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Do we actually need the N-electron wavefunction ?

@ The exact ground-state energy of an electronic system can be obtained
variationally, Ep = m‘&n(\IJ|H|\IJ), or by solving the Schrodinger equation,

AH|Wo) = Eo|Wo).

@ In both formulations (variational or non-variational), the basic variable is the
electronic wavefunction W.

@ The expression of the electronic Hamiltonian (which only contains one- and
two-body terms) and the fact that electrons are indistinguishable (fermionic)
particles greatly simplifies the energy expression.

@ In the "r representation” (real space):

:—f//drdr S(r = Yoim(rr)+ 2 //dd/m(rr) /drvne

where
p(r,r') = Z\IJT(ra (r'o)

ary = m (r, r)

Po(r,v) = Z\’I\/T(ra)\’l\fr Vo Y(r'o' ) U(ro)
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Do we actually need the N-electron wavefunction ?

@ As readily seen, the expectation value for the energy <\IJ|I:I|\II> is an explicit
functional of the one-electron density matrix

ny (r,r') = (W|A(r, r')| W)
and the pair density
ny (e, ') = (W]hy(r, ') |W).
@ Note that both quantities are needed. In other words, the one-electron density

matrix cannot be obtained from the pair density.

@ If we want to use a single quantity, then we need to consider the more general
3-position function ny (r,r',r") = (W|fa(r,r',r")|W) where

(', r") = D W o)V (Vo )i(r o) (r o

= fu(r,/")A(") = 6(r" — ¥ )au(r, 1),

thus leading to /dr' ny (v f") = (N — 1) x nY (r,r") | since

/dr' A(F|V) = N|W). Moreover | ny (r,¢') = ny (r,r',r)|.
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Do we actually need the N-electron wavefunction ?

@ Let us return to our main result: the exact ground-state (or excited-state) energy
can be determined from two 2-position functions, namely the one-electron density
matrix and the pair density.

@ Regarding the two-electron interaction contribution, note that we could even use a
function of the electron-electron distance (intracule density) rather than the pair
density.

@ Most importantly, in principle, we do not need the N-electron ground-state
(anti-symmetrized and normalized) wavefunction

Wo(l'lﬂl, r2o2,..., I’NUN)

for calculating the ground-state energy. What we need are n)°(r,r') and ny°(r, ).

@ As readily seen, these two quantities depend on two electron positions whatever
the number of electrons. Obviously, some information is "lost” when switching
from Wy to ny°(r,r') and my°(r,r'), hence the name reduced quantities.
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Do we actually need the N-electron wavefunction ?

@ The "reduction” becomes more apparent when writing the normalized
ground-state quantum state as

1 ~ N
|\|J0> = — Z /drl.../drN \Uo(l’10'1,...,I’NUN)\UT(I’laj)...\UT(I’NO'N)|VaC>,
v N! 01...0N

thus leading to, for the one-electron density matrix,
Yo (e ') = Z <w0]®T(m)®(r’o)‘wo>

= NZ Z /drz.A./drN Vi (ro, ros. .., tnon)Wo(r o, 100, .. ., ryon),

o 03...0N

and, for the pair density,

ny°(r,v') = Z <\UO‘\TJT ro) Wi (Vo')W (r' o) \Tl(ra)‘\llo>

= 71 Z Z /dr3 /dl’N ‘\Uo ro, I'O' ,¥303. I’N(TN)’ .
oo’ 03...0N
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Do we actually need the N-electron wavefunction ?

@ Let us stress that, once again, if the one-electron density matrix and the pair
density are used as basic variables, the energy functional is known and its explicit
expression is

E[m,n] = —7//drdr S(r=)Vm(r,v) //ddmz”
+ [ arvn(e) mien),

@ Note that, by differentiating the energy with respect to some perturbation strength
(nuclear displacement, electric or magnetic field, ...), one can in principle have
access to (static) molecular response properties.

@ An important question should be raised at this point: is it possible to calculate the
energy variationally (i.e. by straight minimization) from the energy functional ?

@ Obviously, if there are no constraint on n; and n,, the answer is NO !

@ Indeed, by considering the particular case ni(r,r’) =0 and na(r,r') — —co, we

obtain | min E[ni, m] = —oo |,
n,n2

@ This case is unphysical. The minimization should be performed under constraint.
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N-representability conditions

@ If we want to recover the true ground-state energy Eo from the energy functional
E[n1, no] we must restrict the minimization to physical (so-called N-representable)
one-electron density matrices and pair densities.

@ A one-electron density matrix n; and a pair density n, are N-representable if there
exists an N-electron (anti-symmetrized and normalized) wavefunction W (with
finite kinetic energy) such that

m(r,f) = nl(r, )= (W]ai(r, )W),
m(r,f) = ny () = (W]ay(r,¢)|W).

@ Variational principle under N-representability constraints:

Eo m\&n(W|I:I|\IJ)

= mq}n E[ny, ny].

@ Basic N-representability conditions: n{(r,r) (electron density) and the pair density
are positive functions and they integrate to N and N(N — 1), respectively:

/dr ny(r,r) =N, //drdr' ny (r,r') = N(N —1).
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Explicit and implicit dependence on the electron density

@ Density-functional theory (DFT) is using the electron density nV(r) = n¥(r,r) as
basic variable without actually knowing the N-electron wavefunction W.

@ It can be shown that the set of N-representable densities is the set of positive
functions n(r) that integrate to the number of electrons N and that give a finite
von Weizsicker kinetic energy™:

2
%/dr ’an/z(r)’ < +o0.

@ Even though the domain of " physical densities” is well identified (which is good),
both kinetic and electronic repulsion energies are implicit functionals of the density
(which is bad).

@ The Hohenberg—Kohn variational principle for the Hamiltonian
H[v] = T + Wee + [ drv(r)A(r) with ground-state energy E[v] reads

E[v] = mnin{F[n]—i—/dr v(r)n(r)} s Fln] :mvax{E[v] —/drv(r)n(r)}.

* Principles of DFT, lecture given by Trygve Helgaker at the GDR Correl mini-school on mathematics in electronic structure

theory, Paris, January 2017.
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One-electron density-matrix functional theory

@ What about using the one-electron density matrix as basic variable 7

@ By expanding the field operators in an orthonormal orbital basis (and using real
algebra) we obtain within a spin-restricted formalism

MY (rF) = 32 0p(n)0a(r') (V| Ere V)
Pq ~—

orbital basis representation — Dy, =3 (W|a}, 84, |V) =3 DE7.

@ DY is hermitian. It can therefore be diagonalized, in the so-called natural orbital
basis {qu(r)} , thus leading to
P

() =3 3p(r)dp(r)y  where 0< 7, <2,
P

@ N-representable one-electron density matrices can therefore be parametrized in
terms of natural orbitals and occupation numbers (both have to be determined).
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Explicit functionals versus clear representability conditions

@ In one-electron reduced density-matrix functional theory (or natural orbital
functional theory if the previous parameterization is used), both exact kinetic and
nuclear potential energy functionals are known (explicitly).

@ The electronic repulsion energy remains an implicit functional of the one-electron
reduced density matrix (1-RDM) for which approximations must be developed.

@ Finally, we could use the two-electron reduced density matrix (2-RDM) as basic
variable. Its representation in an orthonormal orbital basis is

) = Z (w v) =D

. r 1
@ Since <\II‘H‘\II> =20 hog Dy + 5 quB(pr\qs)D;f’q,s where

qu Ers - 6qr Eps g;o' éjo,/ ésv' 3qa

DY, = <\u

Z D:,Uq,, =(N- 1)D:,Uq it comes that the total energy is an explicit functional
,

of the 2-RDM. The challenge is then to identify N-representability conditions for
the latter, which is far from trivial.

@ Conclusion: A given reduced quantity will lead either to an explicit energy
functional (2-RDM theory) or well-defined N-representability conditions (DFT) but
never both at the same time :-(

Emmanuel Fromager (UdS) ISTPC 2017, Aussois, France June 2017 10 / 25



Representability and higher-order reduced density matrices

@ Ground-state p-electron reduced density matrix (p-RDM) elements in a given
orthonormal spin-orbital basis (1 < p < N):
Vo).

Sl dp At a A A
D , <\|Io ay an -d3,a1, - anay

hb..

@ The ground-state energy is a functional of the 2-RDM.

@ The latter is in principle deduced from the ground-state wavefunction Wy which is
completely determined by the N-RDM.

@ Indeed, from the full configuration interaction (FCI) expansion,

_ af st af
|Wo) = Z Chb..iy 3,3, ... &) [vac),
h<h<..<ly
. hda..d
it comes | D3N = Chpy Crioty
@ Therefore, il = D,Ill,lj . The sign is determined from the N-RDM by

fixing the sign of one single coefhaent.
Emmanuel Fromager (UdS) ISTPC 2017, Aussois, France June 2017 11 /25



Representability and higher-order reduced density matrices

@ Rewriting the FCl expansion as |Wo) = >, Cz|detz) leads to the following
expression for the p-RDM elements,

Hdooidy At At af A n a
Dlllzmlp = Z CICJ <detj’ajlajz .. aJpa,p ...apay
.J

detz>

known (anti-commutation rules)

@ A p-RDM is N-representable if it can be written as above with the normalization
condition Y, C7 = 1.

@ Let us focus on the 2-RDM elements:

J1J; At AT & &
D/11/22 = Z CZ Cj <det‘7’231 332 dl,dl
e

s

det1>.

In contrast to the N-RDM, many Cz coefficients will contribute !

@ Obviously, we do not want to parametrize the 2-RDM with these coefficients (this
would simply correspond to making a FCI calculation).
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Representability and higher-order reduced density matrices

@ Instead, we want to use the 2-RDM elements D,Jll,;2 as basic variables.

@ The N-representability is connected to the fact that the N-RDM elements can be

. ..
written as D;'2 N
112--

= Cusay Gy

@ The higher the order p of the RDM is, the more we know about the wavefunction
Wy and the higher the control on the N-representability of the 2-RDM is.

@ Connections between the 2-RDM and the higher-order RDMs can be established
from the so-called anti-Hermitian contracted Schrédinger equation™ (ACSE).

@ The ACSE is obtained by projection (nonvariational approach).

@ As discussed further in the following, the ACSE can also be used in 1-RDM theory,
thus providing interesting formal connections between RDM and Green'’s functions
formalisms.

* D. A. Mazziotti, Phys. Rev. Lett. 97, 143002 (2006).
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Connecting 1-RDM and Green's function formalisms

@ We would like to derive an equation for the ground-state 1-RDM that would be
the analog of the equation of motion for the one-electron Green's function (1-GF).

@ Let us start with the Schrodinger equation H|Wo) = Eo|Wo), apply a one-electron

excitation 373_} on both sides and project onto Wy, thus leading to

)

D!« exact 1-RDM |

<wo’a}§uﬁ/‘wo> =5 <\uo ala,

@ The latter projection onto the one-electron space is usually referred to as
contraction, hence the name Contracted Schrodinger Equation (CSE).

@ Using H= ZhKLaKaL+ > " (KLIMN)3kaanam  leads to
KLMN

ZhJLDL ZhKLD + = ZJKHMN)D + = Z (KLIMN)Dy, = E;D}
KMN KLMN

where  (JK||MN) = (JK|MN) — (K J|MN).
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Connecting 1-RDM and Green's function formalisms

@ As readily seen, it is far from straightforward to obtain the 1-RDM from the CSE.
@ Indeed, we need the (unknown) exact ground-state energy Eq :-/
@ Moreover, we need the 2- and 3-RDMs :-/

@ It is actually more convenient to split the CSE as follows,

) = <wo‘a}§JF/‘wo> - % <wo [a}aj, F/} ‘w0> % <\uo

[éféh F/}

%>=&m,
N

H)—H] H+H]

@ The anti-Hermitian part of the CSE (ACSE) reads

<w0’ [a}aJ, H] ‘\uo> -

@ The advantage of using the ACSE is that the commutator of Q}LQJ with A will
generate one- and two-electron excitations only, thus making the connection
between the 1-RDM and the 2-RDM explicit.
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Connecting 1-RDM and Green's function formalisms

EXERCISE: | By using the relations

show that [a]a,,3}8/] = 6, afa, — 6y L5, and

ata A ] atata a At ata a at ata = At ata a
[a, aJ,aKaLaNaM] = Ok 313 anam + 60 )3 anam — din 3l 8l a,am — G 3l alana.

@ From the second-quantized expression of the Hamiltonian and the ACSE we finally
obtain (by using real algebra)

3 (D,QhKJ - h,KDj‘) +3 <<JM|LK>D;§$ - </M|LK>DA’;5) —0

K KLM

[D.h].
@ As readily seen, the ACSE involves the 1- and 2-RDMS only :-)
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Connecting 1-RDM and Green's function formalisms

[D,hl,+ > ( IM|LK) Dy </M|LK>D;§5> =0

KLM

@ We can formally rewrite the latter equation in terms of the 1-RDM only simply by
introducing a (frequency-independent) analog X of the self-energy matrix defined
as follows,

(ED) L= %<IM|LK>D;§5,

or, equivalently,

Tip= Y (IMILK)Dyu[D7] 0 |
KLMN

thus leading to  [D, h];; + (ED) T (ED)I =0 or, in a compact form,
J J

[D,h]+DX' —ED=0]|
| |
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Connecting 1-RDM and Green's function formalisms

@ Note that, in the x = (r, o) representation, the (local in space) two-electron
repulsion operator is diagonal, thus leading to

P — Y (x1,Xs) = /dX2/dX3 X1,X3;X2,X3)’)/_1(X2,X4)
where ’V(X17X2) = <\U0‘\UT(X1)\U(X2)’\UO> and
r(Xl,X3;X2,X3) = <W0)WT(X1 WT(Xg) (X3)\U X2)‘W0>

are connected to the (time-dependent) one- and two-particle Green's functions as
follows,

A(x1, %) = — <\u0‘ T [@(XQ, £) W (1, t;)] ‘w0> = —iG(xoty, x1t7)

and
F(xl, X3; X2, X3) = <\|J0‘ T [\’I\J(X;;, t3)\’|\/(X2, t;)\iﬂi(xl, t;+)\I|)T(X3, t;):| “Uo>
= —Ga(xsts, xot; ;x3t3, x1t5 7).
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Connecting 1-RDM and Green's function formalisms

@ As readily seen in the following equations there are strong similarities between the
(static) self-energy function we introduced and the conventional (time-dependent)

self-energy:
1 _
Y(x1,%) = /de/dx3ml'(x1,X3;xz,x3)fy 1(x2,x4)
e = i [ [aas s - 061352376 @)

where 1= (x1,t1), 2= (x2,t2), 3= (x3,t3), 4= (xs,1s).

@ The connection between the ACSE and the equation of motion for the 1-GF (and,
consequently, between the two self-energies) lies in the fact that, for an operator
written in the Heisenberg picture, a differentiation with respect to time is
equivalent to the calculation of its commutator with the Hamiltonian:

P2 — 501.2) + ot - )09l Sy L0 2 — s - ) w8 ) TP )
where (1) = eiﬁtlﬁl(xl)e_iﬁ“l and agt(l) = —ieiﬁ“l[@(x1)yf:/]e_“:’f1 .
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Exact energy from the 1-RDM and the self-energy

@ Let us return to the ACSE for the 1-RDM:

[D,h]+ DX —=D =0/
| |

@ Note that, if the exact self-energy matrix 3 is known, we obtain the exact 1-RDM
D by solving the ACSE.

@ The exact ground-state energy can be rewritten in terms of D and X as follows,

1
Eo = > haDf + 5 >~ (KL|MN) Dy,
KL KLMN

- Z[hD]LLqL% > (NMILK)DIE D] D
L KLMNPQ

1
= > [hD], + 5 > TneDy,
L NQ

. . 1
thus leading to the compact expression | Eg = Tr {(h + 52) D} :

where Tr denotes the trace.
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Non-interacting ACSE

@ Let us consider the non-interacting case first (X = 0).
@ According to the ACSE, the solution D, commutes with the one-electron
Hamiltonian matrix:

[Dh, h] = 0.

@ Therefore, the eigenfunctions of h (molecular spin-orbitals) diagonalize the
non-interacting 1-RDM. If the former are ordered with increasing energies
e1<ex<...<ey<...then

e 00 0 0 0] 0 0 0 0 07
0 & 0 0 0 0 01 0 00 O
h=|0 O 0 0 o0 D.— |00 00 0
~]10 0 0 ey 0O O}’ "“1o 0o 0 10 0
00 0 0 envua O 00 0 00 O
L0 0 0 0 0 | 0o 0 0 0 .l

@ Note that Dy, is idempotent i.e. .
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First-order approximation in X

@ From the non-interacting solution D, we can construct an approximate solution
D, + DO through first order in = by solving

D™, h] +D,=f — =D, = 0.

@ If we denote /,J,... and A, B, ... the occupied and unoccupied (virtual)
spin-orbitals in Dy, respectively, it comes for the occupied-occupied block

(e — E/)D,(j) =X — Xy,

and for the virtual-virtual block

(E:‘B - EA)DSB) =0.

@ Similarly, we obtain for the occupied-virtual block,
(EA — E/)D,(;) = —ZA/.
@ Note that, if the self-energy matrix is non-zero only in the occupied-occupied block
and hermitian (of course it does not have to be), then DY) = 0. This was

expected as unitary transformations inside the occupied spin-orbital space leave Dy,
unchanged.
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Hartree-Fock approximation

@ At this point we should raise an important question: how do we approximate X 7

@ The simplest approximation is the mean-field (mf) one:

Vo — & (single Slater determinant)
DY, — <¢’sjajaLaK’¢> = 6,D) — 8D}
= DyDi — DiD;
@ Note that the latter expression for the 2-RDM element actually holds on the entire
spin-orbital space (it gives zero if one of the spin-orbital is not occupied in ®).
@ Consequently, the corresponding mean-field self-energy matrix elements,

36 = > (PT|SR)DT;[D ]
RSTU

uQ’

become an explicit functional of the 1-RDM:

TF[D] =) <<PTOR> - (PTIRQ>) Df |

RT
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Hartree-Fock approximation

@ Note that X™f[D] is hermitian (unlike the exact self-energy).

@ Note also that, in the occupied/unoccupied orbital basis associated to @, the
mean-field self-energy reads

occ

T80 = Y (PIIQI) = (PI|IQ) = [Srix]p

i

Hartree  exchange

where we recognize the Hartree—Fock potential 3y expression in the canonical
orbital basis.

@ Within the mean-field approximation, we obtain from the ACSE the following
self-consistent equation

[D,f(D)]=0 where f(D) =h + Xu, (D) < Fock matrix !

which is equivalent to the Hartree—Fock equations.
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Beyond Hartree-Fock

@ One could think about developing a perturbation theory based on the converged
mean-field 1-RDM rather than the bare non-interacting one Dy.

@ Diagrammatic techniques could be used for expanding the (time-independent)
self-energy in perturbation.

@ One may wonder if Hedin-type equations can be derived in this context.
@ Note that the exact self-energy matrix is in principle not hermitian.

@ In this formalism there is no need to work in the (delocalized) canonical molecular
orbital basis.

@ The 1-RDM elements (in any orthonormal basis) are used as variables. Localized
orbitals could therefore be used in this context which is convenient for large scale
calculations.
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