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Correlated many-body wave functions in Quantum Chemistry (part 2):
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Strong electron correlation regime

The prototypical hydrogen molecule at dissociation 

Orbital rotation in second quantization

Complete Active Space Self-Consistent Field and beyond 

General CASSCF approach, state-averaging,  
multi-reference perturbation theory

Orbital optimisation procedure 
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Dissociation of the hydrogen molecule 
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Ground electronic state

Dissociation of the hydrogen molecule 
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Large atomic  
orbital basis

Dissociation of the hydrogen molecule 
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(Quantum) electronic energy  
+  

(classical) nuclear repulsion 

Dissociation of the hydrogen molecule 
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Full Configuration Interaction (FCI)

Dissociation of the hydrogen molecule 
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Full Configuration Interaction (FCI)

Exact diagonalization of the Hamiltonian 
in the (finite) Hartree-Fock determinant basis 

Dissociation of the hydrogen molecule 
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Two neutral hydrogen atoms

Dissociation of the hydrogen molecule 
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Hartree-Fock (HF)

Dissociation of the hydrogen molecule 
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Hartree-Fock (HF)

|Ψ⟩ ≈ (1σg)
2⟩ ≡ ̂a†

1σg,α
̂a†
1σg,β

|vac⟩

Restricted 

Dissociation of the hydrogen molecule 
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Hartree-Fock (HF)Restricted 

≡ φ1σg
(r1)φ1σg

(r2)

|Ψ⟩ ≈ (1σg)
2⟩ ≡ ̂a†

1σg,α
̂a†
1σg,β

|vac⟩

Dissociation of the hydrogen molecule 
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Hartree-Fock (HF)Restricted 

≡ φ1σg
(r1)φ1σg

(r2)

φ1σg
(r) =

1

2 (χsA
(r) + χsB

(r))

|Ψ⟩ ≈ (1σg)
2⟩ ≡ ̂a†

1σg,α
̂a†
1σg,β

|vac⟩

Bonding orbital

H H

χsA
(r) χsB

(r)

Dissociation of the hydrogen molecule 
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Hartree-Fock (HF)Restricted 

≡ φ1σg
(r1)φ1σg

(r2)

|Ψ⟩ ≈ (1σg)
2⟩ ≡ ̂a†

1σg,α
̂a†
1σg,β

|vac⟩

1
2 (χsA

(r1)χsB
(r2) + χsA

(r2)χsB
(r1) + χsA

(r1)χsA
(r2) + χsB

(r1)χsB
(r2))

H H H H

Dissociation of the hydrogen molecule 
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Hartree-Fock (HF)

1
2 (χsA

(r1)χsB
(r2) + χsB

(r1)χsA
(r2) + χsA

(r1)χsA
(r2) + χsB

(r1)χsB
(r2))

Unphysical  
ionic terms

H�− H�+ H�+ H�−
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Hartree-Fock (HF)
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Unphysical  
ionic terms
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Hartree-Fock (HF)

small HOMO-LUMO gap

MP2
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Hartree-Fock (HF)

MP2
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Multi-configurational wave function 

φ1σg H H

χsA
(r) χsB

(r)



!21

φ1σg

(1σg)
2⟩

Hartree-Fock: single configuration method

Multi-configurational wave function 
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φ1σg

φ1σu H H

H H

φ1σu
(r) =

1

2 (χsA
(r) − χsB

(r))
Anti-bonding orbital

Multi-configurational wave function 
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φ1σg

φ1σu

(1σg)
2⟩

φ1σg

φ1σu

φ1σg

φ1σu

or

|Ψ⟩ =
1

2 [ (1σg)
2⟩ − (1σu)2⟩]

Multi-configurational wave function 
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φ1σg

φ1σu

(1σg)
2⟩

φ1σg

φ1σu

φ1σg

φ1σu

or

≡
1

2 (φ1σg
(r1)φ1σg

(r2)−φ1σu
(r1)φ1σu

(r2))

|Ψ⟩ =
1

2 [ (1σg)
2⟩ − (1σu)2⟩]

Multi-configurational wave function 
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Ψ ≡
1

2 (φ1σg
(r1)φ1σg

(r2)−φ1σu
(r1)φ1σu

(r2))

φ1σg
(r) =

1

2 (χsA
(r) + χsB

(r))

φ1σu
(r) =

1

2 (χsA
(r) − χsB

(r))

Multi-configurational wave function 
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Ψ ≡
1

2 (φ1σg
(r1)φ1σg

(r2)−φ1σu
(r1)φ1σu

(r2))

=
1

2 (χsA
(r1)χsB

(r2) + χsA
(r2)χsB

(r1))
H H H H

Multi-configurational wave function 
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Dissociation of the hydrogen molecule 

φ1σg

φ1σu
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Residual  
error 

Dissociation of the hydrogen molecule 
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Hartree-Fock orbitals  
are employed!

Dissociation of the hydrogen molecule 
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1

2 (χsA
(r1)χsB

(r2) + χsA
(r2)χsB

(r1))

1
2 (χsA

(r1)χsB
(r2) + χsB

(r1)χsA
(r2) + χsA

(r1)χsA
(r2) + χsB

(r1)χsB
(r2)) Ionic 

terms

Dissociation of the hydrogen molecule 
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Dissociation of the hydrogen molecule 
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More diffused  
than the pure �  orbitals! 1s
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1

2 (χsA
(r1)χsB

(r2) + χsA
(r2)χsB

(r1))

1
2 (χsA

(r1)χsB
(r2) + χsB

(r1)χsA
(r2) + χsA

(r1)χsA
(r2) + χsB

(r1)χsB
(r2))

Dissociation of the hydrogen molecule 
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error 
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What did we learn? 

Multi-configurational wave functions need a re-optimization of the orbitals



Outline 
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Strong electron correlation regime

The prototypical hydrogen molecule at dissociation 

Orbital rotation in second quantization

Complete Active Space Self-Consistent Field and beyond 

General CASSCF approach, state-averaging,  
multi-reference perturbation theory

Orbital optimisation procedure 
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What did we learn? 

Multi-configurational wave functions need a re-optimization of the orbitals

 Multi-Configurational Self-Consistent Field (MCSCF) approach
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|φHF
1 ⟩

|φHF
2 ⟩

Hartree-Fock orbitals

Multi-configurational wave functions need a re-optimization of the orbitals
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|φHF
1 ⟩

|φ1(θ)⟩

θ

θ = 0

θ > 0
|φHF

2 ⟩
|φ2(θ)⟩

Multi-configurational wave functions need a re-optimization of the orbitals
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Multi-configurational wave functions need a re-optimization of the orbitals

Orbital rotation

|φ1⟩

|φ1(θ)⟩

θ

θ = 0

θ > 0
|φ2⟩

|φ2(θ)⟩
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Multi-configurational wave functions need a re-optimization of the orbitals

Orbital rotation

⟨φ2 |

⟨φ1 | [cos θ −sin θ
sin θ cos θ ]
|φ1(θ)⟩ |φ2(θ)⟩

Matrix representation 
of the rotation

|φ1⟩

|φ1(θ)⟩

θ

θ = 0

θ > 0
|φ2⟩

|φ2(θ)⟩
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Multi-configurational wave functions need a re-optimization of the orbitals

Orbital rotation

= e
−[ 0 θ

−θ 0]
⟨φ2 |

⟨φ1 | [cos θ −sin θ
sin θ cos θ ]
|φ1(θ)⟩ |φ2(θ)⟩
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Multi-configurational wave functions need a re-optimization of the orbitals

Orbital rotation

= e
−[ 0 θ

−θ 0]
⟨φ2 |

⟨φ1 | [cos θ −sin θ
sin θ cos θ ]
|φ1(θ)⟩ |φ2(θ)⟩

θ

Angle matrix
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Multi-configurational wave functions need a re-optimization of the orbitals

Orbital rotation

= e
−[ 0 θ

−θ 0]
⟨φ2 |

⟨φ1 | [cos θ −sin θ
sin θ cos θ ]
|φ1(θ)⟩ |φ2(θ)⟩

θ anti-hermitian!= − θ†
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Multi-configurational wave functions need a re-optimization of the orbitals

Orbital rotation

= e−
⟨φ2 |

⟨φ1 | [cos θ −sin θ
sin θ cos θ ]
|φ1(θ)⟩ |φ2(θ)⟩

θ

e−x = 1 − x +
x2

2!
−

x3

3!
+ …
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Spin-orbital rotation operator in second quantization 

|φP(θ)⟩ = e− ̂θ |φP⟩

Before rotationAfter rotation
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Spin-orbital rotation operator in second quantization 

|φP(θ)⟩ = e− ̂θ |φP⟩

Rotation operator
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= θ ( ̂a†
1 ̂a2 − ̂a†

2 ̂a1)
One-electron  

“angle”operator

̂θ ≡ ∑
P,Q

θPQ ̂a†
P ̂aQ[ 0 θ

−θ 0] = θ

|φP(θ)⟩ = e− ̂θ |φP⟩

Spin-orbital rotation operator in second quantization 

See my lecture  
on second quantization
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|φP(θ)⟩ = e− ̂θ |φP⟩

Single operator that rotates any spin-orbital 

Spin-orbital rotation operator in second quantization 
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Applies also to Slater determinants

Single operator that rotates any spin-orbital 

̂a†
P1(θ) ̂a†

P2(θ)… ̂a†
PN−1(θ) ̂a†

PN(θ) |vac⟩ = e− ̂θ ̂a†
P1

̂a†
P2

… ̂a†
PN−1

̂a†
PN

|vac⟩

Unrotated determinantRotated determinant

|φP(θ)⟩ = e− ̂θ |φP⟩

Spin-orbital rotation operator in second quantization 
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Applies also to Slater determinants

Applies also to multi-configurational wave functions

|φP(θ)⟩ = e− ̂θ |φP⟩

Single operator that rotates any spin-orbital 

Spin-orbital rotation operator in second quantization 
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Applies also to multi-configurational wave functions

|φP(θ)⟩ = e− ̂θ |φP⟩

Spin-orbital rotation operator in second quantization 

∑
P1<P2<…<PN

CP1P2…PN
̂a†
P1

̂a†
P2

… ̂a†
PN−1

̂a†
PN

|vac⟩

Initial CI wave function

= |Ψ⟩
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∑
P1<P2<…<PN

CP1P2…PN
̂a†
P1(θ) ̂a†

P2(θ)… ̂a†
PN−1(θ) ̂a†

PN(θ) |vac⟩

Applies also to multi-configurational wave functions

|φP(θ)⟩ = e− ̂θ |φP⟩

Spin-orbital rotation operator in second quantization 

= |Ψ(θ)⟩
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∑
P1<P2<…<PN

CP1P2…PN
̂a†
P1(θ) ̂a†

P2(θ)… ̂a†
PN−1(θ) ̂a†

PN(θ) |vac⟩

Applies also to multi-configurational wave functions

= ∑
P1<P2<…<PN

CP1P2…PN
e− ̂θ ̂a†

P1
̂a†
P2

… ̂a†
PN−1

̂a†
PN

|vac⟩

|φP(θ)⟩ = e− ̂θ |φP⟩

Spin-orbital rotation operator in second quantization 

= |Ψ(θ)⟩
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∑
P1<P2<…<PN

CP1P2…PN
̂a†
P1(θ) ̂a†

P2(θ)… ̂a†
PN−1(θ) ̂a†

PN(θ) |vac⟩

Applies also to multi-configurational wave functions

= e− ̂θ

∑
P1<P2<…<PN

CP1P2…PN
̂a†
P1

̂a†
P2

… ̂a†
PN−1

̂a†
PN

|vac⟩

|φP(θ)⟩ = e− ̂θ |φP⟩

= ∑
P1<P2<…<PN

CP1P2…PN
e− ̂θ ̂a†

P1
̂a†
P2

… ̂a†
PN−1

̂a†
PN

|vac⟩

Spin-orbital rotation operator in second quantization 

= |Ψ(θ)⟩
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∑
P1<P2<…<PN

CP1P2…PN
̂a†
P1(θ) ̂a†

P2(θ)… ̂a†
PN−1(θ) ̂a†

PN(θ) |vac⟩

Applies also to multi-configurational wave functions

= e− ̂θ

∑
P1<P2<…<PN

CP1P2…PN
̂a†
P1

̂a†
P2

… ̂a†
PN−1

̂a†
PN

|vac⟩

|φP(θ)⟩ = e− ̂θ |φP⟩

= ∑
P1<P2<…<PN

CP1P2…PN
e− ̂θ ̂a†

P1
̂a†
P2

… ̂a†
PN−1

̂a†
PN

|vac⟩

Spin-orbital rotation operator in second quantization 

= e− ̂θ |Ψ⟩

Initial CI wave function

= |Ψ(θ)⟩
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Applies also to multi-configurational wave functions

|φP(θ)⟩ = e− ̂θ |φP⟩

Spin-orbital rotation operator in second quantization 

e− ̂θ |Ψ⟩

Initial CI wave function

= |Ψ(θ)⟩
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Energy minimisation

E = ⟨e− ̂θΨ | Ĥ |e− ̂θΨ⟩ ≡ E(θ)
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Energy minimisation

E = ⟨e− ̂θΨ | Ĥ |e− ̂θΨ⟩ ≡ E(θ)

= ⟨Ψ |e+ ̂θĤe− ̂θ |Ψ⟩
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Energy minimisation

E = ⟨e− ̂θΨ | Ĥ |e− ̂θΨ⟩ ≡ E(θ)

= ⟨Ψ |e+ ̂θĤe− ̂θ |Ψ⟩

= ⟨Ψ | (1+ ̂θ+
1
2

̂θ2+…) Ĥ (1− ̂θ+
1
2

̂θ2−…) |Ψ⟩
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Energy minimisation

E = ⟨e− ̂θΨ | Ĥ |e− ̂θΨ⟩ ≡ E(θ)

= ⟨Ψ |e+ ̂θĤe− ̂θ |Ψ⟩

= ⟨Ψ | (1+ ̂θ+
1
2

̂θ2+…) Ĥ (1− ̂θ+
1
2

̂θ2−…) |Ψ⟩

≈ E(0) + θE[1] +
θ2

2
E[2] Taylor expansion  

through second order

Gradient Hessian



!60

Energy minimisation

E = ⟨e− ̂θΨ | Ĥ |e− ̂θΨ⟩ ≡ E(θ)

= ⟨Ψ |e+ ̂θĤe− ̂θ |Ψ⟩

= ⟨Ψ | (1+ ̂θ+
1
2

̂θ2+…) Ĥ (1− ̂θ+
1
2

̂θ2−…) |Ψ⟩

≈ E(0) + θE[1] +
θ2

2
E[2]

2 (⟨ ̂a†
2 ̂a1Ψ | ĤΨ⟩ − ⟨ ̂a†

1 ̂a2Ψ | ĤΨ⟩)

̂θ = θ ( ̂a†
1 ̂a2 − ̂a†

2 ̂a1)

Energy couplings with 
 singly excited states 

Gradient
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Energy minimisation

E(θ) ≈ E(0) + θE[1] +
θ2

2
E[2]

dE(θ)
dθ

= 0

θ ≈ −
1

E[2]
E[1] Newton step
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Energy minimisation

E(θ) ≈ E(0) + θE[1] +
θ2

2
E[2]

dE(θ)
dθ

= 0

θ ≈ −
1

E[2]
E[1] Newton step

Iterative procedure!



!63

Energy minimisation

E(θ) ≈ E(0) + θE[1] +
θ2

2
E[2]

dE(θ)
dθ

= 0

θ = 0 = E[1]At convergence
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Energy minimisation

0 = ⟨ ̂a†
2 ̂a1Ψ | ĤΨ⟩ − ⟨ ̂a†

1 ̂a2Ψ | ĤΨ⟩At convergence

(Generalized) Brillouin theorem



Residual  
error 
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Dissociation of the hydrogen molecule 
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Outline 
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Strong electron correlation regime

The prototypical hydrogen molecule at dissociation 

Orbital rotation in second quantization

Complete Active Space Self-Consistent Field and beyond 

General CASSCF approach, state-averaging,  
multi-reference perturbation theory

Orbital optimisation procedure 
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Multi-Configurational Self-Consistent Field (MCSCF) 

φI

φJ

φK…

φA …φB φC φD

electrons to be distributed 
among the active spin-orbitals

φR

…

φS

φT

Inactive spin-orbitals

Virtual spin-orbitals

Active spin-orbitals

occupied

partially occupied

unoccupied
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φI

φJ

φK…

φA …φB φC φD

φR

…

φS

φT

̂θ ≡ ∑
P<Q

θPQ ( ̂a†
P ̂aQ − ̂a†

Q ̂aP)

θIA

Multi-Configurational Self-Consistent Field (MCSCF) 
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φI

φJ

φK…

φA …φB φC φD

φR

…

φS

φT

̂θ ≡ ∑
P<Q

θPQ ( ̂a†
P ̂aQ − ̂a†

Q ̂aP)

θIR

Multi-Configurational Self-Consistent Field (MCSCF) 
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φI

φJ

φK…

φA …φB φC φD

φR

…

φS

φT

̂θ ≡ ∑
P<Q

θPQ ( ̂a†
P ̂aQ − ̂a†

Q ̂aP)

θAR

Multi-Configurational Self-Consistent Field (MCSCF) 
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φA …φB φC φD

If FCI within the active spin-orbital space: Complete Active Space SCF (CASSCF)

Multi-Configurational Self-Consistent Field (MCSCF) 
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φA …φB φC φD

If FCI within the active spin-orbital space: Complete Active Space SCF (CASSCF)

Several (ground and excited) states can be computed simultaneously

Multi-Configurational Self-Consistent Field (MCSCF) 
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φA …φB φC φD

Several (ground and excited) states can be computed simultaneously

Multi-Configurational Self-Consistent Field (MCSCF) 

With the same set of orbitals!
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φA …φB φC φD

E(θ) = ∑
ℐ

⟨Ψℐ |e+ ̂θĤe− ̂θ |Ψℐ⟩

Several (ground and excited) states can be computed simultaneously

Multi-Configurational Self-Consistent Field (MCSCF) 
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φA …φB φC φD

E(θ) = ∑
ℐ

⟨Ψℐ |e+ ̂θĤe− ̂θ |Ψℐ⟩

Several (ground and excited) states can be computed simultaneously

State-averaged CASSCF

Multi-Configurational Self-Consistent Field (MCSCF) 
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φI

φJ

φK…

φA …φB φC φD

electrons to be distributed 
among the active spin-orbitals

φR

…

φS

φT

Inactive spin-orbitals

Virtual spin-orbitals

Active spin-orbitals

occupied

partially occupied

unoccupied

Multi-Configurational Self-Consistent Field (MCSCF) 



!77

Post-MCSCF treatment 

φI

φJ

φK…

φA …φB φC φD

electrons to be distributed 
among the active spin-orbitals

φR

…

φS

φT

Inactive spin-orbitals

Virtual spin-orbitals

Active spin-orbitals

occupied

partially occupied

Playground for describing 

the missing 


“dynamical” correlation



!78

E ≈ EMCSCF + ∑
Ψ̃i⊥ΨMCSCF

⟨Ψ̃i | Ĥ |ΨMCSCF⟩
2

EMCSCF−ℰ̃i

“perturber” with energy �   ℰ̃i

Multi-Reference Perturbation Theory  
through second order (MRPT2)

We know from textbook perturbation theory that
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E ≈ EMCSCF + ∑
Ψ̃i⊥ΨMCSCF

⟨Ψ̃i | Ĥ |ΨMCSCF⟩
2

EMCSCF−ℰ̃i

“perturber” with energy �   ℰ̃i

Multi-Reference Perturbation Theory  
through second order (MRPT2)

We know from textbook perturbation theory that

Clearly identified in single reference MP2: double excitation
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E ≈ EMCSCF + ∑
Ψ̃i⊥ΨMCSCF

⟨Ψ̃i | Ĥ |ΨMCSCF⟩
2

EMCSCF−ℰ̃i

“perturber” with energy �   ℰ̃i

Multi-Reference Perturbation Theory  
through second order (MRPT2)

We know from textbook perturbation theory that

Clearly identified in single reference MP2: double excitation

Not in a multi-reference context! 
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E ≈ EMCSCF + ∑
Ψ̃i⊥ΨMCSCF

⟨Ψ̃i | Ĥ |ΨMCSCF⟩
2

EMCSCF−ℰ̃i

“perturber” with energy �   ℰ̃i

Multi-Reference Perturbation Theory  
through second order (MRPT2)

We know from textbook perturbation theory that

You can use CASPT2� , or NEVPT2� , or GVVPT2� , or … a b c

� K. Andersson, P. Malmqvist, B. O. Roos, A. J. Sadlej, and K. Wolinski, J. Phys. Chem. 94, 5483 (1990). 
� C. Angeli, R. Cimiraglia, S. Evangelisti, T. Leininger, and J.-P. Malrieu, J. Chem. Phys. 114, 10252 (2001). 
� Y. G. Khait, J. Song, and M. R. Hoffmann, J. Chem. Phys. 117, 4133 (2002).

a

b

c
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E ≈ EMCSCF + ∑
Ψ̃i⊥ΨMCSCF

⟨Ψ̃i | Ĥ |ΨMCSCF⟩
2

EMCSCF−ℰ̃i

≠ 0

Multi-Reference Perturbation Theory  
through second order (MRPT2)

We know from textbook perturbation theory that

Contributing perturbers �  overlap with �  Ψ̃i ĤΨMCSCF
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Ĥ |ΨMCSCF⟩ = ∑
PQ

hPQ ̂a†
P ̂aQ+

1
2 ∑

PQRS

⟨φPφQ | ̂g |φRφS⟩ ̂a†
P ̂a†

Q ̂aS ̂aR |ΨMCSCF⟩

Singles Singles and doubles

N-Electron Valence state Perturbation Theory (NEVPT2)
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φI

φJ

φK…

φA …φB φC φD

φR

…

φS

φT

� -electron

valence state 

n

Ĥ |ΨMCSCF⟩ = ∑
PQ

hPQ ̂a†
P ̂aQ+

1
2 ∑

PQRS

⟨φPφQ | ̂g |φRφS⟩ ̂a†
P ̂a†

Q ̂aS ̂aR |ΨMCSCF⟩

Singles Singles and doubles

N-Electron Valence state Perturbation Theory (NEVPT2)

A first class of perturbers
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φI

φJ

φK…

φA …φB φC φD

φR

…

φS

φT

A first class of perturbers

� -electron

valence state 

n

Ĥ |ΨMCSCF⟩ = ∑
PQ

hPQ ̂a†
P ̂aQ+

1
2 ∑

PQRS

⟨φPφQ | ̂g |φRφS⟩ ̂a†
P ̂a†

Q ̂aS ̂aR |ΨMCSCF⟩

Singles Singles and doubles

N-Electron Valence state Perturbation Theory (NEVPT2)

Fixed number of electrons 
in the active orbital space
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φI

φJ

φK
…

φA …φB φC φD

φR

…

φS

φT Other classes of perturbers

� - or � -

electron valence state 
(n − 1) (n − 2)

Ĥ |ΨMCSCF⟩ = ∑
PQ

hPQ ̂a†
P ̂aQ+

1
2 ∑

PQRS

⟨φPφQ | ̂g |φRφS⟩ ̂a†
P ̂a†

Q ̂aS ̂aR |ΨMCSCF⟩

Singles Singles and doubles

N-Electron Valence state Perturbation Theory (NEVPT2)
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Dissociation of the hydrogen molecule 
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