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• (Time-independent) DFT for excited states: why and how?


• Connecting Kohn-Sham orbital energies to real (ground- and excited-state) energies. 


• Individual exchange-correlation functionals for excited states (within an ensemble).
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DFT and excited states
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N -electron Schrödinger equation for the ground state
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where  0 ⌘  0(x1,x2, . . . ,xN ), xi ⌘ (ri,�i) ⌘ (xi, yi, zi,�i = ± 1
2
) for i = 1, 2, . . . , N,

and Ĥ = T̂ + Ŵee + V̂ .
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�! local nuclear potential operator
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Ground- and excited-state energies are in principle functionals of the ground-state density � . nΨ0

Hohenberg-Kohn theorem:

P. Hohenberg and W. Kohn, Phys. Rev. 136, B864 (1964).



(Linear response) time-dependent DFT
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Practical limitations:

EI − E0 = εKS
a − εKS

i +…

True excitation energy
Kohn-Sham excitation energy

δ2𝒜Hxc[nΨ0
]

δn(r′�, t′�)δn(r, t)

Hartree-exchange-correlation kernel

• Single-reference perturbation theory (not adequate for nearly-degenerate situations).


• Memory effects are absent from standard functionals (adiabatic approximation).


• Multiple-electron excitations are absent from the adiabatic TD-DFT spectrum.

EI ≡ EI[nΨ0
]

E. Runge and E. K. U. Gross, Phys. Rev. Lett. 52, 997 (1984). 
M. Casida and M. Huix-Rotllant, Annu. Rev. Phys. Chem. 63, 287 (2012). 
G. Vignale, Phys. Rev. A 77, 062511 (2008).



(Excited) state-specific DFT
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M. Levy and A. Nagy, Phys. Rev. Lett. 83, 4361 ︎(1999)︎.
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E1 ≡ E⊥Ψ0
1 [nΨ1

]

In Coulomb systems, individual densities are sufficient, i.e.  EI ≡ ECoul[nΨI
]

P. W. Ayers, M. Levy, and A. Nagy, Phys. Rev. A 85, 042518 (2012). 
P. W. Ayers, M. Levy, and A. Nagy, J. Chem. Phys. 143, 191101 (2015). 
P. W. Ayers, M. Levy, and A. Nagy, Theor. Chem. Acc. 137, 152 (2018).

v(r) = − ∑
A

ZA

|r − RA |



DFT for (canonical) ensembles 
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The ensemble energy  �    is a functional of the ensemble density   � . Ew := ∑
I≥0

𝚠IEI nw(r) := ∑
I≥0

𝚠InΨI
(r)

Gross-Oliveira-Kohn (GOK) DFT:
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A. K. Theophilou, J. Phys. C: Solid State Phys. 12, 5419 (1979). 
E. K. U. Gross, L. N. Oliveira, and W. Kohn, Phys. Rev. A 37, 2805 (1988). 
E. K. U. Gross, L. N. Oliveira, and W. Kohn, Phys. Rev. A 37, 2809 (1988). 
L. N. Oliveira, E. K. U. Gross, and W. Kohn, Phys. Rev. A 37, 2821 (1988).



From DFT to GOK-DFT  
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Ensemble Kohn-Sham equations: 

−
∇2

2
+ vext(r) +

δEw
Hxc [n]

δn(r)
n=nw

φi(r) = εw
i φi(r)

nw(r) = ∑
I≥0

𝚠I ∑
i∈I

|φi(r) |2

Levy-Zahariev shift� :* �εw
i → εi

w = εw
i +

Ew
Hxc[n] − ∫ dr

δEw
Hxc[n]

δn(r)
n(r)

∫ dr n(r)

n=nw

� M. Levy and F. Zahariev, Phys. Rev. Lett. 113, 113002 (2014).*

EHxc[n] ⟶ Ew
Hxc[n]

I am here to say that �  is an 
ensemble density!

nEnsemble Hxc functional: 

φ𝚠
1s(r) = (1−𝚠)φ2

1s(r)+𝚠φ2
2s(r)Example:



Extracting individual energies

!8K. Deur and E. Fromager, J. Chem. Phys. 150, 094106 (2019).

ℰw
I = ∑

i∈I

εw
i

Reproduce the exact  
ensemble energy only

ℰw
I = ∑

i∈I

εw
i

KS energies

ℰw
I + ∑

J>0
(δIJ−𝚠J)

∂Ew
Hxc[n]
∂𝚠J n=nw

= EI

True energies



(Two-electron) Hubbard dimer model
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tU U

−
Δvext

2
+

Δvext

2

I contain 

�  electronsn

I contain 

�  electrons2−n

K. Deur and E. Fromager, J. Chem. Phys. 150, 094106 (2019).
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FIG. 2. Exact ensemble xc derivatives obtained from Eqs. (6) and (14) for the
asymmetric (∆vext�t = 2) Hubbard dimer with U/t = 2. First (I = 1)- and second-
excited-state (I = 2) derivatives are calculated for the true (weight-dependent)
ensemble density generated from∆vext and are plotted (in green and blue, respec-
tively) as functions of the first ensemble weight w1 for w2 = 0 (top panel) and
w2 = 1/4 (bottom panel).

the second weight, as shown in the supplementary material. Inter-
estingly, increasing the ensemble weights can provide more accurate
excited-state LZ-shifted energies, often at the expense of deterio-
rated ground-state energies. As shown in Fig. 1 (see also the sup-
plementary material), this is a general trend that can be seen in all
correlation regimes.

Finally, in order to assess the importance of correlation effects
in the calculation of individual energy levels, we computed EEXX-
only LZ shift and ensemble derivative corrections to the unshifted
KS energies. Since we used exact densities (and therefore exact KS
potentials), the LZ shift has been computed with the full (exact) Hxc
potential in conjunction with the EEXX energy for the sake of con-
sistency. In the moderately correlated U/t = 2 regime (see the top
panel of Fig. 1), relatively good total energies are obtained, which
are in agreement with the DEC/EEXX results of Ref. 22. Interest-
ingly, the doubly-excited state energy is the one that exhibits the
weakest weight dependence. As shown in Fig. 3, in the ∆vext�t = 2
asymmetry regime, EEXX fails dramatically for the larger U/t = 10
value. Total energies become strongly weight-dependent, and their
ordering is wrong for a wide range of weight values. The latter
observation was actually expected for small weight values on the
basis of Ref. 19 (where we see in Fig. 1 that for 2t = 1, U = 5,
and ∆vext = 1, the ground-state density is close to 1, which cor-
responds to the symmetric case) and Appendix B, where the
EEXX energies are derived for the symmetric Hubbard dimer [see
Eq. (B2)].

FIG. 3. Ground (red)-, first (green)-, and second (blue)-excited-state energies
(exact and EEXX-only) plotted as functions of the first ensemble weight (with
w2 = 0) for the asymmetric (∆vext�t = 2) Hubbard dimer with U/t = 10.

V. SINGLE VERSUS SEQUENCE OF ENSEMBLE
CALCULATIONS

While, in conventional GOK-DFT approaches, excitation (or
individual) energies are extracted from a sequence of ensemble
calculations (where ensemble weights are controlled by a single
one w), we have shown in this work that a single ensemble cal-
culation is sufficient provided, of course, that the many-weight-
dependence of the ensemble xc functional is known. The two
approaches are equivalent in the exact theory, but they may give
different results when density-functional approximations are used.
This is analyzed further in the rest of this section at the EEXX level of
approximation.

Let us first rewrite the exact individual energy expressions
within the GOKII approach16 [see Eq. (3)] where both bi- and tri-
ensemble calculations are needed for extracting the three lowest
energies. From the bi-ensemble energy

E(w,0) = (1 −w)E0 +wE1, (29)

we can extract both ground- and first-excited-state energies as
follows:

E0 = E(w,0) −w dE(w,0)
dw

,

E1 = E(w,0) + (1 −w)dE(w,0)
dw

,
(30)

which is equivalent (for these two states) to a tri-ensemble calcu-
lation, where w1 = w and w2 = 0. On the other hand, we have the
tri-ensemble energy (with w1 = w2 = w),

E(w,w) = (1 − 2w)E0 +wE1 +wE2, (31)

from which we can extract, when combined with the bi-ensemble
one, the second-excited-state energy,

E2 = E0 − (E1 − E0) + dE(w,w)
dw

= E(w,0) − (1 +w)dE(w,0)
dw

+
dE(w,w)

dw
. (32)

J. Chem. Phys. 150, 094106 (2019); doi: 10.1063/1.5084312 150, 094106-6
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Modeling density-functional correlations in ensembles: Where to start? 
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Ew
c,I ≠ ⟨ΨI | Ĥ |ΨI⟩ − ⟨Φw

I | Ĥ |Φw
I ⟩

∑
I≥0

𝚠I Ew
c,I ≡ ∑

I≥0

𝚠I (⟨ΨI | ̂T + Ŵee |ΨI⟩ − ⟨Φw
I | ̂T + Ŵee |Φw

I ⟩)

Individual correlations:

Ew
c [nw] = ∑

I≥0

𝚠I ⟨ΨI | Ĥ |ΨI⟩ − ∑
I≥0

𝚠I ⟨Φw
I | Ĥ |Φw

I ⟩

∑
I≥0

𝚠I nΨI
(r) = ∑

I≥0

𝚠I nΦw
I
(r)

I am the correlation energy of state � 

within the ensemble

InΨI
(r) ≠ nΦw

I
(r)

T. Gould and S. Pittalis, Phys. Rev. Lett. 123, 016401 (2019).



State- and density-driven correlations in ensembles 

!11T. Gould and S. Pittalis, Phys. Rev. Lett. 123, 016401 (2019).

Ew
c,I = ⟨ΨI | ̂T + Ŵee |ΨI⟩ − ⟨Φw

I | ̂T + Ŵee |Φw
I ⟩

= ⟨ΨI | ̂T + Ŵee |ΨI⟩ − ⟨ΦI | ̂T + Ŵee |ΦI⟩

+⟨ΦI | ̂T + Ŵee |ΦI⟩ − ⟨Φw
I | ̂T + Ŵee |Φw

I ⟩

nΨI
(r) = nΦI

(r) I am the state-driven correlation energy

= ⟨ΨI | Ĥ |ΨI⟩ − ⟨ΦI | Ĥ |ΦI⟩

I am the density-driven correlation energy

State-specific 

KS determinant 



Non-uniqueness or -existence of state-driven KS states

!12K. Deur, L. Mazouin, and E. Fromager, Phys. Rev. B 95, 035120 (2017).

Non-interacting Hubbard dimer Interacting Hubbard dimer
EXACT ENSEMBLE DENSITY FUNCTIONAL THEORY FOR . . . PHYSICAL REVIEW B 95, 035120 (2017)

FIG. 1. Variation of the ground- n0 and first-excited-state n1 densities with the local potential !v in the Hubbard dimer for various U

values.

From the simple analytical expressions for the HOMO and
LUMO energies,

εH (!v) = −
√

t2 + (!v2/4) (49)

and

εL(!v) = −εH (!v), (50)

it comes that

EKS
0 (!v) = −2

√
t2 + (!v2/4) (51)

and

EKS
1 (!v) = 0. (52)

According to the Hellmann-Feynman theorem, combining
Eqs. (48) and (52) leads to

∂EKS
1 (!v)
∂!v

= 1
2

〈
$KS

1 (!v)
∣∣n̂1 − n̂0

∣∣$KS
1 (!v)

〉

= 1 −
〈
$KS

1 (!v)
∣∣n̂0

∣∣$KS
1 (!v)

〉
= 0, (53)

where $KS
1 (!v) is the first singlet (two-electron) excited state

of ĤKS(!v). Therefore the density (i.e., the occupation of site
0) in the noninteracting first excited state is equal to 1 for any t
and !v values, as illustrated in the top left-hand panel of Fig. 1.
Consequently, a density n will be ensemble noninteracting

representable in this context if it can be written as n = (1 −
w)n0 + w where the noninteracting ground-state density n0

varies in the range 0 ! n0 ! 2 (see the top left-hand panel
of Fig. 1), thus leading to the noninteracting representability
condition

w ! n ! 2 − w, (54)

or, equivalently,

|n − 1| ! 1 − w. (55)

For such densities, the maximizing KS potential in Eq. (47)
equals

!vKS,w(n) = 2(n − 1)t
√

(1 − w)2 − (1 − n)2
, (56)

and, consequently, the ensemble noninteracting kinetic energy
functional can be expressed analytically as follows:

T w
s (n) = −2t

√
(1 − w)2 − (1 − n)2. (57)

The ensemble correlation energy, which is the key quantity
studied in this work, is defined as follows:

Ew
c (n) = Fw(n) − T w

s (n) − EH (n) − Ew
x (n), (58)

035120-5

De
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Ground state Ground state
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State-/density-driven decomposition without additional KS systems

!14E. Fromager, arXiv:2001.08605 (2020).

• There is no need to introduce additional KS wave functions:

nΨI
(r) = nw(r) + ∑

J>0
(δIJ−𝚠J) ∂nw(r)

∂𝚠J

obtained from a static ensemble 

coupled perturbed equation. 

• Exact expressions for state-driven (SD) and density-driven (DD) correlation energies:

ESD
c,I := Ew

c [nw] + ∑
J>0

(δIJ−𝚠J)
dEw

c [nw]
d𝚠J

EDD
c,I := ∫ dr

δEw
c [nw]

δn(r) (nΦw
I
(r) − nΨI

(r))



Application to the Hubbard dimer: the bi-ensemble case

!15E. Fromager, arXiv:2001.08605 (2020).
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• Individual energies and densities can be extracted exactly from GOK-DFT� .  


• A general and exact SD/DD decomposition has been derived � .


• The approach is applicable to grand canonical ensembles �  (fundamental gaps, quantum 
embedding,…). 


• Local SD correlation functionals can be extracted from finite uniform electron gases� :                  
collaboration with Pierre-François Loos (Toulouse). 

• Connections with imaginary TD-DFT [� ] under investigation.  


• Extraction of (non-adiabatic) couplings from GOK-DFT under investigation.              
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5

t → − iτ

Conclusions and perspectives

� K. Deur and E. Fromager, J. Chem. Phys. 150, 094106 (2019). 
� E. Fromager, arXiv:2001.08605 (2020). 
� B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018). 
� B. Senjean and E. Fromager, Int. J. Quantum Chem. (2020), DOI: 10.1002/qua.26190 
� P. F. Loos and E. Fromager, to be submitted.
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N-centered grand canonical ensembles

n𝒩(r) = (1−α)nN(r)+α nN−1(r)

�18

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018). 
B. Senjean and E. Fromager, Int. J. Quantum Chem. (2020), DOI: 10.1002/qua.26190

density:

n{N,α}(r) = (1−α)nN(r) +
Nα

N − 1
nN−1(r)

𝒩 = N−α

electron number:

E (𝒩) = (1−α)EN+αEN−1

energy:

[(1 −
α
N ) −

α(1−α)
N

∂
∂α ]

NN − 1 N−α 𝒩

E(𝒩)

α = 0

α = 1

0 < α < 1

Look at me!
Look at me!

N-centered pictureConventional picture

density:

N
electron number:

ℰ{N,α} = (1−α)EN +
Nα

N − 1
EN−1

energy:


