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Density matrix approach to quantum embedding
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Systematically improvable embedding within a
single-particle bath picture

PHYSICAL REVIEW B 103, 085131 (2021)

Fully algebraic and self-consistent e

®

ffective dynamics in a static quantum embedding
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Quantum embedding approaches involve the self-consistent optimization of a local fragment of a strongly
correlated system, entangled with the wider environment. The ‘energy-weighted’ density matrix embedding
theory (EWDMET) was established recently as a way to systematically control the resolution of the fragment-
environment coupling and allow for true quantum fluctuations over this boundary to be self-consistently
optimized within a fully static framework. In this work, we reformulate the algorithm to ensure that EWDMET
can be considered equivalent to an optimal and rigorous truncation of the self-consistent dynamics of dynamical
mean-field theory (DMFT). A practical limitation of these quantum embedding approaches is often a numerical
fitting of a self-consistent object defining the quantum effects. However, we show here that in this formulation,
all numerical fitting steps can be entirely circumvented, via an effective Dyson equation in the space of
truncated dynamics. This provides a robust and analytic self-consistency for the method, and an ability to
systematically and rigorously converge to DMFT from a static, wave function perspective. We demonstrate that
this improved approach can solve the correlated dynamics and phase transitions of the Bethe lattice Hubbard
model in infinite dimensions, as well as one- and two-dimensional Hubbard models where we clearly show
the benefits of this rapidly convergent basis for correlation-driven fluctuations. This systematically truncated
description of the effective dynamics of the problem also allows access to quantities such as Fermi liquid
parameters and renormalized dynamics, and demonstrates a numerically efficient, systematic convergence to
the zero-temperature dynamical mean-field theory limit.

DOI: 10.1103/PhysRevB.103.085131



Systematically improvable embedding within a
single-particle bath picture

® We want to follow a different path.
® We want the embedding to remain formally static, like in the original DMET".

® Qur strategy: Think the embedding as a functional of the (one-electron) density matrix?

< 14 JU>

® Correlation may be introduced into the bath through the density matrix.

'G. Knizia and G. K.-L. Chan, Phys. Rev. Lett. 109, 186404 (2012).
2s, Sekaran, M. Tsuchiizu, M. Saubanere, and E. Fromager, arXiv:2103.04194 (2021).
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® Ve want to follow a different path.
® We want the embedding to remain formally static, like in the original DMET".

® Qur strategy: Think the embedding as a functional of the (one-electron) density matrix?
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® Correlation may be introduced into the bath through the density matrix.

In the following, | will discuss the embedding a single impurity in a 1D Hubbard lattice.

'G. Knizia and G. K.-L. Chan, Phys. Rev. Lett. 109, 186404 (2012).
2s, Sekaran, M. Tsuchiizu, M. Saubanere, and E. Fromager, arXiv:2103.04194 (2021).



The Householder transformation

| X =1Y]

A. S. Householder, J. ACM 5, 339 (1958).
S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, arXiv:2103.04194 (2021).
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The Householder transformation

Householder vector

X-Y /
| X - Y]
Hyperplane’s reflection
A. S. Householder, J. ACM 5, 339 (1958). 11

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, arXiv:2103.04194 (2021).



The Householder transformation

Householder vector
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S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, arXiv:2103.04194 (2021).



Householder transformed density matrix embedding

Impurity site
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S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, arXiv:2103.04194 (2021).
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Householder transformed density matrix embedding

Impurity site

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, arXiv:2103.04194 (2021).
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Householder transformed density matrix embedding

Impurity site

X Y
J J
q’o& Y10 Yjo @
yl 0F  rereerererereniaan 14 0
: 0
# 0
7jo :
. \O_/

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, arXiv:2103.04194 (2021).

“X as we would like it to be”
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Householder transformed density matrix embedding

Impurity site
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The Householder transformation is an explicit functional of the density matrix!
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Householder transformed density matrix embedding
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S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, arXiv:2103.04194 (2021).

“Fermionic mode transformation”
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Householder transformed density matrix embedding
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S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, arXiv:2103.04194 (2021).
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Householder transformed density matrix embedding
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S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, arXiv:2103.04194 (2021).



Householder transformed density matrix embedding

[

The impurity will exchange electrons
with the bath site only

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, arXiv:2103.04194 (2021).
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Householder transformed density matrix embedding
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S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, arXiv:2103.04194 (2021).

21



Householder transformed density matrix embedding
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S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, arXiv:2103.04194 (2021).
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Quarter filling - Half fillin
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S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, arXiv:2103.04194 (2021).



Householder transformed density matrix embedding
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S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, arXiv:2103.04194 (2021).
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Householder transformed density matrix embedding
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Identical to DMET in this case!

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, arXiv:2103.04194 (2021).
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Householder transformed density matrix embedding
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S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, arXiv:2103.04194 (2021).
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Householder transformed density matrix functional embedding theory
(Ht-DMFET)
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Householder transformed density matrix functional embedding theory
(Ht-DMFET)

“bare” interaction
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Householder transformed density matrix functional embedding theory
(Ht-DMFET)
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Householder transforming the Hamiltonian and projecting onto the cluster
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Ht-DMFET per-site energies at half-filling
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S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, arXiv:2103.04194 (2021).



“new” result (IB)
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Ht-DMFET per-site energies away from half-filling (n < 1)
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Density-driven Mott-Hubbard transition
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Looking into the near future: Ht-DMFET in Quantum Chemistry
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Looking into the near future: Ht-DMFET in Quantum Chemistry

< We currently work on a multiple-impurity extension of the theory:

P=1-2vv

*F. Rotella and I. Zambettakis, Appl. Math. Lett. 12, 29 (1999).
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Looking into the near future: Ht-DMFET in Quantum Chemistry

- We currently work on a multiple-impurity extension of the theory:

- We should use /ocalised molecular orbitals.
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We currently work on a multiple-impurity extension of the theory:

We should use /ocalised molecular orbitals.

Ht-DMFET will be good for static correlation, not for dynamical correlation.
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Ht-DMFET combined with DFT?
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Looking into the near future: Ht-DMFET in Quantum Chemistry

< Ht-DMFET combined with DFT?

P.. Discrete Householder
I transformation

Continuous Householder
transformation (?)
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Looking into the near future: Ht-DMFET in Quantum Chemistry

o Ht-DMFET combined with DFT? | ocalised orbitals

v
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Looking into the near future: Ht-DMFET in Quantum Chemistry

o Ht-DMFET combined with DFT?

Semi-local DFA treatment

~ L[Ht—DMFET
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*M. A. Mosquera, L. O. Jones, C. H. Borca, M. A. Ratner, and G. C. Schatz, J. Phys. Chem. A 123, 4785 (2019).

43



Funding

“Lab of Excellence” project:
LabEx CSC (ANR-10-LABX-0026-CSC)

ColLab ANR project

YX

CHEMISTRY
of COMPLEX Y~
SYSTEMS ~~

44



Householder density-functional embedding theory (H-DFET)

Fixed chemical potential
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S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, in preparation.
YW, Bulik, G. E. Scuseria, and J. Dukelsky, Phys. Rev. B 89, 035140 (2014).
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Formally exact Ht-DMFET?

How to?

We may close the cluster while preserving the exact off-diagonal elements of the 1IRDM.
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v-representability issues

two-electron cluster
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S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, in preparation.



