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DFT for N-electron ground states
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DFT for N-electron ground states
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DFT for N-electron ground states
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From the N-electron ground state to the excited states
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From the N-electron ground state to the excited states
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Reference N-electron Kohn-Sham system
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From the N-electron ground state to the excited states
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Neutral excitation
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From the N-electron ground state to the excited states
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Simple connection to the
real (interacting) excited states?
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DFT for fractional electron numbers

Continuous Affinity process
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J.P. Perdew, R.G. Parr, M. Levy, J.L. Balduz Jr, Phys. Rev. Lett. 49, 1691 (1982).



DFT for fractional electron numbers

Continuous Affinity process

—.—\?\ Fractional occupation
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J.P. Perdew, R.G. Parr, M. Levy, J.L. Balduz Jr, Phys. Rev. Lett. 49, 1691 (1982).
J. P Perdew and M. Levy, Phys. Rev. Lett. 51, 1884 (1983).
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DFT for fractional electron numbers

Continuous Affinity process
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“Grand canonical” ensemble weight

E. Kraisler, L. Kronik, Phys. Rev. Lett. 110, 126403 (2013).
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DFT for fractional electron numbers

Continuous Affinity process
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E. Kraisler, L. Kronik, Phys. Rev. Lett. 110, 126403 (2013).

n(r) = (1—a)ny (r)+anév+1(r)
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We "just" need to extend E. |n]

to densities n integrating to
fractional electron numbers
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DFT for fractional electron numbers

Continuous Affinity process
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J. F. Janak, Phys. Rev. B 18, 7165 (1978).
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DFT for fractional electron numbers

Continuous Affinity process
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J. P Perdew and M. Levy, Phys. Rev. Lett. 51, 1884 (1983).

N+1 __
Io = — &Nyl
_ OEy, [n]
Vigel2](r) = Sn(0)

exhibits discontinuities when crossing
an integer electron number
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DFT for fractional electron numbers

Continuous Affinity process
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DFT for fractional electron numbers

Continuous Affinity process
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E. Kraisler, L. Kronik, Phys. Rev. Lett. 110, 126403 (2013).
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, to appear in Topics in Current Chemistry (2021), Preprint: arXiv:2109.04943
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DFT for fractional electron numbers

Continuous Affinity process
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E. Kraisler, L. Kronik, Phys. Rev. Lett. 110, 126403 (2013).
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, to appear in Topics in Current Chemistry (2021), Preprint: arXiv:2109.04943
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DFT for fractional electron numbers

Continuous Affinity process

n(r) = (1—a)ny (r)+anév+1(r)
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E. Kraisler, L. Kronik, Phys. Rev. Lett. 110, 126403 (2013).
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, to appear in Topics in Current Chemistry (2021), Preprint: arXiv:2109.04943
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N-centered ensemble density

n(r) = (1_a)n(1)\/ (r)+ anév (1) Traditional approach
N+1
n(r) = <1 — T§+> n(j)v(l‘)+§+n(])v+l(l') N-centered approach

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018).
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190
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N-centered ensemble density

n(r) = (1_a)n(1)\/ (r)+anf)\’ (1) Traditional approach
N+ ......
nr)=\1 —Ter n(])\f(r)+5+n(])\/+1(r) N-centered approach

....................

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018).
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190
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N-centered ensemble density

..................

nr)y=1(1 —N—1§+ név(r)+§+név+1(r)

....................

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018).
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190

N-centered approach
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N-centered ensemble density

..................

N+ 1
nr)=|1 —T§+ n(j)v(l’)+f+név+l(l') N-centered approach
!
drn(r) =N
!

The ensemble weight £, and the density n
are now independent variables

| —

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018).
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190
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N-centered ensemble DFT

The xc functional has become ensemble weight-dependent

Eéf+ [n]

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018).
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190
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General N-centered ensemble formalism

excited states N excited states

nry=[1- Z Wyfy ny(r) + Z

v>( v>0

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018).
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190
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General N-centered ensemble formalism

Charged

or neutral!

excited states excited states
— U
nry=1[(1- Z Wg ny(r) + Z &, (r)
v>0 v>0

C. Marut, F. Cernatic, B. Senjean, P-F. Loos, and E. Fromager, in preparation (2021).
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General N-centered ensemble formalism

excited states N ------------- . excited states
nry={(1- Z —f no(r) + Z
y>0 ........... : y>O
A

Reference N-electron
ground-state density

o — P

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018).
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190
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General N-centered ensemble formalism

excited states: N7 excited states
— I 7
n(r) =|1- Z W » I’lo(r) + Z
>0 e ; >0
|
drn(r) =N

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018).
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190
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N-centered ensemble energy

--------

.
0
------

Reference N-electron
ground-state energy

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018).
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190
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N-centered ensemble DFT
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Functional of the N-centered
ensemble density

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018).
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190



N-centered ensemble Kohn-Sham DFT
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Functional of the N-centered ensemble density

....................................

n(r) = Z Zni,y ) qﬂi{g”}(l‘) 2

] E-\DZO )

....................................

Fractionally occupied KS orbitals

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018).
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190
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N-centered ensemble Kohn-Sham DFT

E1%) = 1—2—5 Eg+ D &E,

v>0 v>0

}

Functional of the N-centered ensemble density

( \

n(r) = Z Z 50 ‘qoi{fy}(r) 2

] \ v>0 J

lllllllllllllll

E\“[n] = Eyln] + E{‘f }[n]

key ingredient

llllllllllllll

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018).
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190
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N-centered ensemble energy

ElSl=(1-) %@ Ey+ ) LE,

v>0 >0

Y/

Auxiliary quantity (not an observable) ...

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018).
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190
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N-centered ensemble energy

Elvl=(1-) %éfy Ey+ ) LE,

v>0 >0

Y/

Auxiliary quantity (not observable) ...

... that varies linearly with the ensemble weights!

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018).
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190
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N-centered ensemble energy

ElSl=(1-) %@ Ey+ ) LE,

v>0 >0

i “Theory meets experiment”

\/
N,-N)
EM — E, = ( i E,+ aE_{éy} Excitation
N agﬂ energy
16=0

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018).
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190
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N-centered en

semble energy

ElSl=(1-) %@ Ey+ ) LE,

v>0

>0

Infinitesimal occupation
of the targeted excited state 1,
ie, &, — 0"

---------------------------------

Y *
-------------------------------

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018).
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190
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Physical meaning of the KS orbital energies

EM — EO = g/IfS — g(l)(S S KS excitation energy
0L\ [ny) (v-n,)
+ o, + Y Jdrv (r)nO(r) By o]

16,)=0

M. J. P Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021).
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, to appear in Topics in Current Chemistry (2021), Preprint: arXiv:2109.04943 36



Physical meaning of the KS orbital energies

— wKS KS
EM_EO_ gﬂ _g()

~
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|
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xc ensemble weight derivative

M. J. P Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021).
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, to appear in Topics in Current Chemistry (2021), Preprint: arXiv:2109.04943
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Physical meaning of the KS orbital energies

— wKS KS
EM_EO_ gﬂ _g()

~
()Eicg 2 [720]

of,

fa)=0

+ < Jdr |25 (r)no(r) By [n0]>

does not exist in reqular DFT

M. J. P Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021).
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, to appear in Topics in Current Chemistry (2021), Preprint: arXiv:2109.04943
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Physical meaning of the KS orbital energies

— wKS KS
EM_EO_ gﬂ _go

E{cf }[n ] <N_N”> £, 0"
U

16,)=0

N-centered ensemble Hxc potential

M. J. P Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021).
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, to appear in Topics in Current Chemistry (2021), Preprint: arXiv:2109.04943 39



Physical meaning of the KS orbital energies

— | @KS KS
E’M_Eo—gﬂ _%O ]

OE." [ny] <N B N”) &, —~0"
+ 5 + Y <Jd VI‘fXC (r n()(r) — EHXC[nO]>
U

N-centered ensemble Hxc potential
unique up to a constant

M. J. P Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021).
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, to appear in Topics in Current Chemistry (2021), Preprint: arXiv:2109.04943 40



Physical meaning of the KS orbital energies

— | @KS KS
E’M_Eo—gﬂ _%O 1

OE." [ny] <N B N”) &, —~0"
+ 5 + Y <Jd VI‘fXC (r n()(r) — EHXC[nO]>
U

N-centered ensemble Hxc potential
unique up to a constant

Even for charged excitations!

M. J. P Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021).
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, to appear in Topics in Current Chemistry (2021), Preprint: arXiv:2109.04943 41



Let’s make the charged KS excitation energies match the true ones!

_ «KS KS |
E,-Ey=8S -8

<& Janak’s theorem

-
()Eif 2 [720]
+
oz,
\_

16,)=0

+
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N

< Jdr |25 (r)no(r) By [no]>

~
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M. J. P Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021).
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, to appear in Topics in Current Chemistry (2021), Preprint: arXiv:2109.04943
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Let’s make the charged KS excitation energies match the true ones!

~

OEL ] (N - Nﬂ)

of,

+ ~ <Jdr V%;m(r)no(r) — Ech[no]> —0

~

)

N-centered excitation energy matching constraint
for the (charged) excited state i

M. J. P Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021).

F. Cernatic, B. Senjean, V. Robert, and E. Fromager, to appear in Topics in Current Chemistry (2021), Preprint: arXiv:2109.04943
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Let’s make the charged KS excitation energies match the true ones!

oL [ ] (v-N,) o
ag//l i N <JdrE}£XC (rﬂ no(l') — Ech[nO]> =0

16,)=0

Uniquely defined!

M. J. P Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021).
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, to appear in Topics in Current Chemistry (2021), Preprint: arXiv:2109.04943 44



Let’s make the charged KS excitation energies match the true ones!

{6} N-N .
aExc [l’l()] n ( ﬂ) <Jdr v%;() (l')l’lo(l') _EHXC[nO]> —0

oc, N

{&}=0
vliﬁm(r) — 0 for a molecule
xe |r|—+co

M. J. P Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021).
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, to appear in Topics in Current Chemistry (2021), Preprint: arXiv:2109.04943 45



Let’s make the charged KS excitation energies match the true ones!

OE ) (N—Nﬂ>

. T < Jdr v @mg(r) - EHXC[no]>

16,=0

Holds also, in principle, for an extended system or a lattice model!

C. Marut, F. Cernatic, B. Senjean, P-F. Loos, and E. Fromager, in preparation (2021). 46



Let’s make the charged KS excitation energies match the true ones!

E{é }[n ] (N_ Nﬂ) J i
agﬂ + Y (J rv (r)no(r) — ch["0]>
{.}=0
5/4 = 5+ N//t = N+1 Affinity

5_ N,M = N—1 lonization

Iw
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M. J. P Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021).
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, to appear in Topics in Current Chemistry (2021), Preprint: arXiv:2109.04943 47



Let’s make the charged KS excitation energies match the true ones!

Sy &_
[ 5 ( @) - ‘f—*0+(r>> n(r) = Eéé[no] ’ Eaé[nO]
. i

N—1 N N+1

M. J. P Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021).
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, to appear in Topics in Current Chemistry (2021), Preprint: arXiv:2109.04943 48



Let’s make the charged KS excitation energies match the true ones!

dr ; OE::[n OE:;[n
[ (@ =i @) = 25 S
N o0&, 0
\/ §,=0 §=0
= A,
Derivative discontinuity o A
— “xc
Exact fundamental gap Eg — 8N+1 — 8N+ AXC

M. J. P Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021).
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, to appear in Topics in Current Chemistry (2021), Preprint: arXiv:2109.04943 49



Let’s make the charged KS excitation energies match the true ones!

Now obtained from the
xc weight derivatives!

Exact fundamental gap E — 8N+1 — 8N+ AXC

M. J. P Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021).
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, to appear in Topics in Current Chemistry (2021), Preprint: arXiv:2109.04943
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Suppression of the derivative discontinuity

Jd—; (vﬁg_)m(r) — vﬁgﬁm(r)) ny(r) = A .

)

d + +
J'Wr (vfg_)O (r)—AXC> — vﬁg_)() (r)]| ng(r) =0

N 7

Shifted N-centered
ensemble xc potential

M. J. P Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021).
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, to appear in Topics in Current Chemistry (2021), Preprint: arXiv:2109.04943 o1



Application: Two-electron spin-polarised 1D atom

Nucleus

M. J. P Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021).
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Application: Two-electron spin-polarised 1D atom

xc potential

Nucleus
M. J. P Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021).
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Application: Two-electron spin-polarised 1D atom

1 N=2 d2 N=2 3 N=2 1

—+ X
I+ |x] ;jl+|x,-—xj|

|||
QU
><N|
I M

(T

- 64‘:0 === 5—}—:10_8 — £+:10_6 ..... £+:104)

xc potential

Nucleus

M. J. P Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021).
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Application: Two-electron spin-polarised 1D atom

xc potential

Nucleus 55

M. J. P Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021).



Application: Two-electron spin-polarised 1D atom

A 3 N=2 1
H=—— —_— |- x
2z=1 xlz §1+|xl| Zl_"lxz_le
_§+:0 _———— 5_}_:10_8 —= §+:106 ..... £+_10—4
0007 e A0 o
— \\
8 N
) Rt —0.25
/ - oo Derivative
xc potential —0.50 - \J ] T A discontinuity
0.5 N v5:=0(x)
1
III ‘\\ ——— TL£+:0(3§')
0.0 =m=m===—ceccm—aaa- N o
—0.5 Y

Nucleus 56
M. J. P Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021).



Moving the discontinuity away from the system

N — =0 === £, =108 == £, =100 eeee € =10
1-0.257
= Derivative
& T discontinuity
Q —0.50 \\ ,
+
5
= —0.75
R RN /z:"“\
0.007 - weteend - 4 A
/g \\\ \/// ‘q
gy —0.25-
= Derivative unshifted xc potential
_0504 discontinuity
0.5 v5:=0(x)
-== n&=(x)
I R — N -
—0.5 - Y
| | | S | | |
—-30 —-20 —10 10 20 30
z (a.u.)
Nucleus -

M. J. P Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021).



Outlook

Open question:
How can we incorporate weight dependencies

into
density-functional approximations?

F. Cernatic, B. Senjean, V. Robert, and E. Fromager, to appear in Topics in Current Chemistry (2021), Preprint: arXiv:2109.04943
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Outlook

Open question:
How can we incorporate weight dependencies

into
density-functional approximations?

What about finite uniform electron gases?

P-F. Loos and E. Fromager, J. Chem. Phys. 152, 214101 (2020).

F. Cernatic, B. Senjean, V. Robert, and E. Fromager, to appear in Topics in Current Chemistry (2021), Preprint: arXiv:2109.04943
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Outlook

Weight dependence from static perturbation theory?

Z-h. Yang, Phys. Rev. A 104, 052806 (2021).
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Outlook

Weight dependence from static perturbation theory?

VZ
I'l- A ,ﬂ,
Y [ e i C(r,.)] y [Wee— > (Vi) — Aviy C(q-))}

| \/ \l /

Reference KS ensemble Perturbation
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Outlook

Weight dependence (and more) from static perturbation theory

VZ
i 2 A
» —7" Frgm) v |+ 4 (W= Y (vlif“‘xc(ri) _ Avliﬂxc(ri)>

N

Will hold the ensemble density
constant

(like in Gérling-Levy PT*)

A. Gorling, M. Levy, Phys. Rev. A 50(1), 196 (1994). 62



Outlook

Weight dependence (and more) from static perturbation theory
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i I

Eﬂ = %}fs + %/(11) + (5/32) + ... Excitation energies
— HA&KS (1) (2) Dyson orbitals,
\PM B (DM T \PM T qjﬂ t .- transition moments
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