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An introduction to post-Hartree-Fock quantum chemistry (II)

Static correlation

e Hos in the equilibrium geometry:

W) = CQ|103105) +...| where |Cy|? = 98% no static correlation

e In the dissociation limit: Hy4...Hp and NOT H,... Hg or HX. ..Hg

1

1
P1o,(T) = 7 (qblsA (r) + P1s5 (r)) and b1o, (r) = 7

(6154 () = d155 (r))

1
log10f) = - (|18A1SB> + 158185 ) 4|15 157) + [153152)

1
o%168) = 5(\133139 +1s%1s5)—[15%157) — |15%152) )

(| loy 105 ) — 109100 >) strong static correlation
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An introduction to post-Hartree-Fock quantum chemistry (II)

e Exact ground-state wave function in the dissociation limit:

Uo(ri,01,r2,02) = ‘Ifo(rl,rz)% (04(01)5(02) — 04(02)5(01))

where Vo (r1,r2) = ¢10,(r1)d10,(r2) — 10, (r1)P10, (r2)

If electron 1 is bound to H4, around r2 = r; wehave ||r1 —r2| << |r1 —ra| << |rB —ra

P1sg(r2) = d1s(|r2 —rB|) = p1s(jJrza —r1 +r1 —ra +ra —r|) = ¢15(jra —rul)
P1sp(r1) = d1s(Jr1 —rB|) = p1s(Jr1 —ra +ra —rB|) ® P15(|ra —rB|)

Uo(ri,r2) = ¢15(jra — PB|)(¢1S(|I‘1 —ral) + ¢1s(jr2 — I'A|)>

(bls(r) — e—Cr — \IJO(:[']_7 rz) ~ 6—C|I'A—I‘B|

Conclusion: static correlation has nothing to do with the cusp condition ... It is here a long-range type of

correlation (left/right correlation)
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An introduction to post-Hartree-Fock quantum chemistry (II)

Multi-Configurational Self-Consistent Field model (MCSCEF)

The MCSCF model consists in performing a CI calculation with a reoptimization of the orbitals

T (x, C)) _"(ZC|)

The MCSCF model is a multicontfigurational extension of HF which aims at describing static
correlation: a limited number of determinants should be sufficient.

Short-range dynamical correlation is treated afterwards (post-MCSCF models)

Choice of the determinants: active space

H.. H 2 electrons in 2 orbitals (1og, 1o,) — 2/2

2 electrons in 4 orbitals (2s, 2p,, 2py, 2p2) — 2/4
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An introduction to post-Hartree-Fock quantum chemistry (II)

Multi-Configurational Self-Consistent Field model (MCSCEF)

e Complete Active Space (CAS) for Be: |1s%2s2), |[1s%2p3), [1s*2p2), [1s%2p2),
if all the determinants are included in the MCSCEF calculation — CASSCF

if a Restricted Active Space (RAS) is used RASSCF

The orbital space is now divided in three:

doubly occupied molecular orbitals (inactive) iy Gy - - 1s
active molecular orbitals bu,s Dy, - - 28,2p4, 2py, 2p-

unoccupied molecular orbitals ba, Db, - - - 3s,3p, 3d, ...
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An introduction to post-Hartree-Fock quantum chemistry (II)

Multi-Configurational Self-Consistent Field model (MCSCEF)

EX6: | In order to illustrate with Ho the fact that active orbitals can be partially occupied, show that the

active part of the density matrix 4D, defined as
ADyw = (V| By |T),

1

g

Note: In the particular case of a single determinantal wave function (c = 0) the active density matrix

2 0
reduces to )
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An introduction to post-Hartree-Fock quantum chemistry (II)

e [terative optimization of the orbital rotation vector ~ and the CI coefficients C;:

w0y = Z C'i(o) |2) — normalized starting wave function

7

| w(0) )
(T(A) =e " | )+ Ql9) +—  convenient parametrization @\ =

1+ (51016)

Q=1—[vONTO| j8) =3 al)), (TD[QIs) =0, (TA)|T(N) =1

e MCSCF energy expression: E(A) = (TN [H|[T(N))

e Variational optimization: = = where

HE(N)

d ESY =
and B\ oY

A4
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An introduction to post-Hartree-Fock quantum chemistry (II)

e Newton method:

1
E(\) ~ E(0)+ATEM + 5>\TE([)2]>\ — BV ~ B+ BN =0 5 Ef A= _gl!

Newton step

e Convergence reached when E([)l] =0

Show that E§| = (WO)|[Epy — Eqp, H)[T©) and E§" = 2<HCAS - E(O))c<0>

where H%Asz(ﬂfﬂj) and C0O) = C’Z.(O)

Note: E; =0 isknown as generalized Brillouin theorem.
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An introduction to post-Hartree-Fock quantum chemistry (II)

Multi-Conftigurational Self-Consistent Field model (MCSCEF)

We consider in this exercise a different parametrization of the MCSCF wave function:

T(k,S)) = e * e 5T

where SzZSK(|K>(\IJ(O)|—|\IJ(O)><K|>, (WO |K) =0, (K|K') =03k and
K

>l (il = [N e O]+ K (K]
7 K

Derive the corresponding MCSCF gradient and show that the optimized MCSCF wave functions
obtained with this parametrization and the previous one are the same.

Note: This double exponential form is convenient for computing response properties at the MCSCF level
and performing state-averaged MCSCEF calculations.
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An introduction to post-Hartree-Fock quantum chemistry (II)
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An introduction to post-Hartree-Fock quantum chemistry (II)

Multi-Reference Perturbation Theory (MRPT)

e Multiconfigurational extension of MP2:

unperturbed wave function Do) — w0

unperturbed energy E©) =2 Z g — 1777

perturbers D) —»

zeroth-order excited energies EO fe,4ep—ci—¢g; —

A

unperturbed Hamiltonian F — E9®) (2| + ) (D|F|D)|D)(D| — 7?77
D
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An introduction to post-Hartree-Fock quantum chemistry (II)

Multi-Reference Perturbation Theory (MRPT)

e MCSCEF Fock operator:  F' = Z FraEpaq
P»q

1 .
foa = oo + 3 ((rlas) = S (prlsa)) Dre  and Dy = (WO By 0(O)

Ts

e The density matrix is split into inactive and active parts: D = D + 4D

ID;; =265, “Dyy = (UO)|Fy, | w®)

e In general, the MCSCF wave function ¥(%) is not eigenfunction of the MCSCF Fock operator (which
is a one-electron operator):

HEAS|w(0)Y) = Eo|w(0), Ey : converged MCSCF energy

HCAS — pCAS f pCAS7 PCAS _— Z 14 (4]
)
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An introduction to post-Hartree-Fock quantum chemistry (II)

Multi-Reference Perturbation Theory (MRPT)

EX9: | Show that the Hamiltonian and the Fock operator reduce, within the CAS space, to

HCAS — <2Z hi; + Z ( zg|zg z]|yz))> ﬁCAS

—|—Z (huv + Z ( (ut|vi) — uz|iv>)>EuvpCAS + % Z (uwlvz) (Equw:c

uvwT

FOAS — <2th+22( (i5]ig) — ZJ|92>)>150AS

+ Z (huv t+ Z (2(uilvi) - mIiv>)> Buo PYAS 1+ 37 (2uilvi) — (uiliv) ) A Dy POAS

UV

+ Z ((uw|fux> — %(uw\xv)) AD oz Fyp PEAS
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An introduction to post-Hartree-Fock quantum chemistry (II)

Multi-Reference Perturbation Theory (MRPT)

e MRPT2 based on F' is known as CASPT?2:

Ho = (WO F1g Oy gy (v 1 QH,Q

E0)

At the CASPT?2 level the zeroth-order energy does not equal the MCSCF one (as for MP2)

e MRPT2 based on HCA8 is known as N-Electron Valence PT2 (NEVPT2):

Ho = (W O1HAS [0 O) [wO) (0] + QH0Q

Eq

At the NEVPT2 level the zeroth-order energy equals the MCSCF one.
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An introduction to post-Hartree-Fock quantum chemistry (II)

Multi-Reference Perturbation Theory (MRPT)

e Choice of the perturbers: eight types of excitation subspaces for the first-order correction to the wave
function

(G >4, b>a) ST (b > a) ST (> ) S (b> a)

- i,ab - 17,Q bl

5 sl v iy

)

e Contracted perturbation theory: for example, states in Sé;Q are expressed as

EauBy |8y = 370 Eqpu By i)

(]

i
optimized at the MCSCF level (kept frozen in the MRPT2 calculation)
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An introduction to post-Hartree-Fock quantum chemistry (II)

Unperturbed Hamiltonian in CASPT2:

Ho = (TO) | F|w () 0)y (g (0)| 4 (pCAS _ |q,<0>><\1,<o>|)p(pCAs _ |\Ij(0)><\1;(0)|)

+(Z Psl(’“))F(Z Psl(’“))
ol ol

where ]58( k) projects onto the excitation subspace Sl(k).
l

0)1 14 (0) | #7135 (0)

g g H|W

Intruder state problem: |\IJ(1)> — E p ) (¥p |H] )
2 E©) — g

where (\Ifg))|ﬁ[|\11(0)> issmall and FE(©) ~ Eg))
Introduction of a level shift parameter ¢:

Intruder state problems can be avoided when using a different zeroth-order Hamiltonian
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An introduction to post-Hartree-Fock quantum chemistry (II)

2 December 1994

CHEMICAL
o) PHYSICS
B sk LETTERS
ELSEVIER Chemical Physics Letters 230 (1994) 391-397

The Cr, potential energy curve studied with multiconfigurational
second-order perturbation theory

K. Andersson, B.O. Roos, P.-A. Malmgvist, P.-O. Widmark
Department of Theoretical Chemistry, Chemical Cenire, University of Lund, P.O. Box 124, S-221 00 Lund, Sweden

Received 30 August 1994
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An introduction to post-Hartree-Fock quantum chemistry (II)
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Fig. 4. The potential curve of Cr, obtained with CASPT2 above
and the weight of the CASSCF wavefunction in the first-order
wavefunction below. The basis set is of ANO type of size 8sTp6d4f
and the active space is formed by 3d and 4s orbitals. The 3s, 3p
correlation effects have been taken into account but no relativis-
tic effects are included.
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An introduction to post-Hartree-Fock quantum chemistry (II)

27 October 1995

CHEMICAL
PHYSICS
LETTERS

Chemical Physics Letters 245 (1995) 215-223

Multiconfigurational perturbation theory with level shift —
the Cr, potential revisited

Bjorn O. Roos, Kerstin Andersson
Department of Theoretical Chemistry, Chemical Centre, P.O. Box 124, 5-221 00 Lund, Sweden
Received 26 June 1995; in final form 25 August 1995
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An introduction to post-Hartree-Fock quantum chemistry (II)
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Fig. 2. The potential curve for the ground state of Cr, for three
values of the level shift, 0.05 (solid line), 0.10, (dashed line), and
0.20 H (dotted line). The LS correction has been applied. The
lower diagram gives the corresponding weight of the CASSCF
reference function.
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An introduction to post-Hartree-Fock quantum chemistry (II)

e Defining a two-electron Fock operator: Dyall’s Hamiltonian

ei = —(6;. o U O |Hla; o O + Ey ea = (2l s UO) | Hla) , 0Oy — F

HP = Z eiBy; + Z caFaa — HEF-type Fock operator contribution

<2Zhu+2( (ijlig) — ZJIJZ))—Z;&-

-|-Z < wo Z ( (ut|vi) — uz|iv>)>E’uv + % Z (uwl|vx) (Equwx — 5vwEux)

UuvwIT

o HD W)Y = FOAS|p(0)) = F,|w(0)

e When ¥(0) reduces to the HF determinant @, ¢; and &, equal the usual canonical HF orbital
energies (Koopmans theorem) and Dyall’s Hamiltonian reduces to the (shifted) Fock operator

HP — F—I—EHF—QZ&L':FD
)
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An introduction to post-Hartree-Fock quantum chemistry (II)

e Double contraction: keep one perturber per excitation subspace. For example in S (_ )

{EAauEAbU|\IJ(O)>}uU \IIELZQ) = ZC( 2) EauEAer|\IJ(O)>

ab,uv

contracted strongly contracted

e Advantage: the number of perturbers is reduced and they are now orthonormal.

e Choice of the C’C(L; i)v coefficients: analogy with a contracted formulation of MP2.

EX10: | Show that H|®g) projected onto the doubly-excited determinants can be rewritten as

sz|D><D|ﬁf|<1>o>= S (ablif)EaiByyl@o) = S S 1w )

a,b,z’,j a<b 7,<j

where |‘If P £ (0) H|®p)

17, ab> ” b

1 A A IUTESEN
= (1-— 55ij)(1 — §5ab) (<ab’2]>EaiEbj + <ab\ﬂ>Ebz‘EaJ’) | o)
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An introduction to post-Hartree-Fock quantum chemistry (II)

EX11: | The purpose of this exercise is to show that MP2 can be rewritten in a contracted form, using the

perturber wave functions \Ifgg)a , and the shifted Fock operator D,

(0)

(i) Prove that the square norm of \Ifw b

equals

N, = @D 10D, = 40— 61501~ - dan) ((ablid)? + (ablji)? — (ablig) (ablji))

(ii) The unperturbed Hamiltonian in the contracted MP2 is defined as

: A (W LD ) (e )
Ho = (@0l PP @0)|%0) (®0] + > > = O
a<bi<y zg ab Zj ab

Show that the first- and second-order corrections to the energy equal

EM =0 and

(iii) Conclude that the standard MP2 energy expression is thus recovered through second order.
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An introduction to post-Hartree-Fock quantum chemistry (II)

Strongly Contracted NEVPT?2

Perturber wave functions: |\I’l(k)> = Ps(k)f]\\ll(o)), Nl(k) = (\I!l(k)|\11l(k))
l

Unperturbed Hamiltonian:

(k)
Ho E0|‘I’(O)><‘1’(O)|+Z —s e,
k,l l

First and second-order energy corrections:

EM =0 and
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An introduction to post-Hartree-Fock quantum chemistry (II)

k) (K k B) 177D . k)| & 7
NSO BN = oM PP (k)H|\IJ(0)> = (WP, Py HYW ) + (0P 7 P[0
l l N, e’

ID P o b (0)
= (UP|[HP, P BT O) + BoNP Eo|w(©)
l

the denominators in the NEVPT2 energy expansion thus become

By — B{® = —— (WM |[HP, P A @)
N )

. 5©

17 ab SUbspace:

A 0 A
(B2, Py HI[WO) = (0 + e — e = &5) [U7),,), [ HD, Py HJWO) =0
17,Qa 17,Q

Ey Eff)ab =&, +€j —€a —€p +—  MP2-type denominator
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An introduction to post-Hartree-Fock quantum chemistry (II)

S(+1)

17,a

o subspace:

[FP, Py H[0O) = (20 — &5 — £5) [W1]2), AP, P ) H[W(©) £ 0
ZJ a ’L_j a

1 A
S - Jrl)|[AHD PS(+1)H]|\I!( )) +— effective one-electron energy

17,a N(_|_1) < 17,Q

A ij,a
17,Q

) E(+)—e¢+€j—ea—€--

17,a
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An introduction to post-Hartree-Fock quantum chemistry (II)

JOURNAL OF CHEMICAL PHYSICS VOLUME 117, NUMBER 20 22 NOVEMBER 2002

n-electron valence state perturbation theory: A spinless formulation
and an efficient implementation of the strongly contracted
and of the partially contracted variants

Celestino Angeli and Renzo Cimiraglia®
Dipartimento di Chimica, Universita di Ferrara, Via Borsari 46, 1-44100 Ferrara, Italy

Jean-Paul Malrieu
IRSAMC, Laboratoire de Physique Quantique, Universitée Paul Sabatier, 118 route de Narbonne,
31062 Toulouse Cedex, France

CAS-SCF

Energy (V)

SC-NEVPT
| —

2.5

Internuclear distance (Angstrom)
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H, (1lzg+, aug—cc—pVQZ)
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An introduction to post-Hartree-Fock quantum chemistry (II)

Non-perturbative post-MCSCF models

e Multi-Reference CI (MRCI):

WU(Cy,...,Cy,...)) = Z(Co,im +) Cs;Sliy+ ) CpDli)+. )
S D

7

where the CI coefficients C ;, Cs ;,Cp i, - . . are optimized variationally.

In the so-called "internally contracted formulation", the number of CI coefficients to be optimized is
reduced as follows

C;, =CC ,L.(O), C 7;(0): CI coefficients optimized at the MCSCEF level

—  |¥(C)) = Co|T®) +> " CsS1w @) +> " CpD|TO) + .
S D

MRCT is accurate for small molecules but it has size-consistency problems and it is less and less
practical for large molecular systems.

28.06.2012 Second school in computational physics, Les Houches, France Page 31



An introduction to post-Hartree-Fock quantum chemistry (II)

Non-perturbative post-MCSCF models

e Multi-Reference CC (MRCC):

W (t1,...,t:,...)) = ZC,L- e7i i)  +—  state universal formulation
i

In the internally contracted formulation
Ti=7 and C; ="

— () =T |wO)

Problem: the BCH expansion does not truncate !

http://jung.info/?s=multireference+coupled+cluster&searchsubmit=&lang=en
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An introduction to post-Hartree-Fock quantum chemistry (II)

Post-HF quantum chemistry for excited states

e Time-dependent response theory:  H(t) = H + eV cos(wt)

AOW@) =i 0@)  —  B@N@) i [50) = Q) )

~ st ~
where [F(1)) = e Jto QO g (p)) (4)) =0 whene =0

i
T dt

o Q(t) = (U(t)|H(t) — i% [T (t)) is referred to as time-dependent quasienergy

t1
o ()= Q(t)dt is simply referred to as quasienergy
to

e The exact time-dependent wave function W¥(t) can be obtained in two ways:

A ~

Ve 5Q =0 A0 (1) — 1213 (1) = Q)T (1))

variational formulation non-variational formulation
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An introduction to post-Hartree-Fock quantum chemistry (II)

Post-HF quantum chemistry for excited states

~

Approximate parametrized time-dependent wave function: W(A(t))

Linear response:  A(t) =

poles — excitation energies

Linear response equations for variational methods (TD-HE, TD-MCSCEF)

d
—0Q| =0
de |y

Linear response equations for non-variational methods (like CC) can be obtained from the (CC)

quasienergy expression to which conditions (CC equations) scaled by Lagrange multipliers are
added.
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An introduction to post-Hartree-Fock quantum chemistry (II)

Post-HF quantum chemistry for excited states

State-averaged MCSCF model: simultaneous optimization of the ground and the lowest n — 1
excited states at the MCSCEF level.

Iterative procedure: n initial orthonormal states are built from the same set of orbitals.

oy =Sl iy,

7

Double exponential parametrization:

Uy (k,8)) =e " e 51wl

and > fay(i| = > [0y e
7 K
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An introduction to post-Hartree-Fock quantum chemistry (II)

Post-HF quantum chemistry for excited states

State-averaged energy: Z (U;(k,S)|H|¥(k,S))

where wr are arbitrary weights. In the so-called "equal weight" state-averaged MCSCF calculation
1

wr = —.

n
OE(k,S) OE(k,S)
oK - oS -

Variational optimization:

Short-range dynamical correlation can then be recovered, for example, at the Multi-State CASPT2 or
NEVPT2 levels.
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An introduction to post-Hartree-Fock quantum chemistry (II)

Summary and outlook

Post-HF methods are as various as electron correlation effects

They are usually split into two types: single- and multi-reference methods

Single-reference methods are used for modeling short-range and long-range dynamical correlation:
the state-of-the-art method is Coupled Cluster

The description of the Coulomb hole is significantly improved when using explicitly correlated
methods (faster convergence with respect to the basis set).

Multi-reference methods describe both static and dynamical correlations (multiconfigurational
systems).

The multi-reference extension of single-reference methods is neither obvious nor unique. It is still a
challenging area.
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An introduction to post-Hartree-Fock quantum chemistry (II)

Summary and outlook

High accuracy in wave function theory usually means high computational cost. Current
developments: parallelization, atomic-orbital-based formulations (linear scaling), density-fitting
(two-electron integrals), ...

In this respect DFT is much more appealing to chemists and physicists

Kohn-Sham DFT is a single-reference method which should be able, in its exact formulation, to
describe multiconfigurational systems

Standard approximate exchange-correlation functionals cannot treat adequately static correlation
The development of rigorous hybrid MCSCF-DFT models is promising but still quite challenging.

Indeed, in wave function theory, the multiconfigurational extension of the HF method is clearly
formulated. What the multiconfigurational extension of Kohn-Sham DFT should be is unclear.

Current developments: DFT based on fictitious partially-interacting systems, ensemble DFT, ...
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