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Hartree-exchange-correlation potential
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From the � -electron ground state to the excited states N
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Simple connection to the  
real (interacting) excited states?
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Continuous Affinity process

J.P. Perdew, R.G. Parr, M. Levy, J.L. Balduz Jr, Phys. Rev. Lett. 49, 1691 (1982).
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Continuous Affinity process

Fractional occupation

J.P. Perdew, R.G. Parr, M. Levy, J.L. Balduz Jr, Phys. Rev. Lett. 49, 1691 (1982). 
J. P. Perdew and M. Levy, Phys. Rev. Lett. 51, 1884 (1983).
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Continuous Affinity process

DFT for fractional electron numbers 

n(r) ≡ (1−α)nN
0 (r)+αnN+1

0 (r)

0 < α ≤ 1

“Grand canonical” ensemble weight

E. Kraisler, L. Kronik, Phys. Rev. Lett. 110, 126403 (2013).
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Continuous Affinity process

DFT for fractional electron numbers 

n(r) ≡ (1−α)nN
0 (r)+αnN+1

0 (r)

0 < α ≤ 1

E. Kraisler, L. Kronik, Phys. Rev. Lett. 110, 126403 (2013).

We "just" need to extend �  
to densities �  integrating to  
fractional electron numbers

Exc[n]
n
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DFT for fractional electron numbers 

IN+1
0 = − εN+1

Janak’s theorem

J. F. Janak, Phys. Rev. B 18, 7165 (1978).
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DFT for fractional electron numbers 

IN+1
0 = − εN+1

vHxc[n](r) =
δEHxc [n]

δn(r)

J. P. Perdew and M. Levy, Phys. Rev. Lett. 51, 1884 (1983).

exhibits discontinuities when crossing 

an integer electron number 
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exhibits discontinuities when crossing 


an integer electron number 
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Continuous Affinity process

DFT for fractional electron numbers 

n(r) ≡ (1−α)nN
0 (r)+αnN+1

0 (r)

∫ dr n(r) = N + α

E. Kraisler, L. Kronik, Phys. Rev. Lett. 110, 126403 (2013). 
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, to appear in Topics in Current Chemistry (2021), Preprint: arXiv:2109.04943
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Continuous Affinity process

DFT for fractional electron numbers 

n(r) ≡ (1−α)nN
0 (r)+αnN+1

0 (r)

∫ dr n(r) = N + α

α ≡ α[n]

E. Kraisler, L. Kronik, Phys. Rev. Lett. 110, 126403 (2013). 
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, to appear in Topics in Current Chemistry (2021), Preprint: arXiv:2109.04943
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Continuous Affinity process

DFT for fractional electron numbers 

n(r) ≡ (1−α)nN
0 (r)+αnN+1

0 (r)

The ensemble weight and the density are 

not independent variables 

E. Kraisler, L. Kronik, Phys. Rev. Lett. 110, 126403 (2013). 
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, to appear in Topics in Current Chemistry (2021), Preprint: arXiv:2109.04943
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� -centered ensemble density  N

n(r) ≡ (1−α)nN
0 (r)+αnN+1

0 (r) Traditional approach

n(r) ≡ (1 −
N + 1

N
ξ+) nN

0 (r)+ξ+nN+1
0 (r) � -centered approachN

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018). 
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190
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� -centered ensemble density  N

n(r) ≡ (1 −
N + 1

N
ξ+) nN

0 (r)+ξ+nN+1
0 (r) � -centered approachN

∫ dr n(r) = N

The ensemble weight �  and the density  �   
are now independent variables 

ξ+ n

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018). 
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190
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� -centered ensemble DFT  N

Eξ+
xc[n]

The xc functional has become ensemble weight-dependent 

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018). 
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190



General � -centered ensemble formalism N
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N
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∑
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B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018). 
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190



General � -centered ensemble formalism N

!25C. Marut, F. Cernatic, B. Senjean, P.-F. Loos, and E. Fromager, in preparation (2021).

n(r) ≡ (1 −
excited states
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ν>0

Nν

N
ξν) n0(r) +

excited states

∑
ν>0

ξνnν(r)

Charged  
or neutral!
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B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018). 
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190
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� -centered ensemble energy N
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E{ξν} = (1 − ∑
ν>0

Nν

N
ξν) E0 + ∑

ν>0

ξνEν

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018). 
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190

Reference � -electron 

ground-state energy

N
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N
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Functional of the � -centered 

ensemble density

N

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018). 
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190
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Functional of the � -centered ensemble densityN
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∑
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ni,νξν φ{ξν}
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2

Fractionally occupied KS orbitals

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018). 
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190
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E{ξν} = (1 − ∑
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Nν

N
ξν) E0 + ∑

ν>0

ξνEν

Functional of the � -centered ensemble densityN

n(r) ≡ ∑
i

∑
ν≥0

ni,νξν φ{ξν}
i (r)

2

E{ξν}
Hxc [n] = EH[n] + E{ξν}

xc [n] key ingredient

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018). 
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190
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N
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E{ξν} = (1 − ∑
ν>0

Nν

N
ξν) E0 + ∑

ν>0

ξνEν

Auxiliary quantity (not observable) …

… that varies linearly with the ensemble weights!

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018). 
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190
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E{ξν} = (1 − ∑
ν>0

Nν

N
ξν) E0 + ∑

ν>0

ξνEν

Eμ − E0 =
(Nμ − N)

N
E0 +

∂E{ξν}
∂ξμ

{ξν}=0

Excitation  
energy

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018). 
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190

“Theory meets experiment”
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Nν

N
ξν) E0 + ∑

ν>0
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Eμ − E0 =
(Nμ − N)

N
E0 +

∂E{ξν}
∂ξμ

{ξν}=0

Infinitesimal occupation  
of the targeted excited state � , 

 i.e., �   
μ

ξμ → 0+

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018). 
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190



Physical meaning of the KS orbital energies 
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Eμ − E0 = ℰKS
μ − ℰKS

0

M. J. P. Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021). 
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, to appear in Topics in Current Chemistry (2021), Preprint: arXiv:2109.04943

+
∂E{ξν}

xc [n0]
∂ξμ

{ξν}=0

+
(N − Nμ)

N (∫ dr vξμ→0+

Hxc (r)n0(r) − EHxc[n0])

KS excitation energy
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Eμ − E0 = ℰKS
μ − ℰKS

0

M. J. P. Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021). 
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+
∂E{ξν}

xc [n0]
∂ξμ

{ξν}=0

+
(N − Nμ)

N (∫ dr vξμ→0+

Hxc (r)n0(r) − EHxc[n0])

xc ensemble weight derivative
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Eμ − E0 = ℰKS
μ − ℰKS

0
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+
∂E{ξν}

xc [n0]
∂ξμ

{ξν}=0

+
(N − Nμ)

N (∫ dr vξμ→0+

Hxc (r)n0(r) − EHxc[n0])

does not exist in regular DFT
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0
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+
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xc [n0]
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{ξν}=0

+
(N − Nμ)

N (∫ dr vξμ→0+

Hxc (r)n0(r) − EHxc[n0])

� -centered ensemble Hxc potential N
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Eμ − E0 = ℰKS
μ − ℰKS

0
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+
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{ξν}=0

+
(N − Nμ)

N (∫ dr vξμ→0+

Hxc (r)n0(r) − EHxc[n0])

� -centered ensemble Hxc potential 
unique up to a constant

N
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Eμ − E0 = ℰKS
μ − ℰKS

0

M. J. P. Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021). 
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+
∂E{ξν}

xc [n0]
∂ξμ

{ξν}=0

+
(N − Nμ)

N (∫ dr vξμ→0+

Hxc (r)n0(r) − EHxc[n0])

Even for charged excitations!

� -centered ensemble Hxc potential 
unique up to a constant

N



Let’s make the charged KS excitation energies match the true ones! 
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Eμ − E0 = ℰKS
μ − ℰKS

0

M. J. P. Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021). 
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+
∂E{ξν}

xc [n0]
∂ξμ

{ξν}=0

+
(N − Nμ)

N (∫ dr vξμ→0+

Hxc (r)n0(r) − EHxc[n0])

= 0

Janak’s theorem⇔
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∂E{ξν}
xc [n0]
∂ξμ

{ξν}=0

+
(N − Nμ)

N (∫ dr vξμ→0+

Hxc (r)n0(r) − EHxc[n0]) = 0

Let’s make the charged KS excitation energies match the true ones! 

� -centered excitation energy matching constraint  
for the (charged) excited state �   

N
μ
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∂E{ξν}
xc [n0]
∂ξμ

{ξν}=0

+
(N − Nμ)

N (∫ dr vξμ→0+

Hxc (r) n0(r) − EHxc[n0]) = 0

Let’s make the charged KS excitation energies match the true ones! 

Uniquely defined! 
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∂E{ξν}
xc [n0]
∂ξμ

{ξν}=0

+
(N − Nμ)

N (∫ dr vξμ→0+

Hxc (r)n0(r) − EHxc[n0]) = 0

vξμ→0+

Hxc (r) ⟶
|r|→+∞

0

⇔
for a molecule

Let’s make the charged KS excitation energies match the true ones! 
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∂E{ξν}
xc [n0]
∂ξμ

{ξν}=0

+
(N − Nμ)

N (∫ dr vξμ→0+

Hxc (r)n0(r) − EHxc[n0]) = 0

Holds also, in principle, for an extended system or a lattice model!

C. Marut, F. Cernatic, B. Senjean, P.-F. Loos, and E. Fromager, in preparation (2021).

Let’s make the charged KS excitation energies match the true ones! 
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∂E{ξν}
xc [n0]
∂ξμ

{ξν}=0

+
(N − Nμ)

N (∫ dr vξμ→0+

Hxc (r)n0(r) − EHxc[n0]) = 0

ξμ ≡ ξ+ Nμ ≡ N+1 Affinity

ξμ ≡ ξ− Nμ ≡ N−1 Ionization

M. J. P. Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021). 
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, to appear in Topics in Current Chemistry (2021), Preprint: arXiv:2109.04943

Let’s make the charged KS excitation energies match the true ones! 
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∫
dr
N (vξ+→0+

xc (r) − vξ−→0+

xc (r)) n0(r) =
∂Eξ+xc[n0]

∂ξ+
ξ+=0

+
∂Eξ−xc[n0]

∂ξ−
ξ−=0

M. J. P. Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021). 
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, to appear in Topics in Current Chemistry (2021), Preprint: arXiv:2109.04943

Let’s make the charged KS excitation energies match the true ones! 

N N+1N−1

ξ+ > 0

ξ− > 0
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∫
dr
N (vξ+→0+

xc (r) − vξ−→0+

xc (r)) n0(r) =
∂Eξ+xc[n0]

∂ξ+
ξ+=0

+
∂Eξ−xc[n0]

∂ξ−
ξ−=0

≡ Δxc
≡ Δxc

M. J. P. Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021). 
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, to appear in Topics in Current Chemistry (2021), Preprint: arXiv:2109.04943

Eg = εN+1 − εN+ΔxcExact fundamental gap

Derivative discontinuity

Let’s make the charged KS excitation energies match the true ones! 
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Eg = εN+1 − εN+ΔxcExact fundamental gap

∂Eξ+xc[n0]
∂ξ+

ξ+=0

+
∂Eξ−xc[n0]

∂ξ−
ξ−=0

Now obtained from the  
 xc weight derivatives! 

Let’s make the charged KS excitation energies match the true ones! 
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∫
dr
N (vξ+→0+

xc (r) − vξ−→0+

xc (r)) n0(r) = Δxc

M. J. P. Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021). 
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Suppression of the derivative discontinuity 

∫
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xc (r)−Δxc) − vξ−→0+

xc (r)] n0(r) = 0

⇔
Shifted � -centered  

ensemble xc potential
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FIG. 7. (Top) The exact xc potential plus the LZ shift. There is
no discontinuous shift in the potential as ξ+ → 0+ (numerical noise
on the far right). (Middle) The exact xc potential. There is a dis-
continuous shift in the potential as ξ+ → 0+. (Bottom) The density
and xc potential for ξ+ = 0. We choose vξ+

s (x) to asymptotically
approach 0.

2. The local density approximation

Figure 8 shows the LDA’s prediction for the EA. Once
again it is clear that the ensemble-weight dependence is im-
portant for the EA prediction within the N-centered system;
see Sec. IV A 2.

As for the IP, the LDA yields an accurate LZ-shifted KS
energy for ξ+ < 0.5; see Fig. 8. Figure 9 shows that the
LDA xc potential decays too quickly (a standard issue of the
LDA) which yields an error in ε

LDA,ξ+
N+1 , however, this error is

canceled by the LDA LZ shift, as in Sec. IV A 2. Therefore,
in this case, with the addition of a reliable approximation to

FIG. 8. Same as Fig. 6 but an LDA to the xc energy has been
employed. The ensemble-weight dependence is clearly crucial for
obtaining an accurate EA. For reference, the exact ε

ξ+
N+1 is shown.

FIG. 9. The LDA xc potential as ξ+ → 0+ and ξ+ = 0. The
LDA xc potential does not visibly change as ξ+ → 0. The exact xc
potential is shown for reference.

the ensemble-weight derivative of the xc energy, one could
obtain an accurate EA from the LDA within the N-centered
approach.

For both the left and the right ensemble systems as ξ →
0 the LDA LZ-shifted KS energies are reliable approxima-
tions to the exact LZ-shifted KS energies for the N-electron
system owing to a cancellation of errors between the LDA
KS energies and the LDA LZ shift; see Figs. 4, 5, and 8.
Further investigation is required to determine whether this
cancellation of errors occurs for other types of system. These
results imply that with an accurate local approximation to the
ensemble-weight derivative of the xc energy, in the spirit of
previous works on neutral excitations [74,79], the N-centered
approach within the LDA could yield accurate fundamental
gaps for a low computational cost.

V. “LEFT-TO-RIGHT” DISCONTINUOUS SHIFT IN THE
N-CENTERED EXCHANGE-CORRELATION POTENTIAL

In the original formulation of N-centered ensemble
DFT [63], it was emphasized that modeling derivative discon-
tinuities in order to recover the fundamental gap from the KS
gap is unnecessary. Instead, one should focus on the weight
dependence of the ensemble xc energy. Still, in the light of our
numerical results and by analogy with Gross-Oliveira-Kohn
DFT [66,80– 82] for neutral excitations, one may wonder if
a clear and formal connection can be established between
weight derivatives and derivative discontinuities in the con-
text of N-centered ensemble DFT. Below we establish this
connection.

The asymptotic behavior of the left and right N-centered
ensemble densities revealed that I = −(εξ−

N − v
ξ−
xc (|x| →

∞)), for 0 ! ξ− < N
N−1 , and A = −(εξ+

N+1 − v
ξ+
xc (|x| → ∞)),

for 0 < ξ+ ! N
N+1 . In the PPLB approach, the xc potential

tends to zero infinitely far from the center of the system, as
a consequence of Janak’s theorem. In the N-centered picture,
the potential is unique up to a constant. If we make the (arbi-
trary) choice that the N-centered ensemble xc potential always
tends to zero at infinite distance,

vξ−
xc (|x| → ∞) = vξ+

xc (|x| → ∞) = 0, (12)
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FIG. 7. (Top) The exact xc potential plus the LZ shift. There is
no discontinuous shift in the potential as ξ+ → 0+ (numerical noise
on the far right). (Middle) The exact xc potential. There is a dis-
continuous shift in the potential as ξ+ → 0+. (Bottom) The density
and xc potential for ξ+ = 0. We choose vξ+

s (x) to asymptotically
approach 0.

2. The local density approximation

Figure 8 shows the LDA’s prediction for the EA. Once
again it is clear that the ensemble-weight dependence is im-
portant for the EA prediction within the N-centered system;
see Sec. IV A 2.

As for the IP, the LDA yields an accurate LZ-shifted KS
energy for ξ+ < 0.5; see Fig. 8. Figure 9 shows that the
LDA xc potential decays too quickly (a standard issue of the
LDA) which yields an error in ε

LDA,ξ+
N+1 , however, this error is

canceled by the LDA LZ shift, as in Sec. IV A 2. Therefore,
in this case, with the addition of a reliable approximation to

FIG. 8. Same as Fig. 6 but an LDA to the xc energy has been
employed. The ensemble-weight dependence is clearly crucial for
obtaining an accurate EA. For reference, the exact ε

ξ+
N+1 is shown.

FIG. 9. The LDA xc potential as ξ+ → 0+ and ξ+ = 0. The
LDA xc potential does not visibly change as ξ+ → 0. The exact xc
potential is shown for reference.

the ensemble-weight derivative of the xc energy, one could
obtain an accurate EA from the LDA within the N-centered
approach.

For both the left and the right ensemble systems as ξ →
0 the LDA LZ-shifted KS energies are reliable approxima-
tions to the exact LZ-shifted KS energies for the N-electron
system owing to a cancellation of errors between the LDA
KS energies and the LDA LZ shift; see Figs. 4, 5, and 8.
Further investigation is required to determine whether this
cancellation of errors occurs for other types of system. These
results imply that with an accurate local approximation to the
ensemble-weight derivative of the xc energy, in the spirit of
previous works on neutral excitations [74,79], the N-centered
approach within the LDA could yield accurate fundamental
gaps for a low computational cost.

V. “LEFT-TO-RIGHT” DISCONTINUOUS SHIFT IN THE
N-CENTERED EXCHANGE-CORRELATION POTENTIAL

In the original formulation of N-centered ensemble
DFT [63], it was emphasized that modeling derivative discon-
tinuities in order to recover the fundamental gap from the KS
gap is unnecessary. Instead, one should focus on the weight
dependence of the ensemble xc energy. Still, in the light of our
numerical results and by analogy with Gross-Oliveira-Kohn
DFT [66,80– 82] for neutral excitations, one may wonder if
a clear and formal connection can be established between
weight derivatives and derivative discontinuities in the con-
text of N-centered ensemble DFT. Below we establish this
connection.

The asymptotic behavior of the left and right N-centered
ensemble densities revealed that I = −(εξ−

N − v
ξ−
xc (|x| →

∞)), for 0 ! ξ− < N
N−1 , and A = −(εξ+

N+1 − v
ξ+
xc (|x| → ∞)),

for 0 < ξ+ ! N
N+1 . In the PPLB approach, the xc potential

tends to zero infinitely far from the center of the system, as
a consequence of Janak’s theorem. In the N-centered picture,
the potential is unique up to a constant. If we make the (arbi-
trary) choice that the N-centered ensemble xc potential always
tends to zero at infinite distance,

vξ−
xc (|x| → ∞) = vξ+

xc (|x| → ∞) = 0, (12)
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FIG. 7. (Top) The exact xc potential plus the LZ shift. There is
no discontinuous shift in the potential as ξ+ → 0+ (numerical noise
on the far right). (Middle) The exact xc potential. There is a dis-
continuous shift in the potential as ξ+ → 0+. (Bottom) The density
and xc potential for ξ+ = 0. We choose vξ+

s (x) to asymptotically
approach 0.

2. The local density approximation

Figure 8 shows the LDA’s prediction for the EA. Once
again it is clear that the ensemble-weight dependence is im-
portant for the EA prediction within the N-centered system;
see Sec. IV A 2.

As for the IP, the LDA yields an accurate LZ-shifted KS
energy for ξ+ < 0.5; see Fig. 8. Figure 9 shows that the
LDA xc potential decays too quickly (a standard issue of the
LDA) which yields an error in ε

LDA,ξ+
N+1 , however, this error is

canceled by the LDA LZ shift, as in Sec. IV A 2. Therefore,
in this case, with the addition of a reliable approximation to

FIG. 8. Same as Fig. 6 but an LDA to the xc energy has been
employed. The ensemble-weight dependence is clearly crucial for
obtaining an accurate EA. For reference, the exact ε

ξ+
N+1 is shown.

FIG. 9. The LDA xc potential as ξ+ → 0+ and ξ+ = 0. The
LDA xc potential does not visibly change as ξ+ → 0. The exact xc
potential is shown for reference.

the ensemble-weight derivative of the xc energy, one could
obtain an accurate EA from the LDA within the N-centered
approach.

For both the left and the right ensemble systems as ξ →
0 the LDA LZ-shifted KS energies are reliable approxima-
tions to the exact LZ-shifted KS energies for the N-electron
system owing to a cancellation of errors between the LDA
KS energies and the LDA LZ shift; see Figs. 4, 5, and 8.
Further investigation is required to determine whether this
cancellation of errors occurs for other types of system. These
results imply that with an accurate local approximation to the
ensemble-weight derivative of the xc energy, in the spirit of
previous works on neutral excitations [74,79], the N-centered
approach within the LDA could yield accurate fundamental
gaps for a low computational cost.

V. “LEFT-TO-RIGHT” DISCONTINUOUS SHIFT IN THE
N-CENTERED EXCHANGE-CORRELATION POTENTIAL

In the original formulation of N-centered ensemble
DFT [63], it was emphasized that modeling derivative discon-
tinuities in order to recover the fundamental gap from the KS
gap is unnecessary. Instead, one should focus on the weight
dependence of the ensemble xc energy. Still, in the light of our
numerical results and by analogy with Gross-Oliveira-Kohn
DFT [66,80– 82] for neutral excitations, one may wonder if
a clear and formal connection can be established between
weight derivatives and derivative discontinuities in the con-
text of N-centered ensemble DFT. Below we establish this
connection.

The asymptotic behavior of the left and right N-centered
ensemble densities revealed that I = −(εξ−

N − v
ξ−
xc (|x| →

∞)), for 0 ! ξ− < N
N−1 , and A = −(εξ+

N+1 − v
ξ+
xc (|x| → ∞)),

for 0 < ξ+ ! N
N+1 . In the PPLB approach, the xc potential

tends to zero infinitely far from the center of the system, as
a consequence of Janak’s theorem. In the N-centered picture,
the potential is unique up to a constant. If we make the (arbi-
trary) choice that the N-centered ensemble xc potential always
tends to zero at infinite distance,

vξ−
xc (|x| → ∞) = vξ+

xc (|x| → ∞) = 0, (12)
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FIG. 7. (Top) The exact xc potential plus the LZ shift. There is
no discontinuous shift in the potential as ξ+ → 0+ (numerical noise
on the far right). (Middle) The exact xc potential. There is a dis-
continuous shift in the potential as ξ+ → 0+. (Bottom) The density
and xc potential for ξ+ = 0. We choose vξ+

s (x) to asymptotically
approach 0.

2. The local density approximation

Figure 8 shows the LDA’s prediction for the EA. Once
again it is clear that the ensemble-weight dependence is im-
portant for the EA prediction within the N-centered system;
see Sec. IV A 2.

As for the IP, the LDA yields an accurate LZ-shifted KS
energy for ξ+ < 0.5; see Fig. 8. Figure 9 shows that the
LDA xc potential decays too quickly (a standard issue of the
LDA) which yields an error in ε

LDA,ξ+
N+1 , however, this error is

canceled by the LDA LZ shift, as in Sec. IV A 2. Therefore,
in this case, with the addition of a reliable approximation to

FIG. 8. Same as Fig. 6 but an LDA to the xc energy has been
employed. The ensemble-weight dependence is clearly crucial for
obtaining an accurate EA. For reference, the exact ε

ξ+
N+1 is shown.

FIG. 9. The LDA xc potential as ξ+ → 0+ and ξ+ = 0. The
LDA xc potential does not visibly change as ξ+ → 0. The exact xc
potential is shown for reference.

the ensemble-weight derivative of the xc energy, one could
obtain an accurate EA from the LDA within the N-centered
approach.

For both the left and the right ensemble systems as ξ →
0 the LDA LZ-shifted KS energies are reliable approxima-
tions to the exact LZ-shifted KS energies for the N-electron
system owing to a cancellation of errors between the LDA
KS energies and the LDA LZ shift; see Figs. 4, 5, and 8.
Further investigation is required to determine whether this
cancellation of errors occurs for other types of system. These
results imply that with an accurate local approximation to the
ensemble-weight derivative of the xc energy, in the spirit of
previous works on neutral excitations [74,79], the N-centered
approach within the LDA could yield accurate fundamental
gaps for a low computational cost.

V. “LEFT-TO-RIGHT” DISCONTINUOUS SHIFT IN THE
N-CENTERED EXCHANGE-CORRELATION POTENTIAL

In the original formulation of N-centered ensemble
DFT [63], it was emphasized that modeling derivative discon-
tinuities in order to recover the fundamental gap from the KS
gap is unnecessary. Instead, one should focus on the weight
dependence of the ensemble xc energy. Still, in the light of our
numerical results and by analogy with Gross-Oliveira-Kohn
DFT [66,80– 82] for neutral excitations, one may wonder if
a clear and formal connection can be established between
weight derivatives and derivative discontinuities in the con-
text of N-centered ensemble DFT. Below we establish this
connection.

The asymptotic behavior of the left and right N-centered
ensemble densities revealed that I = −(εξ−

N − v
ξ−
xc (|x| →

∞)), for 0 ! ξ− < N
N−1 , and A = −(εξ+

N+1 − v
ξ+
xc (|x| → ∞)),

for 0 < ξ+ ! N
N+1 . In the PPLB approach, the xc potential

tends to zero infinitely far from the center of the system, as
a consequence of Janak’s theorem. In the N-centered picture,
the potential is unique up to a constant. If we make the (arbi-
trary) choice that the N-centered ensemble xc potential always
tends to zero at infinite distance,

vξ−
xc (|x| → ∞) = vξ+

xc (|x| → ∞) = 0, (12)
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FIG. 7. (Top) The exact xc potential plus the LZ shift. There is
no discontinuous shift in the potential as ξ+ → 0+ (numerical noise
on the far right). (Middle) The exact xc potential. There is a dis-
continuous shift in the potential as ξ+ → 0+. (Bottom) The density
and xc potential for ξ+ = 0. We choose vξ+

s (x) to asymptotically
approach 0.

2. The local density approximation

Figure 8 shows the LDA’s prediction for the EA. Once
again it is clear that the ensemble-weight dependence is im-
portant for the EA prediction within the N-centered system;
see Sec. IV A 2.

As for the IP, the LDA yields an accurate LZ-shifted KS
energy for ξ+ < 0.5; see Fig. 8. Figure 9 shows that the
LDA xc potential decays too quickly (a standard issue of the
LDA) which yields an error in ε

LDA,ξ+
N+1 , however, this error is

canceled by the LDA LZ shift, as in Sec. IV A 2. Therefore,
in this case, with the addition of a reliable approximation to

FIG. 8. Same as Fig. 6 but an LDA to the xc energy has been
employed. The ensemble-weight dependence is clearly crucial for
obtaining an accurate EA. For reference, the exact ε

ξ+
N+1 is shown.

FIG. 9. The LDA xc potential as ξ+ → 0+ and ξ+ = 0. The
LDA xc potential does not visibly change as ξ+ → 0. The exact xc
potential is shown for reference.

the ensemble-weight derivative of the xc energy, one could
obtain an accurate EA from the LDA within the N-centered
approach.

For both the left and the right ensemble systems as ξ →
0 the LDA LZ-shifted KS energies are reliable approxima-
tions to the exact LZ-shifted KS energies for the N-electron
system owing to a cancellation of errors between the LDA
KS energies and the LDA LZ shift; see Figs. 4, 5, and 8.
Further investigation is required to determine whether this
cancellation of errors occurs for other types of system. These
results imply that with an accurate local approximation to the
ensemble-weight derivative of the xc energy, in the spirit of
previous works on neutral excitations [74,79], the N-centered
approach within the LDA could yield accurate fundamental
gaps for a low computational cost.

V. “LEFT-TO-RIGHT” DISCONTINUOUS SHIFT IN THE
N-CENTERED EXCHANGE-CORRELATION POTENTIAL

In the original formulation of N-centered ensemble
DFT [63], it was emphasized that modeling derivative discon-
tinuities in order to recover the fundamental gap from the KS
gap is unnecessary. Instead, one should focus on the weight
dependence of the ensemble xc energy. Still, in the light of our
numerical results and by analogy with Gross-Oliveira-Kohn
DFT [66,80– 82] for neutral excitations, one may wonder if
a clear and formal connection can be established between
weight derivatives and derivative discontinuities in the con-
text of N-centered ensemble DFT. Below we establish this
connection.

The asymptotic behavior of the left and right N-centered
ensemble densities revealed that I = −(εξ−

N − v
ξ−
xc (|x| →

∞)), for 0 ! ξ− < N
N−1 , and A = −(εξ+

N+1 − v
ξ+
xc (|x| → ∞)),

for 0 < ξ+ ! N
N+1 . In the PPLB approach, the xc potential

tends to zero infinitely far from the center of the system, as
a consequence of Janak’s theorem. In the N-centered picture,
the potential is unique up to a constant. If we make the (arbi-
trary) choice that the N-centered ensemble xc potential always
tends to zero at infinite distance,

vξ−
xc (|x| → ∞) = vξ+

xc (|x| → ∞) = 0, (12)
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FIG. 7. (Top) The exact xc potential plus the LZ shift. There is
no discontinuous shift in the potential as ξ+ → 0+ (numerical noise
on the far right). (Middle) The exact xc potential. There is a dis-
continuous shift in the potential as ξ+ → 0+. (Bottom) The density
and xc potential for ξ+ = 0. We choose vξ+

s (x) to asymptotically
approach 0.

2. The local density approximation

Figure 8 shows the LDA’s prediction for the EA. Once
again it is clear that the ensemble-weight dependence is im-
portant for the EA prediction within the N-centered system;
see Sec. IV A 2.

As for the IP, the LDA yields an accurate LZ-shifted KS
energy for ξ+ < 0.5; see Fig. 8. Figure 9 shows that the
LDA xc potential decays too quickly (a standard issue of the
LDA) which yields an error in ε

LDA,ξ+
N+1 , however, this error is

canceled by the LDA LZ shift, as in Sec. IV A 2. Therefore,
in this case, with the addition of a reliable approximation to

FIG. 8. Same as Fig. 6 but an LDA to the xc energy has been
employed. The ensemble-weight dependence is clearly crucial for
obtaining an accurate EA. For reference, the exact ε

ξ+
N+1 is shown.

FIG. 9. The LDA xc potential as ξ+ → 0+ and ξ+ = 0. The
LDA xc potential does not visibly change as ξ+ → 0. The exact xc
potential is shown for reference.

the ensemble-weight derivative of the xc energy, one could
obtain an accurate EA from the LDA within the N-centered
approach.

For both the left and the right ensemble systems as ξ →
0 the LDA LZ-shifted KS energies are reliable approxima-
tions to the exact LZ-shifted KS energies for the N-electron
system owing to a cancellation of errors between the LDA
KS energies and the LDA LZ shift; see Figs. 4, 5, and 8.
Further investigation is required to determine whether this
cancellation of errors occurs for other types of system. These
results imply that with an accurate local approximation to the
ensemble-weight derivative of the xc energy, in the spirit of
previous works on neutral excitations [74,79], the N-centered
approach within the LDA could yield accurate fundamental
gaps for a low computational cost.

V. “LEFT-TO-RIGHT” DISCONTINUOUS SHIFT IN THE
N-CENTERED EXCHANGE-CORRELATION POTENTIAL

In the original formulation of N-centered ensemble
DFT [63], it was emphasized that modeling derivative discon-
tinuities in order to recover the fundamental gap from the KS
gap is unnecessary. Instead, one should focus on the weight
dependence of the ensemble xc energy. Still, in the light of our
numerical results and by analogy with Gross-Oliveira-Kohn
DFT [66,80– 82] for neutral excitations, one may wonder if
a clear and formal connection can be established between
weight derivatives and derivative discontinuities in the con-
text of N-centered ensemble DFT. Below we establish this
connection.

The asymptotic behavior of the left and right N-centered
ensemble densities revealed that I = −(εξ−

N − v
ξ−
xc (|x| →

∞)), for 0 ! ξ− < N
N−1 , and A = −(εξ+

N+1 − v
ξ+
xc (|x| → ∞)),

for 0 < ξ+ ! N
N+1 . In the PPLB approach, the xc potential

tends to zero infinitely far from the center of the system, as
a consequence of Janak’s theorem. In the N-centered picture,
the potential is unique up to a constant. If we make the (arbi-
trary) choice that the N-centered ensemble xc potential always
tends to zero at infinite distance,

vξ−
xc (|x| → ∞) = vξ+

xc (|x| → ∞) = 0, (12)
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FIG. 7. (Top) The exact xc potential plus the LZ shift. There is
no discontinuous shift in the potential as ξ+ → 0+ (numerical noise
on the far right). (Middle) The exact xc potential. There is a dis-
continuous shift in the potential as ξ+ → 0+. (Bottom) The density
and xc potential for ξ+ = 0. We choose vξ+

s (x) to asymptotically
approach 0.

2. The local density approximation

Figure 8 shows the LDA’s prediction for the EA. Once
again it is clear that the ensemble-weight dependence is im-
portant for the EA prediction within the N-centered system;
see Sec. IV A 2.

As for the IP, the LDA yields an accurate LZ-shifted KS
energy for ξ+ < 0.5; see Fig. 8. Figure 9 shows that the
LDA xc potential decays too quickly (a standard issue of the
LDA) which yields an error in ε

LDA,ξ+
N+1 , however, this error is

canceled by the LDA LZ shift, as in Sec. IV A 2. Therefore,
in this case, with the addition of a reliable approximation to

FIG. 8. Same as Fig. 6 but an LDA to the xc energy has been
employed. The ensemble-weight dependence is clearly crucial for
obtaining an accurate EA. For reference, the exact ε

ξ+
N+1 is shown.

FIG. 9. The LDA xc potential as ξ+ → 0+ and ξ+ = 0. The
LDA xc potential does not visibly change as ξ+ → 0. The exact xc
potential is shown for reference.

the ensemble-weight derivative of the xc energy, one could
obtain an accurate EA from the LDA within the N-centered
approach.

For both the left and the right ensemble systems as ξ →
0 the LDA LZ-shifted KS energies are reliable approxima-
tions to the exact LZ-shifted KS energies for the N-electron
system owing to a cancellation of errors between the LDA
KS energies and the LDA LZ shift; see Figs. 4, 5, and 8.
Further investigation is required to determine whether this
cancellation of errors occurs for other types of system. These
results imply that with an accurate local approximation to the
ensemble-weight derivative of the xc energy, in the spirit of
previous works on neutral excitations [74,79], the N-centered
approach within the LDA could yield accurate fundamental
gaps for a low computational cost.

V. “LEFT-TO-RIGHT” DISCONTINUOUS SHIFT IN THE
N-CENTERED EXCHANGE-CORRELATION POTENTIAL

In the original formulation of N-centered ensemble
DFT [63], it was emphasized that modeling derivative discon-
tinuities in order to recover the fundamental gap from the KS
gap is unnecessary. Instead, one should focus on the weight
dependence of the ensemble xc energy. Still, in the light of our
numerical results and by analogy with Gross-Oliveira-Kohn
DFT [66,80– 82] for neutral excitations, one may wonder if
a clear and formal connection can be established between
weight derivatives and derivative discontinuities in the con-
text of N-centered ensemble DFT. Below we establish this
connection.

The asymptotic behavior of the left and right N-centered
ensemble densities revealed that I = −(εξ−
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∞)), for 0 ! ξ− < N
N−1 , and A = −(εξ+
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xc (|x| → ∞)),

for 0 < ξ+ ! N
N+1 . In the PPLB approach, the xc potential

tends to zero infinitely far from the center of the system, as
a consequence of Janak’s theorem. In the N-centered picture,
the potential is unique up to a constant. If we make the (arbi-
trary) choice that the N-centered ensemble xc potential always
tends to zero at infinite distance,

vξ−
xc (|x| → ∞) = vξ+

xc (|x| → ∞) = 0, (12)
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FIG. 7. (Top) The exact xc potential plus the LZ shift. There is
no discontinuous shift in the potential as ξ+ → 0+ (numerical noise
on the far right). (Middle) The exact xc potential. There is a dis-
continuous shift in the potential as ξ+ → 0+. (Bottom) The density
and xc potential for ξ+ = 0. We choose vξ+
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2. The local density approximation

Figure 8 shows the LDA’s prediction for the EA. Once
again it is clear that the ensemble-weight dependence is im-
portant for the EA prediction within the N-centered system;
see Sec. IV A 2.

As for the IP, the LDA yields an accurate LZ-shifted KS
energy for ξ+ < 0.5; see Fig. 8. Figure 9 shows that the
LDA xc potential decays too quickly (a standard issue of the
LDA) which yields an error in ε

LDA,ξ+
N+1 , however, this error is

canceled by the LDA LZ shift, as in Sec. IV A 2. Therefore,
in this case, with the addition of a reliable approximation to

FIG. 8. Same as Fig. 6 but an LDA to the xc energy has been
employed. The ensemble-weight dependence is clearly crucial for
obtaining an accurate EA. For reference, the exact ε

ξ+
N+1 is shown.

FIG. 9. The LDA xc potential as ξ+ → 0+ and ξ+ = 0. The
LDA xc potential does not visibly change as ξ+ → 0. The exact xc
potential is shown for reference.

the ensemble-weight derivative of the xc energy, one could
obtain an accurate EA from the LDA within the N-centered
approach.

For both the left and the right ensemble systems as ξ →
0 the LDA LZ-shifted KS energies are reliable approxima-
tions to the exact LZ-shifted KS energies for the N-electron
system owing to a cancellation of errors between the LDA
KS energies and the LDA LZ shift; see Figs. 4, 5, and 8.
Further investigation is required to determine whether this
cancellation of errors occurs for other types of system. These
results imply that with an accurate local approximation to the
ensemble-weight derivative of the xc energy, in the spirit of
previous works on neutral excitations [74,79], the N-centered
approach within the LDA could yield accurate fundamental
gaps for a low computational cost.

V. “LEFT-TO-RIGHT” DISCONTINUOUS SHIFT IN THE
N-CENTERED EXCHANGE-CORRELATION POTENTIAL

In the original formulation of N-centered ensemble
DFT [63], it was emphasized that modeling derivative discon-
tinuities in order to recover the fundamental gap from the KS
gap is unnecessary. Instead, one should focus on the weight
dependence of the ensemble xc energy. Still, in the light of our
numerical results and by analogy with Gross-Oliveira-Kohn
DFT [66,80– 82] for neutral excitations, one may wonder if
a clear and formal connection can be established between
weight derivatives and derivative discontinuities in the con-
text of N-centered ensemble DFT. Below we establish this
connection.

The asymptotic behavior of the left and right N-centered
ensemble densities revealed that I = −(εξ−
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for 0 < ξ+ ! N
N+1 . In the PPLB approach, the xc potential

tends to zero infinitely far from the center of the system, as
a consequence of Janak’s theorem. In the N-centered picture,
the potential is unique up to a constant. If we make the (arbi-
trary) choice that the N-centered ensemble xc potential always
tends to zero at infinite distance,

vξ−
xc (|x| → ∞) = vξ+

xc (|x| → ∞) = 0, (12)
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2. The local density approximation

Figure 8 shows the LDA’s prediction for the EA. Once
again it is clear that the ensemble-weight dependence is im-
portant for the EA prediction within the N-centered system;
see Sec. IV A 2.
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Figure 8 shows the LDA’s prediction for the EA. Once
again it is clear that the ensemble-weight dependence is im-
portant for the EA prediction within the N-centered system;
see Sec. IV A 2.

As for the IP, the LDA yields an accurate LZ-shifted KS
energy for ξ+ < 0.5; see Fig. 8. Figure 9 shows that the
LDA xc potential decays too quickly (a standard issue of the
LDA) which yields an error in ε

LDA,ξ+
N+1 , however, this error is

canceled by the LDA LZ shift, as in Sec. IV A 2. Therefore,
in this case, with the addition of a reliable approximation to

FIG. 8. Same as Fig. 6 but an LDA to the xc energy has been
employed. The ensemble-weight dependence is clearly crucial for
obtaining an accurate EA. For reference, the exact ε
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N+1 is shown.

FIG. 9. The LDA xc potential as ξ+ → 0+ and ξ+ = 0. The
LDA xc potential does not visibly change as ξ+ → 0. The exact xc
potential is shown for reference.

the ensemble-weight derivative of the xc energy, one could
obtain an accurate EA from the LDA within the N-centered
approach.

For both the left and the right ensemble systems as ξ →
0 the LDA LZ-shifted KS energies are reliable approxima-
tions to the exact LZ-shifted KS energies for the N-electron
system owing to a cancellation of errors between the LDA
KS energies and the LDA LZ shift; see Figs. 4, 5, and 8.
Further investigation is required to determine whether this
cancellation of errors occurs for other types of system. These
results imply that with an accurate local approximation to the
ensemble-weight derivative of the xc energy, in the spirit of
previous works on neutral excitations [74,79], the N-centered
approach within the LDA could yield accurate fundamental
gaps for a low computational cost.
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DFT [63], it was emphasized that modeling derivative discon-
tinuities in order to recover the fundamental gap from the KS
gap is unnecessary. Instead, one should focus on the weight
dependence of the ensemble xc energy. Still, in the light of our
numerical results and by analogy with Gross-Oliveira-Kohn
DFT [66,80– 82] for neutral excitations, one may wonder if
a clear and formal connection can be established between
weight derivatives and derivative discontinuities in the con-
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trary) choice that the N-centered ensemble xc potential always
tends to zero at infinite distance,
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2. The local density approximation

Figure 8 shows the LDA’s prediction for the EA. Once
again it is clear that the ensemble-weight dependence is im-
portant for the EA prediction within the N-centered system;
see Sec. IV A 2.

As for the IP, the LDA yields an accurate LZ-shifted KS
energy for ξ+ < 0.5; see Fig. 8. Figure 9 shows that the
LDA xc potential decays too quickly (a standard issue of the
LDA) which yields an error in ε
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N+1 , however, this error is

canceled by the LDA LZ shift, as in Sec. IV A 2. Therefore,
in this case, with the addition of a reliable approximation to
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obtaining an accurate EA. For reference, the exact ε
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FIG. 9. The LDA xc potential as ξ+ → 0+ and ξ+ = 0. The
LDA xc potential does not visibly change as ξ+ → 0. The exact xc
potential is shown for reference.

the ensemble-weight derivative of the xc energy, one could
obtain an accurate EA from the LDA within the N-centered
approach.

For both the left and the right ensemble systems as ξ →
0 the LDA LZ-shifted KS energies are reliable approxima-
tions to the exact LZ-shifted KS energies for the N-electron
system owing to a cancellation of errors between the LDA
KS energies and the LDA LZ shift; see Figs. 4, 5, and 8.
Further investigation is required to determine whether this
cancellation of errors occurs for other types of system. These
results imply that with an accurate local approximation to the
ensemble-weight derivative of the xc energy, in the spirit of
previous works on neutral excitations [74,79], the N-centered
approach within the LDA could yield accurate fundamental
gaps for a low computational cost.
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tinuities in order to recover the fundamental gap from the KS
gap is unnecessary. Instead, one should focus on the weight
dependence of the ensemble xc energy. Still, in the light of our
numerical results and by analogy with Gross-Oliveira-Kohn
DFT [66,80– 82] for neutral excitations, one may wonder if
a clear and formal connection can be established between
weight derivatives and derivative discontinuities in the con-
text of N-centered ensemble DFT. Below we establish this
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Open question:  

How can we incorporate weight dependencies 
into 

density-functional approximations?    

What about finite uniform electron gases?

P.-F. Loos and E. Fromager, J. Chem. Phys. 152, 214101 (2020).

F. Cernatic, B. Senjean, V. Robert, and E. Fromager, to appear in Topics in Current Chemistry (2021), Preprint: arXiv:2109.04943
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Weight dependence from static perturbation theory?

Z-h. Yang, Phys. Rev. A 104, 052806 (2021).
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