with a coefficient proportional to the interaction
with$m

(0) , and where the zero-order energy of the contracted
perturber is the ‘‘baricenter’’ of the uncontracted zero-order
energies. As a special case one might consider the fully con-
tracted version,6 which would use a single perturber, as oc-
curs in the methods of moments,16,17 and which would give a
lower perturbative energy &in absolute value' than the par-
tially contracted version.

VI. A TEST CASE: THE Cr2 MOLECULE

A few test case calculations have already been presented
in our previous papers dedicated to the NEV-PT.6,12 A par-
ticularly severe test, involving the Cr2 molecule potential en-
ergy curve, has been reported in Ref. 12 and we shall limit
ourselves here to reconsidering the main outcomes, provid-
ing more details on that calculation. The calculations on the
Cr2 molecule have been performed with the strongly con-
tracted and with the partially contracted NEV-PT procedure
with Dyall’s Hamiltonian *SC-NEV-PT&D' and PC-NEV-
PT&D'+, starting from CAS-SCF calculations involving all
the 3d and 4s Cr electrons and orbitals &12 electrons in 12
active orbitals', utilizing the ANO basis set of Pou-Amerigo
et al.18 with the contraction scheme (21s15p10d6 f4g)
→*8s7p6d5 f4g+ . The more internal core electrons (1s ,2s ,
and 2p) have been kept frozen in the perturbation calcula-
tions. In Ref. 12 it was shown that the SC-NEV-PT&D' pro-
cedure is able to yield accurate results for the equilibrium
distance and the dissociation energy of the Cr2 molecule,
providing also a wholly size-consistent &strictly separable'
potential energy curve, completely exempt from any ‘‘in-
truder state’’ problem.

Figure 1 reports the energy curves obtained with the
CAS-SCF approximation and with the second-order SC-
NEV-PT and PC-NEV-PT correction. The equilibrium dis-
tance and the dissociation energy obtained with the perturba-
tion corrections are in good accordance with experiment27

FIG. 1. Potential energy curve of the ground state of the Cr2 molecule.
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Non-perturbative post-MCSCF models

• Multi-Reference CI (MRCI):

|Ψ(C1, . . . ,Ci, . . .)〉 =
∑
i

(
C0,i|i〉+

∑
S

CS,iŜ|i〉+
∑
D

CD,iD̂|i〉+ . . .

)

where the CI coefficients C0,i, CS,i, CD,i, . . . are optimized variationally.

In the so-called "internally contracted formulation", the number of CI coefficients to be optimized is
reduced as follows

Ci = CC
(0)
i , C

(0)
i : CI coefficients optimized at the MCSCF level

−→ |Ψ(C)〉 = C0|Ψ(0)〉+
∑
S

CS Ŝ|Ψ(0)〉+
∑
D

CDD̂|Ψ(0)〉+ . . .

MRCI is accurate for small molecules but it has size-consistency problems and it is less and less
practical for large molecular systems.
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Non-perturbative post-MCSCF models

• Multi-Reference CC (MRCC):

|Ψ(t1, . . . , ti, . . .)〉 =
∑
i

Ci e
T̂i |i〉 ←− state universal formulation

In the internally contracted formulation

T̂i = T̂ and Ci = C
(0)
i

−→ |Ψ(t)〉 = eT̂ |Ψ(0)〉

Problem: the BCH expansion does not truncate !

http://junq.info/?s=multireference+coupled+cluster&searchsubmit=&lang=en
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Post-HF quantum chemistry for excited states

• Time-dependent response theory: Ĥ(t) = Ĥ + εV̂ cos(ωt)

Ĥ(t)|Ψ(t)〉 = i
d

dt
|Ψ(t)〉 −→ Ĥ(t)|Ψ̃(t)〉 − i

d

dt
|Ψ̃(t)〉 = Q(t)|Ψ̃(t)〉

where |Ψ̃(t)〉 = e
+i

∫ t
t0
Q(t)dt|Ψ(t)〉,

d

dt
|Ψ̃(t)〉 = 0 when ε = 0

• Q(t) = 〈Ψ̃(t)|Ĥ(t)− i
d

dt
|Ψ̃(t)〉 is referred to as time-dependent quasienergy

• Q =

∫ t1

t0

Q(t)dt is simply referred to as quasienergy

• The exact time-dependent wave function Ψ̃(t) can be obtained in two ways:

∀ε δQ = 0 Ĥ(t)|Ψ̃(t)〉 − i
d

dt
|Ψ̃(t)〉 = Q(t)|Ψ̃(t)〉

variational formulation non-variational formulation
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An introduction to post-Hartree-Fock quantum chemistry (II)

Post-HF quantum chemistry for excited states

• Approximate parametrized time-dependent wave function: Ψ̃(λ(t))

• Linear response: λ(t) =
∂λ(t)

∂ε

∣∣∣∣
0︸ ︷︷ ︸ ε+ . . .

↓

poles→ excitation energies

• Linear response equations for variational methods (TD-HF, TD-MCSCF)

d

dε
δQ

∣∣∣∣
0

= 0

• Linear response equations for non-variational methods (like CC) can be obtained from the (CC)
quasienergy expression to which conditions (CC equations) scaled by Lagrange multipliers are
added.
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An introduction to post-Hartree-Fock quantum chemistry (II)

Post-HF quantum chemistry for excited states

• State-averaged MCSCF model: simultaneous optimization of the ground and the lowest n− 1

excited states at the MCSCF level.

• Iterative procedure: n initial orthonormal states are built from the same set of orbitals.

|Ψ(0)
I 〉 =

∑
i

C
(0)
I,i |i〉, I = 1, . . . , n

• Double exponential parametrization:

|ΨI(κ,S)〉 = e−κ̂ e−Ŝ |Ψ(0)
I 〉 where Ŝ =

n∑
J=1

∑
K>J

SKJ

(
|Ψ(0)
K 〉〈Ψ

(0)
J | − |Ψ

(0)
J 〉〈Ψ

(0)
K |
)

and
∑
i

|i〉〈i| =
∑
K

|Ψ(0)
K 〉〈Ψ

(0)
K |

28.06.2012 Second school in computational physics, Les Houches, France Page 35



An introduction to post-Hartree-Fock quantum chemistry (II)

Post-HF quantum chemistry for excited states

• State-averaged energy: E(κ,S) =
n∑
I=1

wI 〈ΨI(κ,S)|Ĥ|ΨI(κ,S)〉

where wI are arbitrary weights. In the so-called "equal weight" state-averaged MCSCF calculation

wI =
1

n
.

• Variational optimization:
∂E(κ,S)

∂κ
=
∂E(κ,S)

∂S
= 0

• Short-range dynamical correlation can then be recovered, for example, at the Multi-State CASPT2 or
NEVPT2 levels.
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An introduction to post-Hartree-Fock quantum chemistry (II)

Summary and outlook

• Post-HF methods are as various as electron correlation effects

• They are usually split into two types: single- and multi-reference methods

• Single-reference methods are used for modeling short-range and long-range dynamical correlation:
the state-of-the-art method is Coupled Cluster

• The description of the Coulomb hole is significantly improved when using explicitly correlated
methods (faster convergence with respect to the basis set).

• Multi-reference methods describe both static and dynamical correlations (multiconfigurational
systems).

• The multi-reference extension of single-reference methods is neither obvious nor unique. It is still a
challenging area.
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An introduction to post-Hartree-Fock quantum chemistry (II)

Summary and outlook

• High accuracy in wave function theory usually means high computational cost. Current
developments: parallelization, atomic-orbital-based formulations (linear scaling), density-fitting
(two-electron integrals), ...

• In this respect DFT is much more appealing to chemists and physicists

• Kohn-Sham DFT is a single-reference method which should be able, in its exact formulation, to
describe multiconfigurational systems

• Standard approximate exchange-correlation functionals cannot treat adequately static correlation

• The development of rigorous hybrid MCSCF-DFT models is promising but still quite challenging.

• Indeed, in wave function theory, the multiconfigurational extension of the HF method is clearly
formulated. What the multiconfigurational extension of Kohn-Sham DFT should be is unclear.

• Current developments: DFT based on fictitious partially-interacting systems, ensemble DFT, ...
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