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Outline

o Standard (first quantization) formalism

Atomic orbitals, molecular spin-orbitals, Slater determinants.

© Second quantization formalism

Vacuum state, creation operators, annihilation operators,
excitation operators, one- and two-electron Hamiltonian operators.

© Why “second” quantization?

Field operators, density operator, one-electron reduced density matrix,
and one-electron Green function.



(Gaussian) atomic orbitals

OM =r = (x,y,2)

integers
A
Exponent
A
Atomic orbital / \
—a(x*+y*+7°)

x() ~x"y'ze



(Gaussian) atomic orbitals

OM =1 = (x,,2)

I

p, orbital — a2y +72)

y(r) ~ xe

d,. orbital

)((l’) iy VZ e—a(x2+y2+zz)



Atomic orbital basis

“Paving space with atomic orbitals”




Atomic orbital basis

“Paving space with atomic orbitals”

(@) =y (r-R,)

Py orbital (x— XA) o~ ((=X)2 + =Y ) + (= Z,)°)



Atomic orbital basis

“Paving space with atomic orbitals”

24() =y (r=R,) 25(r) =y (1=Ry)
e

Xalxg) = Jdr 2A(r))(3(r) *0

Non-orthonormal
basis!



Molecular orbitals

Coefficients of the Molecular

Orbital (CMOQOs)
’ T

@,(r) = Cy, xa(r) + Cp, xp5(r)

!

Label of the
molecular orbital
(bonding, anti-bonding,
HOMO, LUMO, etc...)



Molecular orbitals

¢p(r) — CAp )(A(r) + CBp )(B(r)

notation
=" Cx,)
u
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Molecular orbitals

Kronecker delta
(=1 if p = g, 0 otherwise)
N

(,lp,) = |dro,(r)p,(r) =46,

A\ A\
Eigenfunctions

of some hermitian operator
(Fock operator, for example)

Orthonormal
basis!
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Molecular spin-orbitals

Pp.o(T,0) = @,(r) X 0,,

~ ]

Spin variable

|

&
@, /(1,0) = (1) X 5,
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Molecular spin-orbitals

FAN
0o, 0) = QLX) X B, g o
N
Unrestricted formalism
5 l
qop,ﬂ(ra O-) — qpp (r) X 50',3 \gf q)pﬂ
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Molecular spin-orbitals

notation
X = (r,0)

notation

pp(X) = @, [(r,0) <

‘b Ax notaEtion Z " dr

o=,

o — S

T=aorf

(ppl@g) = de PE(X)Pp(X) = dpg

Orthonormal
basis!
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Po

Pp

Two-electron wave functions

H (PP(X1)(PQ(X2)
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Two-electron wave functions

g =P  Pr(X)Po(x,)

1 Pp

| distinguish the first electron
from the second one
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2 Po
1 Pp
Po

—@—0— ¢r

Two-electron wave functions

H (PP(X1)(PQ(X2)

=P  px)PpX;) # 0
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Two-electron wave functions

H (PP(X1)(PQ(X2)

=P  px)PpX;) # 0

Violates the Pauli principle!
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Po

Pp

Two-electron wave functions

H (PP(X1)(PQ(X2)

A

Unphysical!
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Po 1
or

@p 2
1l
®— P
. Pp

Po

Pp

Slater determinants

1
D e i COVDUSER R
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Po 1
or

@p 2
1l
®— P
. Pp

Po

Pp

Slater determinants

1
D e i COVDUSER R
|l

p(X))  @p(Xy)
C”Q(X1) C”Q(Xz)

1
V2

Slater determinant
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@ Po
@ Pp
Po

—0—0— ¢r

Slater determinants

<+

<+

1
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@ Po

@ Pp

Po
—0—0— ¢r

Slater determinants

<+

<+

1

0

Pauli principle fulfilled!
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P< QO

Pp

Pp

Slater determinants

<>

1
V2 (‘/’P(Xl)%(xz) - ¢P(X2)¢Q(X1)>

1
V2 <<”P(X1><0Q(xz> - <”P<X2)‘/’Q(X1)>
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P< QO

Pp

Pp

Slater determinants

<>

1

1
S | V2 (#rx000050) = oI

antisymmetric
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Outline

¢ Standard (first quantization) formalism

Atomic orbitals, molecular spin-orbitals, Slater determinants.

~ Second quantization formalism

Vacuum state, creation operators, annihilation operators,
excitation operators, one- and two-electron Hamiltonian operators.

o Why “second” quantization?

Field operators, density operator, one-electron reduced density matrix,
and one-electron Green function.
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1
N

From first to second quantization

PHXDPYXD) — PHxDPGX)) )

Representation
in first quantization

B ——
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From first to second quantization

— %o
o Pp
! iy
NG (2r %)) = 9% x) I vac)
Representation Representation
in first quantization in second quantization

P —— D ——
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Deciphering the second quantisation formalism

AT al 0| vac)

<

Read from right to left
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Deciphering the second quantisation formalism

AT a' o vac)

30



Deciphering the second quantisation formalism

“zero electron” state

AT al | vac)

(vac|vac) = 1

=

This is not the zero vector (whose square norm is zero)
of the Hilbert space of many-electron quantum states
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Deciphering the second quantisation formalism

“zero electron” state

AT al | vac)

(vac|vac) = 1

T :‘
This is not the zero vector (whose square norm is zero)
of the Hilbert space of many-electron (zero, one, two, three, etc.)

/\ quantum states
Fock space
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Deciphering the second quantisation formalism

Creation operator

AT al | vac)

33



Deciphering the second quantisation formalism

Creation operator

AT al | vac)

V)

Creates an electron
that occupies the spin-orbital ¢,
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Deciphering the second quantisation formalism

Another creation operator

AT al | vac)

Creates an electron
that occupies the spin-orbital ¢p
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Deciphering the second quantisation formalism

--------------

”T al; |Vac) = d;(AT |Vac))

---------------

The product of two creation operators describes the composition
of two creations (one after the other)
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Exploring the Fock space

Encoding a Slater determinant for an arbitrary number N of electrons:

®
<
=

®
<
=

AT AT AT AT
P, S apdyp ...a, d, | vac)

Pp,

Pp,

Pp,
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Anti-commutation rules

38



Anti-commutation rules

AT al |Vac) = — ATQA;lvac)



Anti-commutation rules

AT al |Vac) = — ATQAIleac)

P=0
W

T —
a,|lvac)y =0 <

Zero vector
of the Fock space



Anti-commutation rules

AT al |Vac) = — ATQAjjlvac)

P=0
W

ATATlvac) =0 «

Pauli principle!



Annihilation operators

5
aP

Creation operator

42



5
aP

Annihilation operators

“dagger” symbol

dlﬂ Creation operator

P

is the adjoint of the operator dp
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Annihilation operators

“dagger” symbol

ﬁlﬂ Creation operator

P

&; is the adjoint of the operator d
VRN
(@ | @) =(¥|a®)

~__ ~—""
Bra Ket
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Annihilation operators

&;F) Creation operator

What is the physical meaning of dp?
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Exercise:

1 ={pp|@p)

Annihilation operators

5
aP

Creation operator
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Exercise:

Annihilation operators

&I) Creation operator

First quantization

Second quantization

il
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Annihilation operators

5
aP

(@,¥| @) = (¥|apP)

Exercise:

Creation operator

Mathematical definition
of the adjoint

. v )
1 =(@p|lop) = <V\ag I@> = <V\agl@>

Y o Y

()

4

Rl

First quantization Second quantization

il

48



Annihilation operators

&; Creation operator

Exercise:

L =A{@p|@p) = (&;Vac | d}:vac) = (vac|dp &;Vac) = | = (vac|vac)

fpm
L ]
=

First quantization Second quantization
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Annihilation operators

&I) Creation operator

Exercise:

Il =A{pp|lpp) = (dj,vac | cAzlﬁvac) =@Vac|cip &;Va(}]= 1 =@V&C|V&C2

t a

Rl

First quantization Second quantization

50



Conclusion:

Annihilation operators

&; Creation operator

(vac|dp &;Vac) = (vac | vac)
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Annihilation operators

&;F) Creation operator
dpdpvac) = vac)
<

ClA P Annihilation operator

A

Removes an electron
that occupies the spin-orbital ¢p
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Annihilation operators

dp|vac) =0

B ———

Zero vector
of the Fock space
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Anti-commutation rules

At = ot gl ol = —d,d
a,d,= —a,, e dpd dpap

— —

P« 0 P < 0

Creation/creation operators Annihilation/annihilation operators
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Anti-commutation rules

aa,= —aa, — el dpdy= —dydp

We need one more rule:

~

P Q

Annihilation/creation operators
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Anti-commutation rules

Pl = —and,  e— dpdg= —dgdp

We need one more rule:

~

P Q

VaN Ve

A AT _ -
dpd;, = Op( d,dp

Annihilation/creation operators
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Anti-commutation rules

A AT_ oAt A
aPaQ—ﬁpQ a

“You can only annihilate what has been created”

Second quantization, 20th century AD.

57



Anti-commutation rules

“You can only annihilate what has been created”

Second quantization, 20th century AD.

Exercise:

v
apd | vac) = <5PQ _ a“éap> [vac) = 8po| vac) — d7dp| vac) = 8y, | vac)
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Anti-commutation rules

A AT_ oAt A
aPaQ—5PQ a

| —

“You can only annihilate what has been created”

Second quantization, 20th century AD.

Conclusion: Q
a Pa* | vac) 0

<

apczT | vac) = | vac)
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Anti-commutation rules

A /\T=
dpd

T —

\/

——

This has something to do with the
orthonormality of the spin-orbital basis
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Anti-commutation rules

Exercise:

(Ppl@g) = (&;Vac | &TQvac) = (vac | ac)

J
= dpp{vac|vac) — (vac| &TQ apvac)
\1_/ \O/

= 5PQ

o1



Anti-commutation rules

Exercise:

— (&Tvac | 4T vac) = Wi
[((pplgnQ)}— (a,vac| anac) = (vac|dp anaC)
-

= dpp{vac|vac) — (vac| &TQ apvac)
~—_ N
3 1 0



Summary of what you should memorise

dp aQ + aQaP =

(vac|vac) =1

B ————

ap|vac) =0

e ———

st ot 4 oatat =
b Q+aQP 0

AT AT A —
d,+d,dp= Op(

Anti-commutation
rules

63



Encoding a many-body wave function in second quantisation

We want to solve the electronic Schrdédinger equation:

H|¥) = E|P)

064



Encoding a many-body wave function in second quantisation

We want to solve the electronic Schrdédinger equation:

H|¥) = E|P)

N stat gt g
V) ~ Z CP1P2-~PN“aP1aP2”°aPN_1aPN|VaC>‘

P,<P,<...<P,| — —
Configuration Interaction Slater determinants

(Cl) coefficient used as basis

N

to be determined!
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Two-electron configuration interaction (Cl)

PM €~———  M: dimension of the spin-orbital basis
Pr-1

Py

@3

%)

P

FON,

e

Reference Slater determinant
(typically Hartree-Fock)

| @) = alal | vac)
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Two-electron configuration interaction (Cl)

Py

Py

@3

Reference

Prr—1 |

i |

1<I,JL?2

virtual orbitals

occupied orbitals
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Two-electron configuration interaction (Cl)

ou T Py T
Prm-1 Pr-1
Py . ®— ¢4
P3 < P3
o— T =~ T
— ¢ | o— ¥ 1
| D) = &I&; | vac) |c1)‘2‘> = di&z | D)
A — T— S — ‘____,_:i—

Reference Single excitation
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Two-electron configuration interaction (Cl)

Py

Prr—1§

Py

@3

| D) = &J{&; | vac)

J—

Reference

Pm

Pr-1

®— ¥4

o — ¥

< = ¢
P

3
|

4 A
®})) = a§aza a; | D)

e

Double excitation
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Configuration interaction (Cl) expansion of many-body wave functions

We want to solve the electronic Schrdédinger equation:

H|¥) = E|P)

|

|¥) ~

(
1+ ) C}
\ I,A

A

a,

ay

“singles”

+ ) CF

I<J,A<B

“triples”,
“quadruples”,

AT A A A
agdd,d;

“doubles”

| Do)
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Configuration interaction (Cl) expansion of many-body wave functions

We want to solve the electronic Schrdédinger equation:

H|¥) = E|P)
|

to-be-determined CI coefficients

( /7 T \ )

W)~ |1+ ) Clala, + ) (CFalaala + ... || @)

\ I,A I<J,A<B J
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Electronic Hamiltonian in first quantisation (in atomic units)

A 1 &
H = h(i) + — o(1, ]
2 (i) 2;« h

One-electron part Two-electron part

v ¥
1

r,— T,

A 1 o
h(i) = —gvi +v, (1) X g, )) = X

Kinetic energy+nuclear attraction Electronic repulsion
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One-electron Hamiltonian in second quantisation

Let’s show that h can be expressed in terms of creation and annihilation operators.

73



Uter}

one-electron integrals

<§01 |il|€01>
<¢2|il|¢1>
(o3 @)

(pp| @)

(@11 h] @)
<¢2|il|¢2>
<€03|il|¢2>

<¢P|il|¢2>

Matrix representation of the one-electron Hamiltonian

(pplhlpg) = [dx @*(X) hopp(x)

<€01 |il|¢R>

(0> | | or)
<€03|il|€01e>

(pp| h] @)




Matrix representation of the one-electron Hamiltonian

{ izl(pR> = Z<¢P|ﬁ|¢R>|¢P>}
P

<€01|il|€01> <(P1|il|€02> <€01|il|€0R>
<¢2|il|¢1> <(/’2|il|(ﬂ2> ((pzlizl(pR)
(pslhlg))  (oslhlg) — «-- (o3 | @p)

= {hPR} =
<(Pp|il|(ﬂ1> {(pp|h|@,) <(Pp|il|(PR>




Exercise:

One-electron Hamiltonian in second quantisation

[ %|¢R>=2<¢P|%|¢R>|¢p>]
P

76



Exercise:

One-electron Hamiltonian in second quantisation

|
Mgy = Y ool i o lon) = Y (el Bl ) 60l o)
P PO

7



Exercise:

One-electron Hamiltonian in second quantisation

Rl@y =Y (oplhlog) lop) = Y (opl hl o) Sor
P PO

= Z <¢P|%|¢Q>5QR
PQ

. |

78



Exercise:

One-electron Hamiltonian in second quantisation

Rlogy = Y (ol ko) lop) = D (oplhlog) Sor | 0p)

PQ
2 A
=2 <¢p|h|¢Q>| vac)
PQ

= 2 {orlhlg)(a) o] vac)
PO
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One-electron Hamiltonian in second quantisation

Exercise:

Ry =D (oplhlop) lop) = Y (@l hl@y) Sor | 0p)
P PQ

= Z (@p] h | (PQ> 5QR&I) | vac)

PQ
= D (wp 1l pg) @) 3gr] vac)
PQ Anti-commutation rule

= Z (pp] h Po) &;ﬁ {(&Qd; + &£&Q>]| vac)
PQ

80



Exercise:

One-electron Hamiltonian in second quantisation

Il @) = 2<¢p|h|¢R>|¢p> =Y {ophlog) ok | 0p)
PQ

= Z (@p] h | (PQ> 5QR&; | vac)
PQ

=Y (oplhlpp)al 5y vac)
PO

— Z(¢P|h|¢Q)a (azQaT +a[{ )lvac)]

PQ

\!
0

81



Exercise:

One-electron Hamiltonian in second quantisation

Ry =D (oplhlop) lop) = Y (@l hl@y) Sor | 0p)
P PQ

= Z (@p] h | (PQ> 5QR &; | vac)

PO

=Y (oplhlpp)al 5y vac)
PQ

= X (o 1hlo)dl (o], + o) vac)
PQ

= Y pplhloy)ala,al | vac)
PQ
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Exercise:

One-electron Hamiltonian in second quantisation

Ry =D (oplhlop) lop) = Y (@l hl@y) Sor | 0p)
P PQ

= Z (@p] h | (PQ> 5QR&; | vac)
PQ

=Y (oplhlpp)al 5y vac)
PQ

= Y (oplhl o), (aQa; + a;gaQ> | vac)
PQ

= Y oplhloy)alayal [ vac)
PQ

| pr)
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One-electron Hamiltonian in second quantisation

Exercise:

Rlogy = Y (ol ko) lop) = D (oplhlog) Sor | 0p)

PO

= Z (@p] h | (PQ> 5QR&; | vac)
PQ

=Y (oplhlpp)al 5y vac)
PQ

= Y (oplhl o), (aQa; + a;gaQ> | vac)
PQ

= Y oplhloy)alayal [ vac)
PQ

= D (wplhlgy)dtay | og)

PO
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One-electron Hamiltonian in second quantisation

h = 2 <¢P|h|(PQ>CA‘;&Q
PQ

85



One-electron Hamiltonian in second quantisation

h= Z<¢P|h|¢Q>&T&Q— Zh(l)
f\zl

Valid over the entire Fock space!
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Two-electron repulsion operator in second quantisation

N
Z = Z (pp| h Po)d al »dg One-electron operator
= PQ

IR PR A A
5 Z 2(,j) = Z (qDPgDQ | & | pres) G a al CZSClR Two-electron operator
i#j PQRS

87



i=1

Two-electron repulsion operator in second quantisation

N
Z h(i) = Z (@p|h] €0Q> One-electron operator
PQ

I, ] . R
B Z 80, J) == Z (@ppol 8 ¢R¢S>{a;a%SaR} Two-electron operator

I7]

2 PORS
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Two-electron repulsion operator in second quantisation

1, .1 . o
5 Z g(,J) = 5 Z [(%DC”Q 18] €0R¢5)a;agasalq
%] PORS

Two-electron integrals = (PR, QS)

in Vincent Robert's lecture

1
[dxl dez (P;JK(XOCOS(Xz) PR(X)Ps(X,)
1] — 13
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Total Hamiltonian in second quantisation

A < A A 1 A A A A A
H = Z (@plhlpp) a;aQ + 5 Z (0r@o| & | preps) a;agaSaR
PQ PORS

90



Outline

¢ Standard (first quantization) formalism

Atomic orbitals, molecular spin-orbitals, Slater determinants.

@ Second quantization formalism

Vacuum state, creation operators, annihilation operators,
excitation operators, one- and two-electron Hamiltonian operators.

< Why “second” quantization?

Field operators, density operator, one-electron reduced density matrix,
and one-electron Green function.
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Exercise:

Why “second” quantisation?

h= 2 <¢P|h|§0Q>&;&Q
PO
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Exercise:

Why “second” quantisation?

EDY AL

PQ one-electron integrals

1
=y de S <‘5V12' + vext<r>> o) g
PQ
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Why “second” quantisation?

Exercise:

h= 2<¢P|h|§0Q>&;&Q
PO o

Q

1
= de Z pFx)a’, <—5V12. + vext(r)> Z Po(X)ag
P Q



Why “second” quantisation?

Exercise:

h= 2 <¢P|h|§0Q>&;&Q
PO

1
— Z de (%) <—5V2 + vext(r)> Po(X) &;&Q
PQ

— [ax [Z wﬁ(x)a](—%vz + vext<r>>[2 coQ(x)a%

Notation z /
Y Notation

_ de Pi(x) (—%V% + vext(r)> P(x)
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Why “second” quantisation?

n o < 1_, > n
h = de Y(x) —EVI. + v (1) | Y (%)
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Why “second” quantisation?

We learn in textbooks that, for a single electron,

. 1_,
(W|h|¥) = [dx P*(x) —EVr + v (1) | Y(X)

L — P

n o ( 1_, > n
h = de ¥Y'(x) —EVI. + v (1) | Y (%)

97



Quantum theory
of a single particle

“Quantised” version of
the single particle
quantum theory

Why “second” quantisation?

Y(x)

Wave function
(complex number)

P(x)

(so-called) field operator

E—

98



Quantum theory
of a single particle

“Quantised” version of
the single particle
quantum theory

Density operator

n(x) = Y*x)¥(x)

Density of probability
(real number)

— —

Ax) = P (x)P(x)

Density operator

o —

99



Electron density

If ® is a many-body wave function encoded in second quantization,
its density can be evaluated as follows:

np(x) = (@ |A(x) | @) = (@ | P (x)P(x) | D)

| —

100



Electron density

If ® is a many-body wave function encoded in second quantization,
its density can be evaluated as follows:

ne(x) = (@ Ax) | D) = (O |V (x)P(x)| D)
=Y pFX)py(x) (P |dd, | @)
e

(\i!(x) = qu(x)aQ]
0

If we return to the spin-orbital basis...
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Density operator

If ® is a many-body wave function encoded in second quantization,
its density can be evaluated as follows:

np(x) = (@ |A(x) | @) = (@ | P (x)P(x) | D)

= > 00X @13} | )
4

One-electron reduced
density matrix elements

Yro

102



One-electron reduced density matrix (in real space)

If d is a many-body wave function encoded in second quantization,
its density matrix can be evaluated as follows:

y(x,%,) = (@ | Pi(x)P(x,) | D)

| e——————
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One-electron Green function (in real space)

‘iﬁ(xl) » Pi(1) = @T(Xb ) =@T(X1)

104



One-electron Green function (in real space)

Pi(x,) Pi(1) = Wix,, 1) = elfl Pi(x,) e

-

105



One-electron Green function (in real space)

Vix) -y W) = i(x,, 1) = e W(x)) e

Px) el Q) =Vx0) = o1 P(x ) =it
A A >t .

(X, X,) el (QPI(D)PQ)|P) = -G, 1)

\L'
Time-ordered one-electron
Green function
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One-electron Green function (in real space)

‘iﬁ(xl) ‘iﬁ(l) = @T(Xb 1) = el @T(XQ e~ i

-

lAP(XZ) » \AP(Z) = \AP(Xz, 2“2) — eiI:It2 \AP(Xz) e_iﬁtz

XXy el (@] ¥I(HPQ)| @) S -iGER, 1)

<
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