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Schrodinger equation he ground state

IA{\I/(J = EU\I/O E() -_ q’o

where Wy = Uy(ry,ra,...,rn) and H=T+We.+V with
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Kohn—-Sham DFT in a nutshell

@ In Kohn-Sham (KS) DFT, the many-electron problem is formally transformed into a
one-electron-like problem.

@ The “magical” one-electron wavefunctions (so-called KS orbitals) fulfill the following
self-consistent KS equations:

I o , n(r’) 0 Exc[n] _
(—Evr+a<r>+/dr e+ s )wk(r)—wk(r)

‘2 =ng,(r)|

N
where [ n(r) = Z |<pk(r)|2 = N/er.../drN ’\Ilo(r,rg...,rN)
k=1

@ When convergence is reached, the (in-principle-exact) ground-state energy reads

:—7Z/drgo,C YWe(r +/drv(r)nr + - //dd/n _n(rl)'f‘EXC[”]'

W. Kohn and L. J. Sham, Phys. Rev. A 140, 1133 (1965).
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DFT for ground-state ensembles

@ The standard derivation of DFT holds for pure-state v-representable densities.
@ The ground-state density is not uniquely defined in case of degeneracy.
@ Densities of degenerate states can actually be mixed.

@ If the ground state is g times degenerate, we have

g—1
i=0

vy, gwq,:1, H|W,) = Eo|W,).
=0

or, equivalently,

g—1

Eo=3 w <\1/

=0

T 4 Wee

‘I/1> +/dr v(r) x <92::1 win\pi(r)>

=F[n] =n(r)

@ The density n is said to be ensemble v-representable.

C. A. Ullrich and W. Kohn, Phys. Rev. Lett. 87, 093001 (2001).
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Kohn—=Sham DFT for ground-state ensembles

@ In KS-DFT, ensembles are described by fractionally-occupied orbitals.

@ Example (with g = 3):

) =3 w (Z e + |mv+,:<r>|2) = Y e + X wilen )

k=1 k=1 =
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Molecular orbital energy diagram and gaps
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@ The HOMO-LUMO gap can be interpreted in two ways.
@, —en = (Eé\'“ — Eé\’) + (Eév’l — Eé\’) = E, + fundamental gap [charged excit.]

@ ¢, —en=EN —EY =uw, <+ optical gap [neutral excitation]

Emmanuel Fromager (UdS) DFT workshop, Lyon, France



Limitations of the one-elect
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Fig. 1 Illustration of gap energies in the molecular case: S denotes the
(singlet) electronic ground state and S; the lowest (singlet) excited state

(considered here to be accessible via one-photon absorption). The S; — So h]/
energy difference then corresponds to the optical gap Eopt. The magni-
tude of the ionization potential is given by the blue vertical line and the

magnitude of the electron affinity by the green vertical line; the IP — EA
difference represents the fundamental gap, Eynq. The electron—hole pair
binding energy, Eg, is given by Eqyng — Eopt-

Courtesy of B. Senjean
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Levy—Zahariev shift-in-potential procedure

@ Let us consider the N-electron KS-DFT energy expression

Vi Vne(T) X |0 > + Enxe [n]

> (-5

N 0 Etixe [n]
(;czj €k> + Erixe [n] — /d 5n(r) ———n(r)

=1

By

@ Shift-in-potential approach*:
0 Enxc[n]
Ehxe dr
8 Exeeli] SEueln]  Dreln) = Jdr =
— %
dn(r) on(r) Jdr n(r)

————n(r)

€k — €k
N
EY = > Ek

@ Note that this procedure truly fixes (not up to a constant) the KS orbital energy levels.

* M. Levy and F. Zahariev, Phys. Rev. Lett. 113, 113002 (2014).
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DFT for canonical ensembles

I‘AI‘I’I = E¥; Ey v
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DFT for canonical ensembles

@ An ensemble consists of a given number of states and weights assigned to these states.

@ The simplest ensemble consists of the ground W, and first excited W, N-electron states,
with weights (1 — w) and w, respectively.

@ Gross-Oliveira-Kohn (GOK) variational principle:

(1 — w){(Y|H|Y) + w(V|H|TY > (1—w)Ey+wE;  with 0<w<1/2.

@ The w-dependent lower bound | E* = (1 — w)E, + wE, | is the exact ensemble energy.

@ Note that the ensemble energy is linear in w and its slope is the optical gap wy = E1 — Ej.

E. K. U. Gross, L. N. Oliveira, and W. Kohn, Phys. Rev. A 37, 2805 (1988).
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DFT for canonical ensembles

@ The Hohenberg—Kohn theorem can be extended to ensembles for any fixed weight w?.
@ In this context, the basic variable is the ensemble density:

n(r) = (1 — w)nd (r) + wnl (r) where /dr n"(r) = N.

@ The xc energy of the ensemble E [n] is a density functional which is w-dependent.

Why do we (now) need to consider w as an additional variable?

Why is the density not sufficient?

> Because a canonical ensemble density can be ground-state v-representable.?

> Variations in w (at fixed density) will become crucial when extracting excitation energies®.

LE. K. U. Gross, L. N. Oliveira, and W. Kohn, Phys. Rev. A 37, 2809 (1988).
2K. Deur, L. Mazouin, and E. Fromager, Phys. Rev. B 95, 035120 (2017).
3K. Deur and E. Fromager, J. Chem. Phys. 150, 094106 (2019).
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The optical gap in GOK-DFT

@ In GOK ensemble DFT!, the optical gap can be expressed as follows,

w

_ _N N OEY, [n]
Wg =€, —&y +

ow  |,—,w

w=0

derivative discontinuity

or, equivalently,?

_ N N _ N _ =N
wg = E;" — Eq = &, —€yg+t

v =N
. +EL

1E. K. U. Gross, L. N. Oliveira, and W. Kohn, Phys. Rev. A 37, 2809 (1988).
2K. Deur and E. Fromager, J. Chem. Phys. 150, 094106 (2019).
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Jacob’s ladder for ensembles?

DFT et TDDFT | DFT for ensembles |

- | | }
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M. Casida and M. Huix-Rotllant, Annu. Rev. Phys. Chem. 63, 287 (2012).
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Generalized adiabatic connection for ensembles

@ In ensemble DFT, the exchange-correlation functional becomes weight-dependent:

| Bucln] = B =0 vn =] Bl g

@ This weight dependence plays a crucial role in the calculation of excited energy levels.

@ Generalized adiabatic connection formalism for ensembles (GACE):?3

f P P \
{0,0,-+,0,0, -, 0} {wy, wy, -, w;_4,§,,0,0,-+, 0} {wy, wa, -, wy, e, Wiy}

« derivative discontinuity »

A
[ 1

M wr aEi:Ul ..... wr_1,67,0,.., 0} [P]

k Efvvoowmt o] = Belp) + Z/o dé; % /

1K. Deur and E. Fromager, J. Chem. Phys. 150, 094106 (2019).
20. Franck and E. Fromager, Mol. Phys. 112, 1684 (2014).
3K. Deur, L. Mazouin, and E. Fromager, Phys. Rev. B 95, 035120 (2017).
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Jacob’s ladder for ensembles? Let's try ...

[ Finite uniform electron gas \

two-electron

repulsion
Ens. LDA M . B
Exe[p) + > wr / drp(r) x (el (p(r)) —el=0 (p(r))
=1
B[]
P. F. Loos and E. Fromager, in preparation. P.F. Loos, J. Chem. Phys. 146, 114108 (2017).
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Ensemble DFT for charged excitations

@ Can we formally express the fundamental gap as the optical one?

-
n=n :|u_0

where E2. [n] would be the to-be-identified xc energy of a grand canonical ensemble.

c

? N OEZ, [n]
Eg€%—€g+|: da

Let us recall that ...

> The problem is usually adressed by calculating the IP and the EA separately*.

> The total number N of electrons in a grand-canonical ensemble can be fractional.

> N can vary continuously between two integers.

*J. P. Perdew and M. Levy, Phys. Rev. Lett. 51, 1884 (1983).
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Ensemble DFT charged excitatio

? r N 6E“ n
Eg:sffaﬁqL[ 2Pl

Let us also recall that ...

> A grand-canonical ground-state ensemble density n is a piecewise linear function of N'*:

n(r) = <N7./\/'> xnd ~H(r) + <./\/'7N+1> xnd(r) where N—-1<N <N.
> The grand-canonical ensemble weight (N - N+ 1) is determined from the density n.

._and therefore conclude that

> it makes no sense to introduce an ensemble weight o that would be independent from n.

1J. P. Perdew and M. Levy, Phys. Rev. Lett. 51, 1884 (1983).
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N-centered ensemble DFT

@ It is actually possible to push the analogy with GOK-DFT further.

@ We just have to choose another grand canonical ensemble.

@ The latter will be referred to as N-centered ensemble in the following.

oM
E 0

N-1 N N+1

integral number M of electrons

@ The N-centered ensemble density is defined as follows,

ny(r) = énd "M (r) + end () + (1 - 2{)71(1,\’(1') where 0 <¢<1/2.

® Notethat [drni(r)=¢(N—1)+&(N+1)+(1-2)N= N « ¢independent !

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018).
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N-centered ensemble DFT

@ Similarly, an N-centered ground-state ensemble energy can be constructed,

B =B +eBY T 4 (1-2¢) BY.

@ It is linear in £ and the slope is equal to the fundamental gap.
@ The latter ensemble energy is a functional of the N-centered ensemble density.

@ Extension of DFT to N-centered ground-state ensembles:

Byln] = EX=°[n] % EN<[n]

@ Exact expression for the fundamental gap:

dE§ N,¢ N.& 3Eﬁ’5[n}
EY = ngZEL —en +T . +— V¢ €(0,1/2]

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018).
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Comparing N-centered ensemble DFT with standard

‘ Standard approach (DFT for fractional electron numbers)* ‘

N2 Moy N N N2

N-centered ensemble DFT?2

I
3
!\ i} EHIL [{J
g T
e e °
N_2 Na 7 N g Nl e

1), P. Perdew and M. Levy, Phys. Rev. Lett. 51, 1884 (1983).
2 B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018).
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Application to the Hubbard dimer

site0 < @ -—-—---—--- ® — sitel
—Av/2 +Av/2
T - Ay Av
@ Hamiltonian in second quantization: H =7 + U + 7(n1 — o), where

T =—t DI (d};aélo + d‘{gdo(,> <— kinetic energy
U= UZZLD MMy <—  two-electron repulsion
Av . .
7(711 — fg) <—> nuclear potential

@ In this context the density is a collection of two site occupations (no and nq).

@ In the following, the number of electrons will be set to N = 2. Consequently, the

ensemble density becomes a single number since n;y =2 —n.

D. J. Carrascal, J. Ferrer, J. C. Smith, and K. Burke, J. Phys.: Condens. Matter 27, 393001 (2015).
K. Deur, L. Mazouin, and E. Fromager, Phys. Rev. B 95, 035120 (2017).
K. Deur, L. Mazouin, B. Senjean, and E. Fromager, Eur. Phys. J. B 91, 162 (2018) [Hardy Gross special issue}.
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Application to the Hubbard dimer [N = 2, t = 1]

Ensemble energies in the symmetric (left panel) and asymmetric (right panel) cases.

Avext = 0,U =5 Avexy = 5,U =5

(V]

exact —— GSc | N 0 Fexact ' —— GSc . Ji

F GSxc EEXX  GSxc EEXX

—_
(2

—

ensemble energy EN-¢
(=}
o [S23

L
I3
ensemble energy ENV:¢

|
—_

EEXX: ENS(n) ~ EN(n)
GSc: E,](\gf(n) ~ E}{V&(n) + Eé\%:“(n)
“standard” xc functional —  GSxc: EN*(n) ~ EN=9(n) + EN¢=(n)

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018).
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