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Density matrix approach to quantum embedding  
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G. Knizia and G. K.-L. Chan, Phys. Rev. Lett. 109, 186404 (2012).

The “density matrix embedding theory” 
(DMET) picture
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Local evaluation of reduced density matrices, from the cluster:
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!!! ! ! !"

! "′ bath

$% & = ( &

$%)*+ &)*+ = ()*+ &)*+

Full system

Cluster = impurity+ bath

To-be-embedded atomic site (impurity)

Hubbard model

Bath site (or orbitals)

Local evaluation of reduced density matrices, from the cluster:

⟨ ̂c†
iσ ̂cjσ⟩Ψ ≈ ⟨ ̂c†

iσ ̂cjσ⟩Ψemb

⟨ ̂c†
iσ ̂c†

jτ ̂clτ ̂ckσ⟩Ψ ≈ ⟨ ̂c†
iσ ̂c†

jτ ̂clτ ̂ckσ⟩Ψemb

Approximate local properties 
(per-site energy, double occupation) 
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Fully algebraic and self-consistent effective dynamics in a static quantum embedding
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Quantum embedding approaches involve the self-consistent optimization of a local fragment of a strongly
correlated system, entangled with the wider environment. The ‘energy-weighted’ density matrix embedding
theory (EwDMET) was established recently as a way to systematically control the resolution of the fragment-
environment coupling and allow for true quantum fluctuations over this boundary to be self-consistently
optimized within a fully static framework. In this work, we reformulate the algorithm to ensure that EwDMET
can be considered equivalent to an optimal and rigorous truncation of the self-consistent dynamics of dynamical
mean-field theory (DMFT). A practical limitation of these quantum embedding approaches is often a numerical
fitting of a self-consistent object defining the quantum effects. However, we show here that in this formulation,
all numerical fitting steps can be entirely circumvented, via an effective Dyson equation in the space of
truncated dynamics. This provides a robust and analytic self-consistency for the method, and an ability to
systematically and rigorously converge to DMFT from a static, wave function perspective. We demonstrate that
this improved approach can solve the correlated dynamics and phase transitions of the Bethe lattice Hubbard
model in infinite dimensions, as well as one- and two-dimensional Hubbard models where we clearly show
the benefits of this rapidly convergent basis for correlation-driven fluctuations. This systematically truncated
description of the effective dynamics of the problem also allows access to quantities such as Fermi liquid
parameters and renormalized dynamics, and demonstrates a numerically efficient, systematic convergence to
the zero-temperature dynamical mean-field theory limit.

DOI: 10.1103/PhysRevB.103.085131

I. INTRODUCTION

The competition between strong electronic interactions
within local, atomic energy levels with the hybridization to
a wider extended band structure gives rise to some of the most
remarkable emergent properties of quantum matter. These
include a variety of quantum phase transitions [1], colossal
responses to external stimuli [2], electronically-driven super-
conductivity [3], and many other novel states of matter [4].
Much of this physics can be qualitatively described via the
paradigmatic Hubbard model [5,6]. However, in recent years
the merging of the Hubbard interactions with an ab initio
derived band structure has led to approaches such as LDA+U
and LDA+DMFT, which have become the dominant approach
to a qualitatively correct treatment of strongly correlated ma-
terials [7– 9]. While these methods differ in their treatment
of the local interaction term, they both nevertheless explic-
itly and self-consistently consider the effects of this local
correlated physics embedded in the mean-field-derived band
structure.

In this work, we update and improve upon an emerg-
ing and alternative quantum embedding framework, which
we term ‘Energy-weighted density matrix embedding theory’
(EwDMET), which allows for these local interactions and
wider band structure to be consistently coupled. The method
now exhibits a number of appealing features, including an

*george.booth@kcl.ac.uk

improved robust and analytic self-consistency formulation,
and a rigorous interpolation between the most widely used
quantum embedding theories in the community. We initially
review these other methods in a general and combined way, to
provide the context to best understand the EwDMET approach
through their successes and limitations.

Dynamical mean-field theory (DMFT) relies on a self-
consistent optimization of the local (‘fragment’) electronic
propagator (Green’s function), matching it between the ex-
tended lattice picture and a local auxiliary (‘impurity’) model
with explicit interactions [10– 13]. However, the computa-
tional overheads which arise when working with propagators
and their associated continuous energy or time variables
(especially at low or zero temperature) prompted the devel-
opment of alternatives, where the self-consistent optimization
was performed with respect to a different quantum vari-
able [14]. Density matrix embedding theory (DMET) is
instead formulated as a self-consistent optimization of the
static, fragment-local, one-particle reduced density matrix
(RDM) [15,16] in a similar spirit to some other self-consistent,
static embedding methods [17– 19]. This results in significant
simplifications compared to DMFT, allowing for larger local
fragments to be treated, as well as an algebraic construction of
the local auxiliary Hamiltonian. This efficient formulation has
been shown to capture much of the strongly correlated, local
physics for both Hubbard and ab initio models, resulting in
accurate energetics and other quantities [20– 27].

However, these simplifications of the DMET formula-
tion result in a loss in ability to describe some qualitatively

2469-9950/2021/103(8)/085131(14) 085131-1 ©2021 American Physical Society
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• We want to follow a different path. 

• We want the embedding to remain formally static, like in the original DMET� . 

• Our strategy: Think the embedding as a functional of the (one-electron) density matrix�  

�  

• Correlation may be introduced into the bath through the density matrix.

1

2

γij ≡ ⟨ ̂c†
iσ ̂cjσ⟩

� G. Knizia and G. K.-L. Chan, Phys. Rev. Lett. 109, 186404 (2012). 
� S. Sekaran, M. Tsuchiizu, M. Saubanère, and E. Fromager, arXiv:2103.04194 (2021).
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Systematically improvable embedding within a  
single-particle bath picture
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In the following, I will discuss the embedding a single impurity in a 1D Hubbard lattice.

Systematically improvable embedding within a  
single-particle bath picture
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A. S. Householder, J. ACM 5, 339 (1958). 
S. Sekaran, M. Tsuchiizu, M. Saubanère, and E. Fromager, arXiv:2103.04194 (2021).
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Y ≡ PX

A. S. Householder, J. ACM 5, 339 (1958). 
S. Sekaran, M. Tsuchiizu, M. Saubanère, and E. Fromager, arXiv:2103.04194 (2021).
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The Householder transformation 
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Y ≡ PX

X − Y
|X − Y |

= v

Householder vector

Hyperplane’s reflection

A. S. Householder, J. ACM 5, 339 (1958). 
S. Sekaran, M. Tsuchiizu, M. Saubanère, and E. Fromager, arXiv:2103.04194 (2021).
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The Householder transformation 
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Y ≡ PX

X − Y
|X − Y |

= v

Householder vector

P = I − 2vv†

Householder transformation 
matrix

A. S. Householder, J. ACM 5, 339 (1958). 
S. Sekaran, M. Tsuchiizu, M. Saubanère, and E. Fromager, arXiv:2103.04194 (2021).
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S. Sekaran, M. Tsuchiizu, M. Saubanère, and E. Fromager, arXiv:2103.04194 (2021).
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The Householder transformation is an explicit functional of the density matrix!

P ≡ P[γ]

v ≡ v[γ]

γ

S. Sekaran, M. Tsuchiizu, M. Saubanère, and E. Fromager, arXiv:2103.04194 (2021).
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Impurity site 
 (� )i = 0

“Fermionic mode transformation”
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(dimer)
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1σ = ∑
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i≥1

vi ̂c†
iσ

S. Sekaran, M. Tsuchiizu, M. Saubanère, and E. Fromager, arXiv:2103.04194 (2021).
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S. Sekaran, M. Tsuchiizu, M. Saubanère, and E. Fromager, arXiv:2103.04194 (2021).
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Householder transformed density matrix embedding 

S. Sekaran, M. Tsuchiizu, M. Saubanère, and E. Fromager, arXiv:2103.04194 (2021).
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Householder transformed density matrix embedding 

S. Sekaran, M. Tsuchiizu, M. Saubanère, and E. Fromager, arXiv:2103.04194 (2021).
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Householder transformed density matrix embedding 

S. Sekaran, M. Tsuchiizu, M. Saubanère, and E. Fromager, arXiv:2103.04194 (2021).

γ00
˜γ10

0

…
.…
.

0

0

0˜γ10
˜γ11

0 …. …. 0

˜γ21

..…
…
.…
.

˜γ21 ..…….….
˜γ22

..…
…
.…
.

..…….….

..…
…….…

.

|Ψ⟩ = ∑
B

| IB⟩ |B⟩∑
EB

λIBBEB |EB⟩

Bath state

Householder  
environment state

Impurity state



!22

Householder transformed density matrix embedding 

S. Sekaran, M. Tsuchiizu, M. Saubanère, and E. Fromager, arXiv:2103.04194 (2021). 
� G. Knizia and G. K.-L. Chan, Phys. Rev. Lett. 109, 186404 (2012).*
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Householder  trans. in RDMFT
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S. Sekaran, M. Tsuchiizu, M. Saubanère, and E. Fromager, arXiv:2103.04194 (2021).

Filling of the lattice

Ncluster = 2 (γ̃00+γ̃11)

Bath occupation
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Householder transformed density matrix embedding 

S. Sekaran, M. Tsuchiizu, M. Saubanère, and E. Fromager, arXiv:2103.04194 (2021).
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Householder transformed density matrix embedding 

S. Sekaran, M. Tsuchiizu, M. Saubanère, and E. Fromager, arXiv:2103.04194 (2021).
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Householder transformed density matrix embedding 

S. Sekaran, M. Tsuchiizu, M. Saubanère, and E. Fromager, arXiv:2103.04194 (2021).
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∑
κ

CiκCjκ



!27

Householder transformed density matrix functional embedding theory 
(Ht-DMFET) 

S. Sekaran, M. Tsuchiizu, M. Saubanère, and E. Fromager, arXiv:2103.04194 (2021).
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Householder transformed density matrix functional embedding theory 
(Ht-DMFET) 

S. Sekaran, M. Tsuchiizu, M. Saubanère, and E. Fromager, arXiv:2103.04194 (2021).

Correlation on top of the 

non-interacting embedding

|Ψ⟩ ≈ |Ψcluster⟩ |Φcore⟩

U

“bare” interaction 

in the lattice

Non-interacting bath (NIB) 
approximation
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Householder transformed density matrix functional embedding theory 
(Ht-DMFET) 

S. Sekaran, M. Tsuchiizu, M. Saubanère, and E. Fromager, arXiv:2103.04194 (2021).

Correlation on top of the 

non-interacting embedding

|Ψ⟩ ≈ |Ψcluster⟩ |Φcore⟩

U
Interacting bath (IB) 

approximation

U∑
i≥1

P4
i1
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Householder transforming the Hamiltonian and projecting onto the cluster

S. Sekaran, M. Tsuchiizu, M. Saubanère, and E. Fromager, arXiv:2103.04194 (2021).
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Ht-DMFET per-site energies at half-filling 

S. Sekaran, M. Tsuchiizu, M. Saubanère, and E. Fromager, arXiv:2103.04194 (2021).
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S. Sekaran, M. Tsuchiizu, M. Saubanère, and E. Fromager, arXiv:2103.04194 (2021). 
� G. Knizia and G. K.-L. Chan, Phys. Rev. Lett. 109, 186404 (2012).*

“new” result (IB)



!33

Ht-DMFET per-site energies away from half-filling (� ) n < 1

S. Sekaran, M. Tsuchiizu, M. Saubanère, and E. Fromager, arXiv:2103.04194 (2021).
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Density-driven Mott-Hubbard transition

S. Sekaran, M. Tsuchiizu, M. Saubanère, and E. Fromager, arXiv:2103.04194 (2021).
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P = I − 2vv† P = I − 2V [V†V]−1V†

Block Householder transformation �*

� F. Rotella and I. Zambettakis, Appl. Math. Lett. 12, 29 (1999).*

We currently work on a multiple-impurity extension of the theory: 
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We currently work on a multiple-impurity extension of the theory: 

We should use localised molecular orbitals.

Ht-DMFET combined with DFT?

Ht-DMFET will be good for static correlation, not for dynamical correlation.

Ht-DMFET might be complemented with a NEVPT2 post-treatment. 
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Ht-DMFET combined with DFT?

Pij

P ≡ 𝒫(r, r′�) = δ(r − r′�) − 2∫ℱ
dr1 ∫ℱ

dr2 V(r, r1)[V†V]−1(r1, r2)V(r′�, r2)

Discrete Householder 

transformation

Continuous Householder 

transformation (?)
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Ht-DMFET combined with DFT?

Integration over a fragment

∫ℱ
dr1 ∫ℱ

dr2 ≡ ∫ dr1 ∫ dr2 ∑
i∈ℱ

ϕi(r1)ϕi(r2) ×

Localised orbitals

P ≡ 𝒫(r, r′�) = δ(r − r′�) − 2∫ℱ
dr1 ∫ℱ

dr2 V(r, r1)[V†V]−1(r1, r2)V(r′�, r2)
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Ht-DMFET combined with DFT?

Ec ≈ EHt−DMFET
c,ℱ

+∫ dr1 ∫ dr2 (δ(r1 − r2)− ∑
i∈ℱ

ϕi(r1)ϕi(r2)) n(r2) εc(n(r1), |∇n(r1) | , . . . )

Semi-local DFA treatment 

… In the spirit of  domain separated  DFT�*

� M. A. Mosquera, L. O. Jones, C. H. Borca, M. A. Ratner, and G. C. Schatz, J. Phys. Chem. A 123, 4785 (2019). *
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μ̃KS = μ−
UnΨ𝒞

2
− vc(nΨ𝒞)

Initialisation: �μ̃KS = μ

ΦKS

nΨ𝒞
?= nΦKS

nΦKS

2

1 −
nΦKS

2

γ̃KS
10

γ̃KS
10

KS Householder cluster

nΨ𝒞
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1 −
nΨ𝒞

2

γ̃𝒞
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Correlated cluster

Converged!

Yes

No

μ

Fixed chemical potential 

in the true system

S. Sekaran, M. Tsuchiizu, M. Saubanère, and E. Fromager, in preparation. 
� W. Bulik, G. E. Scuseria, and J. Dukelsky, Phys. Rev. B 89, 035140 (2014). 
� U. Mordovina, T. E. Reinhard, I. Theophilou, H. Appel, and A. Rubio, J. Chem. Theory Comput. 15, 5209 (2019).
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Towards a general Householder-based embedding scheme

How to?

We may close the cluster while preserving the exact o↵-diagonal elements of the 1RDM.

+

Open cluster:

!" =

!"$$ !"%$
!"%$ !"%% = &'(

= +

Two-electron cluster:
!"$$ !"%$
!"%$ 1 − !"$$

Ψ,--./ ∆&'

Ψ,--./
???

M. Saubanère, S. Sekaran, L. Mazouin, M. Tsuchiizu, and E. Fromager, in preparation.

Emmanuel Fromager (Unistra) Webinar, QMTG, ISIS, Strasbourg, France 25/05/2020 17 / 20

S. Sekaran, M. Tsuchiizu, M. Saubanère, and E. Fromager, in preparation.
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Pure-state v-representability for a two-electron clusterU dependence of �ff , �ss, �sf , �0
sf , ��

sf
<latexit sha1_base64="Dv7XoiiAvJzXnYewFmUOl9kSIcY="></latexit>
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is negative

Pure-state v representability for two electrons

Pure-state Anderson-v-representability condition: ��
sf � |�sf | � �0

sf , where

�0
sf =

�
�ff (2 � �ff )

��
sf =

�
2�ff (1 � �ff ) for �ff � 1.

S. Sekaran, M. Saubanère, and E. Fromager, in preparation.

Emmanuel Fromager (Unistra) CTTC 2019 workshop, Quito, Ecuador 02/07/2019 20 / 20
� 


and


�  

�ff � ∑
�=�,�

��emb2e | �c†
f� �cf� |�emb2e �

�sf � ∑
�=�,�

��emb2e | �c†
s� �cf� |�emb2e �

Impurity occupation � � N/L

From the exact  
Householder transformation

Ground-state wave function

W. Töws and G. Pastor, Phys. Rev. B 83, 235101 (2011).
M. Saubanère, S. Sekaran, L. Mazouin, M. Tsuchiizu, and E. Fromager, in preparation.

Emmanuel Fromager (Unistra) Webinar, QMTG, ISIS, Strasbourg, France 25/05/2020 18 / 20

S. Sekaran, M. Tsuchiizu, M. Saubanère, and E. Fromager, in preparation.


