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DFT for excited states: From the ground-state to the ensemble picture   

E0 = min
n {Ts[n] + EHxc[n] + ∫ dr vext(r)n(r)}

−
∇2

2
+ vext(r) +

δEHxc [n]
δn(r)

n=n0

φi(r) = εiφi(r)

n0(r) =
N

∑
i=1

|φi(r) |2

Kohn-Sham equations for a pure ground state: 

!2W. Kohn and L. J. Sham, Phys. Rev. 140, A1133 (1965).

DFT and excited states
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N -electron Schrödinger equation for the ground state

Ĥ 0 = E0 0

...

Ψ"

Ψ#
Ψ$
Ψ%

Ψ&

'"

'#

'$
'%
'&

where  0 ⌘  0(x1,x2, . . . ,xN ), xi ⌘ (ri,�i) ⌘ (xi, yi, zi,�i = ± 1
2
) for i = 1, 2, . . . , N,

and Ĥ = T̂ + Ŵee + V̂ .
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�! universal kinetic energy operator

Ŵee ⌘
NX

i<j

1

|ri � rj |
⇥ �! universal two-electron repulsion

operator

V̂ ⌘
NX

i=1

v(ri)⇥ where v(r) = �
nucleiX

A

ZA

|r�RA|
�! local nuclear potential operator
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Ground- and excited-state energies are in principle functionals of the ground-state density � . nΨ0

Hohenberg-Kohn theorem:

P. Hohenberg and W. Kohn, Phys. Rev. 136, B864 (1964).



DFT for (canonical) ensembles 
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The ensemble energy  �    is a functional of the ensemble density   � . Ew := ∑
I≥0

𝚠IEI nw(r) := ∑
I≥0

𝚠InΨI
(r)

Gross-Oliveira-Kohn (GOK) DFT:
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DFT for excited states: From the ground-state to the ensemble picture   

Ew:= ∑
I≥0

𝚠IEI = min
n {Tw

s [n] + Ew
Hxc[n] + ∫ dr vext(r)n(r)}

Ensemble  
energy
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Ensemble  
Hxc functional

Ew
Hxc[n]

w ≡ (𝚠1, 𝚠2, …) Ensemble  
weights



DFT for excited states: From the ground-state to the ensemble picture   

−
∇2

2
+ vext(r) +

δEw
Hxc [n]

δn(r)
n=nw

φi(r) = εiφi(r)

Ensemble  
density

nw(r) = ∑
I≥0

𝚠I ∑
i∈Φw

I

|φi(r) |2

Kohn-Sham equations for an ensemble: 

Ew:= ∑
I≥0

𝚠IEI = min
n {Tw

s [n] + Ew
Hxc[n] + ∫ dr vext(r)n(r)}

Ensemble  
energy
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DFT for excited states: From the ground-state to the ensemble picture   

Ew:= ∑
I≥0

𝚠IEI = min
n {Tw

s [n] + Ew
Hxc[n] + ∫ dr vext(r)n(r)}

Ensemble  
energy
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EJ − E0 =
∂Ew

∂𝚠J

Excitation 
energy

−
∇2

2
+ vext(r) +

δEw
Hxc [n]

δn(r)
n=nw

φi(r) = εiφi(r)

Kohn-Sham equations for an ensemble: 



Approximations to the ensemble correlation energy 

Ew
c [nw] ≈ ∑

I≥0

𝚠I Ec[nΦw
I
]

Ground-state correlation functional

�7M. Filatov, WIREs Comput. Mol. Sci. 5, 146 (2015).

Recycling standard density-functional approximations …



Approximations to the ensemble correlation energy 

Ew
c [nw] ≈ ∑

I≥0

𝚠I Ec[nΦw
I
]

Ground-state correlation functional

Ec[n] = ⟨Ψ[n] | ̂T + Ŵee |Ψ[n]⟩ − ⟨ΦKS[n] | ̂T + Ŵee |ΦKS[n]⟩
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Recycling standard density-functional approximations …



Approximations to the ensemble correlation energy 

Ew
c [nw] ≈ ∑

I≥0

𝚠I Ec[nΦw
I
]

Ground-state correlation functional

Ec[n] = ⟨Ψ[n] | ̂T + Ŵee |Ψ[n]⟩ − ⟨ΦKS[n] | ̂T + Ŵee |ΦKS[n]⟩

Same density!
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Recycling standard density-functional approximations …



Approximations to the ensemble correlation energy 

Ew
c [nw] ≈ ∑

I≥0

𝚠I Ec[nΦw
I
]

Ew
c [nw] ≈ ∑

I≥0

𝚠I ELDA
c,I [nw]

� P.-F. Loos and E. Fromager, J. Chem. Phys. 152, 214101 (2020). 
� C. Marut, B. Senjean, E. Fromager, and P.-F. Loos, Faraday Discussions, 2020, DOI: 10.1039/D0FD00059K.
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More recent strategy�1,2

Recycling standard density-functional approximations …

Designing density-functional approximations for ensembles …



Approximations to the ensemble correlation energy 

Ew
c [nw] ≈ ∑

I≥0

𝚠I Ec[nΦw
I
]

Ew
c [nw] ≈ ∑

I≥0

𝚠I ELDA
c,I [nw]

Extracted from uniform electron gas models

ELDA
c,I [n] ≡ ⟨ΨI(n) | ̂T + Ŵee |ΨI(n)⟩ − ⟨ΦI(n) | ̂T + Ŵee |ΦI(n)⟩

Same density!
!11

Recycling standard density-functional approximations …

Designing density-functional approximations for ensembles …



Exact correlation energy of an ensemble 

Ew
c [nw] = ∑

I≥0

𝚠I ℰw
c,I [nw]

Individual components

ℰw
c,I [nw] := ⟨ΨI | ̂T + Ŵee |ΨI⟩ − ⟨Φw

I | ̂T + Ŵee |Φw
I ⟩

KS determinant (within the ensemble)

!12T. Gould and S. Pittalis, Phys. Rev. Lett. 123, 016401 (2019).



Exact correlation energy of an ensemble 

Ew
c [nw] = ∑

I≥0

𝚠I ℰw
c,I [nw]

Individual components

ℰw
c,I [nw] := ⟨ΨI | ̂T + Ŵee |ΨI⟩ − ⟨Φw

I | ̂T + Ŵee |Φw
I ⟩

KS determinant (within the ensemble)

∑
I≥0

𝚠I nΨI
(r) = ∑

I≥0

𝚠I nΦw
I
(r) nΨI

(r) = nΦw
I
(r)

Ensemble density constraint

WRONG!

!13T. Gould and S. Pittalis, Phys. Rev. Lett. 123, 016401 (2019).



Exact correlation energy of an ensemble 

Ew
c [nw] = ∑

I≥0

𝚠I ℰw
c,I [nw]

Individual components

ℰw
c,I [nw] := ⟨ΨI | ̂T + Ŵee |ΨI⟩ − ⟨Φw

I | ̂T + Ŵee |Φw
I ⟩

Different densities!

!14T. Gould and S. Pittalis, Phys. Rev. Lett. 123, 016401 (2019).



Exact correlation energy of an ensemble 

∑
I≥0

𝚠I ℰw
c,I [nw] = Ew

c [nw]

Gould-Pittalis decomposition

ℰw
c,I [nw] := ⟨ΨI | ̂T + Ŵee |ΨI⟩ − ⟨Φw

I | ̂T + Ŵee |Φw
I ⟩

Same density!

−[⟨Φw
I | ̂T + Ŵee |Φw

I ⟩ − ⟨Φw
I | ̂T + Ŵee |Φw

I ⟩]
Different densities!

state-driven (SD) correlation  

density-driven (DD)  
correlation  

!15T. Gould and S. Pittalis, Phys. Rev. Lett. 123, 016401 (2019).



Exact correlation energy of an ensemble 

∑
I≥0

𝚠I ℰw
c,I [nw] = Ew

c [nw]

ℰw
c,I [nw] := ⟨ΨI | ̂T + Ŵee |ΨI⟩ − ⟨Φw

I | ̂T + Ŵee |Φw
I ⟩

−[⟨Φw
I | ̂T + Ŵee |Φw

I ⟩ − ⟨Φw
I | ̂T + Ŵee |Φw

I ⟩]

 non-uniqueness, 
v-representability issues

!16T. Gould and S. Pittalis, Phys. Rev. Lett. 123, 016401 (2019). 
E. Fromager, Phys. Rev. Lett. 124, 243001 (2020).



Density-driven correlation without additional KS systems  

Ew
c [nw] = ∑

J≥0

𝚠J Ew
c,J [nw]

True individual correlation energy 

Alternative evaluation of the exact ensemble correlation energy:

!17E. Fromager, Phys. Rev. Lett. 124, 243001 (2020).



Density-driven correlation without additional KS systems  

Ew
c [nw] = ∑

J≥0

𝚠J Ew
c,J [nw] = ∑

J≥0

𝚠J ℰw
c,J [nw]

True individual correlation energy 

Individual component

Alternative evaluation of the exact ensemble correlation energy:

!18E. Fromager, Phys. Rev. Lett. 124, 243001 (2020).



Density-driven correlation without additional KS systems  

Ew
c [nw] = ∑

J≥0

𝚠J Ew
c,J [nw] = ∑

J≥0

𝚠J ℰw
c,J [nw]

True individual correlation energy 

Individual component

Ew
c,J [nw] = ℰw

c,J [nw]
WRONG!

because  �  …nΨJ
(r) ≠ nΦw

J
(r)

Alternative evaluation of the exact ensemble correlation energy:

!19E. Fromager, Phys. Rev. Lett. 124, 243001 (2020).



Density-driven correlation without additional KS systems  

Ew
c [nw] = ∑

J≥0

𝚠J Ew
c,J [nw] = ∑

J≥0

𝚠J ℰw
c,J [nw]

Ew
c,J[n

w] = ℰw
c,J[n

w] + ∑
K≥0

𝚠K ∑
I>0

(δIJ − 𝚠I)
∂ (ℰw

c,K[nw])
∂𝚠I

+ …

EJ = E0 + (EJ − E0) = Ew − ∑
I>0

𝚠I
∂Ew

∂𝚠I
+ ( ∂Ew

∂𝚠J )

Linearity of the ensemble energy

Alternative evaluation of the exact ensemble correlation energy:

!20E. Fromager, Phys. Rev. Lett. 124, 243001 (2020).

Summation over  
all the states 



Density-driven correlation without additional KS systems  

Ew
c [nw] = ∑

J≥0

𝚠J Ew
c,J [nw] = ∑

J≥0

𝚠J ℰw
c,J [nw]

Ew
c,J[n

w] = ℰw
c,J[n

w] + ∑
K≥0

𝚠K ∑
I>0

(δIJ − 𝚠I)
∂ (ℰw

c,K[nw])
∂𝚠I

+ …

K = J

State � : J

Alternative evaluation of the exact ensemble correlation energy:

State-driven correlation!

!21E. Fromager, Phys. Rev. Lett. 124, 243001 (2020).



Density-driven correlation without additional KS systems  

Ew
c [nw] = ∑

J≥0

𝚠J Ew
c,J [nw] = ∑

J≥0

𝚠J ℰw
c,J [nw]

Ew
c,J[n

w] = ℰw
c,J[n

w] + ∑
K≥0

𝚠K ∑
I>0

(δIJ − 𝚠I)
∂ (ℰw

c,K[nw])
∂𝚠I

+ …

K ≠ J

State � : J

Alternative evaluation of the exact ensemble correlation energy:

Density-driven correlation!

!22E. Fromager, Phys. Rev. Lett. 124, 243001 (2020).



Density-driven correlation without additional KS systems  

Ensemble density-driven (DD) correlation energy expression:  

Ew,DD
c [nw] = 2∑

J≥0

𝚠2
J ∑

I>0

(δIJ − 𝚠I)⟨ΦKS,w
J

̂T + Ŵee
∂ΦKS,w

J

∂𝚠I ⟩

Static linear response

!23E. Fromager, Phys. Rev. Lett. 124, 243001 (2020).



Application to the Hubbard dimer: the bi-ensemble case

Δvext
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1

tU U

−
Δvext

2
+

Δvext

2

�  electronsn �  electrons2−n

Pure ground state Equi-ensemble
!24

E. Fromager, Phys. Rev. Lett. 124, 243001 (2020).



Application to the Hubbard dimer: the bi-ensemble case

Δvext
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dimer
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E. Fromager, Phys. Rev. Lett. 124, 243001 (2020).



• Many-electron ensembles exhibit density-driven (DD) correlations. 


• DD correlations do not exist in standard ground-state DFT.


• A general DD correlation energy expression has been derived� :


 � 


•   DD correlations were shown to be significant (in model systems).


• Our formalism applies also to ensembles with charged excitations �  (work in progress).

1

Ew,DD
c [nw] = 2∑

J≥0

𝚠2
J ∑

I>0

(δIJ − 𝚠I)⟨ΦKS,w
J

̂T + Ŵee
∂ΦKS,w

J

∂𝚠I ⟩

2,3,4

Conclusions and perspectives
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N-centered grand canonical ensembles

n𝒩(r) = (1−α)nN(r)+α nN−1(r)

�27

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018). 
B. Senjean and E. Fromager, Int. J. Quantum Chem. (2020), DOI: 10.1002/qua.26190

density:

n{N,α}(r) = (1−α)nN(r) +
Nα

N − 1
nN−1(r)

𝒩 = N−α

electron number:

E (𝒩) = (1−α)EN+αEN−1

energy:

[(1 −
α
N ) −

α(1−α)
N

∂
∂α ]

NN − 1 N−α 𝒩

E(𝒩)

α = 0

α = 1

0 < α < 1

Look at me!
Look at me!

N-centered pictureConventional picture

density:

N
electron number:

ℰ{N,α} = (1−α)EN +
Nα

N − 1
EN−1

energy:



Ew
c,J[n

w] = ℰw
c,J[n

w] + ∑
K≥0

𝚠K ∑
I>0

(δIJ − 𝚠I)
∂ (ℰw

c,K[nw])
∂𝚠I

+ ∑
K≥0

𝚠K ∫ dr
δℰw

c,K[nw]
δn(r) (nΦKS,w

J
(r) − nΨJ

(r))

EJ = ⟨ΦKS,w
J | Ĥ |ΦKS,w

J ⟩+Ew
c,J[n

w]

!28



DFT for excited states: From the ground-state to the ensemble picture   

EJ − E0 =
∂Ew

∂𝚠J

Excitation 
energy

−
∇2

2
+ vext(r) +

δEw
Hxc [n]

δn(r)
n=nw

φi(r) = εiφi(r)

nw(r) = ∑
I≥0

𝚠I ∑
i∈Φw

I

|φi(r) |2

Ensemble  
density

Kohn-Sham equations for an ensemble: 

Ew:= ∑
I≥0

𝚠IEI = min
n {Tw

s [n] + Ew
Hxc[n] + ∫ dr vext(r)n(r)}

Ensemble  
energy
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