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CO Binding in an Iron-Porphyrin Complex

CO molecule

Iron atom

M. E. Fornace et al., J. Chem. Theory Comput. 2015, 11, 568-580



CO Binding in an Iron-Porphyrin Complex

Heme binding of CO
(bioinorganic process)

M. E. Fornace et al., J. Chem. Theory Comput. 2015, 11, 568-580



CO Binding in an Iron-Porphyrin Complex

Fragment B

M. E. Fornace et al., J. Chem. Theory Comput. 2015, 11, 568-580



CO Binding in an Iron-Porphyrin Complex

Fragment B

Fragment A
(translucent)

M. E. Fornace et al., J. Chem. Theory Comput. 2015, 11, 568-580



CO Binding in an Iron-Porphyrin Complex

To-be-described embedded
fragment B

M. E. Fornace et al., J. Chem. Theory Comput. 2015, 11, 568-580



CO Binding in an Iron-Porphyrin Complex

To-be-described embedded
fragment B

Ay = 8,0,

M. E. Fornace et al., J. Chem. Theory Comput. 2015, 11, 568-580



CO Binding in an Iron-Porphyrin Complex

To-be-described embedded
fragment B

Y, = &,

M. E. Fornace et al., J. Chem. Theory Comput. 2015, 11, 568-580



Strategy 1: DFT-based quantum embedding approach



Frozen density embedding theory

ny(r) = ?
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Frozen density embedding theory

Fragment A
a9

=

ny(r) € - Density giving an
approximate description
of a molecular fragment

Wesolowski, T. A.; Warshel, A., J. Phys. Chem. 1993, 97, 8050-8053. 11



Frozen density embedding theory

Fragment A
( oy )

n,(r) Density giving an
approximate description
of a molecular fragment

Total number of
.electrons in the molecule /

Jﬂm®:M<N

Wesolowski, T. A.; Warshel, A., J. Phys. Chem. 1993, 97, 8050-8053.
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Frozen density embedding theory

Fragment A
( oy )

=

n,(r) Density giving an
approximate description
of a molecular fragment

&

Fixed in the theory
(hence the name “frozen density’)

Wesolowski, T. A.; Warshel, A., J. Phys. Chem. 1993, 97, 8050-8053.
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Frozen density embedding theory

Fragment A
a9

=

n,(r) Density giving an
approximate description
of a molecular fragment

N5
Used as reference density

Wesolowski, T. A.; Warshel, A., J. Phys. Chem. 1993, 97, 8050-8053.
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Frozen density embedding theory

Fragment B Fragment A

é Y )

n,(r) known

ng(r) = ny(r)—ny(r) =7

Wesolowski, T. A.; Warshel, A., J. Phys. Chem. 1993, 97, 8050-8053.
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Frozen density embedding theory

Fragment B Fragment A

é Y )

n,(r) known

assumption

ng(r) = ny(r)—n,(r) — Ny

Wesolowski, T. A.; Warshel, A., J. Phys. Chem. 1993, 97, 8050-8053.



Frozen density embedding theory

Fragment B Fragment A

é Y )

n,(r) known

assumption

ng(r) = ny(r)—n,(r) — Ny = ?

Wesolowski, T. A.; Warshel, A., J. Phys. Chem. 1993, 97, 8050-8053.



Frozen density embedding theory

Fragment B

unknown W, =17 n,(r) known

Wesolowski, T. A.; Warshel, A., J. Phys. Chem. 1993, 97, 8050-8053.
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Frozen density embedding theory

Fragment B

unknown W, =17 n,(r) known

Fragment B is embedded into the density-functional fragment A

N — e

Wesolowski, T. A.; Warshel, A., J. Phys. Chem. 1993, 97, 8050-8053.
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Ey = min
n

Variational principle for fragment B

{ Fln] + Jdr Vo (D)R(T) }
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E0=

Variational principle for fragment B

min {F [n] + Jdr vext(l’)n(l’)} > ( _ )
. n = ng+n,

min
ng—>N—N,

{

Flng+n,] + Jdr vext(r)nB(r)} + [

<

Frozen (i.e., fixed)

dr v,

(r) 71,,(r)
-7
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Variational principle for fragment B

E, = min {F[n] + Jdr vext(r)n(r)}

n

= _min {F [ng+n,] + Jdr vext(r)nB(r)} + [

‘ ng—>N—N, ’

Less electrons are now
treated explicitly

N

Frozen (i.e., fixed)

dr v,

(r) 71,,(r)
-7
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Variational principle for fragment B

E, = min {F [n] + Jdr vext(r)n(r)}

n

min {[F[n3+nA]J+ Jdr vext(r)nB(r)} + [a’r V(1) 1, (1)

ng—>N—N,

7~ O\

= min {F [ng] + Jdr Ve (Dng(r) + AF[ng, n,] } + Jdr Vet (T) 114 () +F[14]
ng—N—N,

{F [ng+n,] = Flngl + F[n,] + AF[ng, n A]J Formal decomposition
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Variational principle for fragment B

n

E, = min {F [n] + Jdr vext(r)n(r)}

= min {F [ng+n,] + Jdr vext(r)nB(r)} + [a’r V() 714 (1)

ng—>N—N,

\t = min {F [ng] + Jdr Ver(D)15(T) +(AF [ng, HAB} + Jdr Vexe(T) 114 (1) +Fn,]

Bifunctional
describing the coupling
between the two fragments

|
Flng+n,] = Flng] + F[n,] +{AF[nB, nA]J




Variational principle for fragment B

E, = min {F [n] + Jdr vext(r)n(r)}

n

= min {F [ng+n,] + Jdr vext(r)nB(r)} + [a’r V() 714 (1)

ng—>N—N,

= min {F [ng] + Jdl’ Ve (Dng(r) + AF[ng, n,] } + Jdr Vet (T) 114 () +F[14]
ng—>N—N,

- =

r \L{ A
min { min { (P|T+ W |¥) }+ Jdl' Vext(Dng(r) + AF[ng, n,] ¢
ng—=N-N, | Y-nz




Ey = min
n

Variational principle for fragment B

{ Fln] + Jdr Vo (D)R(T) }

{F [ng+n,] + Jdr Vort(D)15(T) } + [a’r V() 714 (1)

{F[nB] + Jdr Ve (Dng(r) + AF[ng, n,] } + Jdr Vet (T) 114 () +F[14]

I

= min
ng—>N—N,
= min
\
)
min < min
ng—=N-N, | Y-nz
_
= min < min
ng—>N—-N, Y—-n,
"

h'd

) \
{ (V| T+ W, |¥) } + Jdr Vex((Dnp(r) + AF[ng, ny]

J

{ (P|T+ W |¥)+ [dr Vo (Ong(r) + AF[ny, n,] }

N

J

h'd

20



Variational principle for fragment B

E, — Jdr Voot(O) 114(r)—F[n,] = min {(‘I’|PAI| ¥) + AF[ny, nA]}
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Variational principle for fragment B

Ey — Jdr Voo (D) 14 (r)—F[n,] = Tir]l\glN {(‘Plﬁl V) + AF[ny, nA]}

Analogous to solving
the Schrodinger equation for fragment B
in the presence of fragment A
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Variational principle for fragment B

E, — Jdr Vo (D) 1y (r)—F[n,y] = min {(‘P | H|¥P) +[AF[n\P, nA]J}

Embedding
density functional

AF[ng,n,] = Flng+n,] — Flng] — F[n,]
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Variational principle for fragment B

E, — Jdr Vo (D) 1y (r)—F[n,y] = min {(‘P | H|P) +{AF[n\P, nA]J}

AF[ng,n,] = Flng+n,] — Flng] — F[n,]

= By lngtngl = Egylngl — Epyelnal

+ T [ng+n,] — T Jngl — T [n,]

KS decompositions = [F [n] =T [n] + EHXC[n]]
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Variational principle for fragment B

E, — Jdr Vo (D) 1y (r)—F[n,y] = min {(‘P | ﬁ| V) + AF[ny, nA]}

AF[ng, n,] = Flng+n,| — Flngl — Fln,]

= Epxclnptnl = Eyglngl = Egy lngl - Evaluatedirom
xc density-functional
approximations (DFAs)

+T [ng+n,] — T [ngl — T [n,]
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Variational principle for fragment B

E, — Jdr Vo (D) 1y (r)—F[n,y] = min {(‘P | ﬁ| V) + AF[ny, nA]}

AF[ng, n,] = Flng+n,| — Flngl — Fln,]

- EHXC[nB+nA] o Ech[nB] o EHXC[nA]

+ T [ngtn,| — T ngl — T[n,] Described with KS orbitals

in KS-DFT
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Variational principle for fragment B

E, — Jdr Vo (D) 1y (r)—F[n,y] = min {(‘P | ﬁ| V) + AF[ny, nA]}

AF[ng, n,] = Flng+n,| — Flngl — Fln,]

Implicit functional
of the density

- EHXC[nB+nA] o EHXC[nB] o EHXC[nA]

+T [ng+n,] — T ngl — Tn,] Described with KS orbitals
in KS-DFT
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Variational principle for fragment B

E, — Jdl’ Vo (D) 1y (r)—F[n,y] = min {(‘P | ﬁ| V) + AF[ny, nA]}

AF[ng, n,] = Flng+n,| — Flngl — Fln,]

- EHXC[nB+nA] o EHXC[nB] o EHXC[nA]

+ T [ng+n,] — T Jngl — T [n,] More difficult
to approximate with
density functionals
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Variational principle for fragment B

E, — Jdr Vo (D) 1y (r)—F[n,y] = min {(‘P | ﬁ| V) + AF[ny, nA]}

AF[ng, n,] = Flng+n,| — Flngl — Fln,]

challenging task!

- EHXC[nB+nA] o EHXC[nB] o EHXC[nA]

V)

+ T [ng+n,] — T Jngl — T [n,] More difficult
to approximate with
density functionals
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Strategy 2: Quantum embedding in the N-electron space

36



Strategy 2: Quantum embedding in the N-electron space

We will use second quantization in the following.

https://www.youtube.com/watch?v=FQBrEI57pDA
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Schrodinger equation in second quantization

H|¥,) =E)|%,)

Step 1: Choose a one-electron basis of molecular spin orbitals {qpp}P

=1,2,3,...,. 7
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Schrodinger equation in second quantization
H|¥Y,) = Ey|¥)

Step 1. Choose a one-electron basis of molecular spin orbitals {qu}P_ 123

¢
Usually Hartree-Fock (HF) spin-orbitals

39



Schrodinger equation in second quantization
H|¥Y,) = Ey|¥)

Step 1. Choose a one-electron basis of molecular spin orbitals {qu}P_ 123

¢
Usually Hartree-Fock (HF) spin-orbitals

{ )(,,(X) } L AB = . Atomic spin-orbitals centered
T on the nuclei A, B, ...
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Schrodinger equation in second quantization

FI|‘P0>:E0|T0>

Step 1: Choose a one-electron basis of molecular spin orbitals {qu}P

{XU(X) } v=A,B,... <

nuclei

=1,2,3,...,. 7

Usually Hartree-Fock (HF) spin-orbitals

Atomic spin-orbitals centered
on the nuclei A, B, ...

opX) = ) Cppr(x) &

41



Schrodinger equation in second quantization

FI|‘P0>:E0|T0>

Step 1: Choose a one-electron basis of molecular spin orbitals {qu}P

Optimised through
energy minimisation

nuclei
op(X) = Y Cpp i, (x)

v

=1,2,3,...,. 7
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Prototypical ring of L = 16 hydrogen atoms

H T H
H H
H H
H H
H H
H H
H H
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Prototypical ring of L = 16 hydrogen atoms

Xo(T)
RECH
H 15 orbital H
H H
H H
H H
H H
H H
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Prototypical ring of L = 16 hydrogen atoms

Xo(r)

Ol

1 s orbital
H H

H H
H H
H H
H H
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Prototypical ring of L = 16 hydrogen atoms

#o(r) x1(r)

H @ X>(T)
; (W)

1s orbital

H H
H H
H H
H H
H H
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Prototypical ring of L = 16 hydrogen atoms

nm 0w

214(0) @ (1)
oo

™ ™)
& ®
™) O @8(”@@



Prototypical ring of L = 16 hydrogen atoms

X15(I) #o(r) x1(r)

TROICIOES
@ @ Molecular spin-orbitals

) ) 15
<) %®=§%%®

® o
(2:>é§k§:)

T



Prototypical ring of L = 16 hydrogen atoms

X15(I) X1 (1)
() @ 0
@ @ Molecular spin-orbitals

@ ®® 0p(X) = ) Cpp 1,(x)

\/
A y=8(r) @ Delocalised over the ring
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Schrodinger equation in second quantization

Step 1. Choose a one-electron basis of molecular spin orbitals {QOP}P_ 123y

Step 2: Implement the Hamiltonian in second quantization in that basis

A A b 1 A At AT A A
H = Z((pplhl(pQ) a,dap + B Z (0r@o| & | preps) a;aTQaSaR
PO PORS

See the video™ for further explanations

*https://www.youtube.com/watch?v=FQBrEl57pDA
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Schrodinger equation in second quantization
H|¥Y,) = Ey|¥)

Step 1. Choose a one-electron basis of molecular spin orbitals {qu}P_ 123

Step 2: Implement the Hamiltonian in second quantization in that basis

n ~ o 1 . At AT A A
H = Z[(qaplhlq)Q)]a;aQ + B Z (Pprpo| 8| Prps) a;aTQaSaR
PO PORS

1
de @p(X) <_5V% + vext(r)> @o(X) | One-electron integrals
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Schrodinger equation in second quantization
H|¥Y,) = Ey|¥)

Step 1. Choose a one-electron basis of molecular spin orbitals {qu}P_ 123

Step 2: Implement the Hamiltonian in second quantization in that basis

Z<¢P|h|€0g>a g + = Z[<¢P¢Q|g|¢R¢S>]a aS&R

PQRS

Two-electron integrals [del dez Pp(X)o(X,) It -1,

¢R(X1)¢S(X2)]

52



Schrodinger equation in second quantization

Step 1. Choose a one-electron basis of molecular spin orbitals {q)p}P_ 123y

Step 2: Implement the Hamiltonian in second quantization in that basis

Step 3: Determine variationally the ground-state wave function expansion
in the corresponding N-electron basis

— At AT AT AT
|Py) = Z Cpp, p, aplapz...aPN_laPNWaC)

P <Py<...<Py

53



Schrodinger equation in second quantization

Step 1. Choose a one-electron basis of molecular spin orbitals {QOP}P_ 123y

Step 2: Implement the Hamiltonian in second quantization in that basis

Step 3: Determine variationally the ground-state wave function expansion
in the(corresponding N-electron basis

| W) = Z Cpp,. Py

P <Py<...<Py

AT AT AT AT
a.a, ...d a vac
PP, Py PN| >J

Distribute N electrons in ./ spin-orbitals!
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Schrodinger equation in second quantization

Step 1. Choose a one-electron basis of molecular spin orbitals {qOP}P_ 123y

Step 2: Implement the Hamiltonian in second quantization in that basis

Step 3: Determine variationally the ground-state wave function expansion
in the corresponding N-electron basis

— /\T /\T AT AT
|Py) = Z Cpp,. P, {aplapz...aPN_laPN| V&C)J
P<Py<...<P),

Slater determinant
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Schrodinger equation in second quantization

Step 1. Choose a one-electron basis of molecular spin orbitals {QOP}P_ 123y

Step 2: Implement the Hamiltonian in second quantization in that basis

Step 3: Determine variationally the ground-state wave function expansion
in the corresponding N-electron basis

— /\T /\T /\T AT
|Py) = 2 (CplpzmpN} aplapz...aPN_laPN| vac)
P, <P,<...<Py '

Configuration Interaction (Cl) coefficient

56



Configuration interaction (Cl) method

e At AT AT AT
| W) = Z {CPle...PN} {aplapz“‘aPN_lalevaC>}

P,<P,<...<Py
Slater determinant

CI coefficient

57



Configuration interaction (Cl) method

= AT AT AT AT
| TO) — Z CP1P2...PN {aplapz' . 'apN_lapN

| V&C)}

P,<P,<...<Py

CI coefficient

determinants

= ), [C/ldety)
S

58



Configuration interaction (Cl) method

|Py) =

/\T /\T /\T /\T
Z Cpp,. P, {aplapz. dp dp

| V&C)}

P,<P,<...<Py

determinants

= Z Cjﬂdetj)}

54
Known

59



Configuration interaction (Cl) method

— /\T /\T /\T /\T
|Py) = Z Cpp, P, apdyp ...a, d,
P,<Py<...<Py

determinants

= Z Cjﬂdetj)}

S I
Orthonormal basis
of N-electron states

|
[(detj |det,) = 5jg}

| vac)

60



Configuration interaction (CI) method

— AT /\T AT /\'}'
|Py) = Z Cpp,. p, aplapz...aPN_laPvaaC)
P,<P,<...<Py

determinants

= ) |detj)
J

Unknown

o1



Cl energy

CIl wave function

Configuration interaction (Cl) method

(P{CHIH|PUC )

Ecy=mingc (P{CD|PUC D)

determinants

P(C, D= ) C,ldety)
J

62



Cl energy

Configuration interaction (CI) method

(P{CHIH|PUC )

Eq = min{cj} (PUCHIPUHC D)

The minimising Cl coefficients are obtained by
diagonalising the (so-called Cl) Hamiltonian matrix

| —

63



Proof:

Ecp =

(PUCDIHIPAC )

AT (TP, D)

v

0_(YACHIHIYACD) _

0Cy (YUC,DIYHCH)

064



Proof:

0Cq

0

"y

0_(YUAC/DIHIVACH) _

v

(PUACDITPAC D) X

0Cy (PUCADIPUACS)

0 A
— | niarvc, )|

(PUC,DIAIPAC, )Y

(W((C,DIPAC,D)

0
= Eor X —— [(PUC D IPUC))]
<



Proof:

oCo,

(CPUC,DIAIPAC, D) = Eo

oC.,

[(PUC,DIYUC )]
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Proof:

= 2(deto, | H|P({C ;}))

a Y
seo e piaac, )=
. J
\
W C,))
= 2(— A1)

= Eqy

oC.,

[(PUC,DIYUC )]

67



Proof:

2deto, | H|P({C,))) = Egy

r

0
— [(PUC,HIPUC )]

oC.,

\

~

J

V
2Eq~ X (deto, | P({C 4+}))
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Proof:

[(detglfll \P({Cj})8= Eq % (deto, | P({C,)))

determinants

Y{C,H= ) C,ldet,)
S

v,
Y C(dety, | H|det ;)
54

= Z Hy 7 Cy
54
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Proof:

N Hy, Cp=Eg X((detg | l11({@,})))
S ‘

determinants

Y(C,H= ) C,ldet,)
J

W
Cy
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Proof:

HC]

71



Proof:

HC| = ECI

72



Proof:




oo |l

*e

Dy
D1

PN+4

PN+3

PN+2
PN+1

Pn

%)
P

How many determinants in total?
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oo |l

*e

Dy
D1

PN+4

PN+3

PN+2
PN+1

Pn

%)
P

How many determinants in total?

or

'l ¢l

*e

Dy
Dy

PN+4

PN+3

PN+2
PN+1

Pn

%)
P
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oo |l

*e

Dy
D1

PN+4

PN+3

PN+2
PN+1

Pn

%)
P

How many determinants in total?

or

*el [lle

*e

Dy
Dy

PN+4

PN+3

PN+2
PN+1

Pn

%)
P
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oo |l

*e

Dy
D1

PN+4

PN+3

PN+2
PN+1

Pn

%)
P

How many determinants in total?

or

o] olle

*e

Dy
Dy

PN+4

PN+3

PN+2
PN+1

Pn

%)
P

7



oo |l

*e

How many determinants in total?

PN+4

PN+3

PN+2
PN+1

or
PN

%)
P

Etc...
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oo |l

*e

Dy
D1

PN+4

PN+3

PN+2
PN+1

Pn

%)
P

How many determinants in total?

e

.

We have .// spin-orbitals
available for N electrons

~\

J
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oo |l

*e

Dy
D1

PN+4

PN+3

PN+2
PN+1

Pn

%)
P

How many determinants in total?

e

.

We have .// spin-orbitals
available for N electrons

~

J

N, — /A _ /A
.=\ N /) NWs~N)!

80






How many determinants in total?

M =2XN

A (2N)!

N —
NV -N)! T (N))?
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N, det. —

How many determinants in total?

M =2XN

M (2N)!
N\ —N)!  (N!)?
* N\ .
N! ~1/2zN <_> Stirling formula for large N values
\; 22N 2N In2

TN

NE

83



How many determinants in total?

€2N In2
N det. ~ “Exponential wall”

NE

84



How many determinants in total?

e2Nln2 N=50

1 029

Q

N, det. ~
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How many determinants in total?

2N 1In?2
e N=400
Ny, ~ ~ 1.88 x 104

N

86



oo |l

*e

Complete active space CI (CAS-CIl) method

Dy
D1

PN+4

PN+3

PN+2
PN+1

Pn

%)
P
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doe |1

Complete active space CI (CAS-CIl) method

Dy
D1

PN+4

PN+3

PN+2
PN+1

Pn

%)
P
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doe |1

*

Complete active space CI (CAS-CIl) method

Dy
D1

PN+4

PN+3

PN+2
PN+1

Pn

%)
P

or

do | ol

*

Dy
D1

PN+4

PN+3

PN+2
PN+1

PN

)
P

89



doe |1

*

Complete active space CI (CAS-CIl) method

Dy - Dy
Dy—1 — Py
PN+4 —— Pni4
PN+3 —@— | PnN+3
%) — | Ony2
PN+1 — | @OnN41
or
Pn — | PN
;J'
—@—
P> —@— "
@1 —@— ¢



doe |1

*

Complete active space CI (CAS-CIl) method

Dy
D1

PN+4

PN+3

PN+2
PN+1

Pn

%)
P

or

— @y

— Py

o[ | ofe

*

PN+4

PN+3

PN+2
PN+1

PN

P
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doe |1

Complete active space CI (CAS-CIl) method

Dy
D1

PN+4

PN+3

PN+2
PN+1

or
PN

%)
P

Etc...
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o[ 1 el

*e

Complete active space CI (CAS-CIl) method

Dy
D1

PN+4

PN+3

PN+2
PN+1

Pn

%)
P

Active orbitals

Inactive core orbitals

93



Projection operators in the N-electron space

determinants

W)= ), Cyldety)
S
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Projection operators in the N-electron space

determinants

W)= ), Cyldety)
S

!
(det, |¥) = Co
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Projection operators in the N-electron space

determinants

¥)= ) Cyldet,)
S

!
(det, |¥) = Co

\/
determinants

D |dety)(dety, | ¥) = |P)
A

96



determinants

Projection operators in the N-electron space

Z |det3)(detg| = i & |dentity operator (i |¥) = |‘P)>

<

determinants

2

A

|det,)(det, | ¥) = | 'P)

97



determinants

2

<

Projection operators in the N-electron space

|det,)(det, | = 1 “resolution of the identity”
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Projection operators in the N-electron space

determinants

2

<

|det,)(det, | = 1 “resolution of the identity”

0

determinants determinants

Y ldety)(dety |+ ) |dety)(dety | =1
ZLeCAS ZLECAS
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Projection operators in the N-electron space

Partitioning of the N-electron space into two subspaces

_— T

determinants determinants

Y ldety)(dety |+ ) |dety)(dety | =1
FeCAS FLECAS
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Projection operators in the N-electron space

To-be-embedded subspace

A

determinants

2

FeCAS

| det.,)(det, |

_I_

determinants

2

ZL&CAS

|deto,)(det, | = 1
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Projection operators in the N-electron space

determinants determinants
Y ldety)(dety |+ ) |dety)(dety| =1
ZFeCAS FLE&CAS
\ /

Va\

P
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Complete active space (CAS) and effective Hamiltonian

Dy
D1

PN+4

PN+3

PN+2
PN+1

o[ | ool

*

Pn

%)
P

P =

determinants

2

L eCAS

| det,)(det |
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Projection operators in the N-electron space

determinants determinants

2

ety )(dete, |+ ) |dety)(dety| =1
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Effective Hamiltonian

H|¥) = E|P)
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Effective Hamiltonian

H|¥) = E|P)

W) = (P+0) W) = P|¥) + 0| ¥)
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Effective Hamiltonian

H|¥) = E|P)

W) = (7+0)1%) =[1'%) + 01'P)

\

To-be-embedded part of the N-electron wave function
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Effective Hamiltonian

H|¥) = E|P)

W)= (7+0)1%) = 71%) +[01%)

Can be determined
from P |\¥)
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Proof:

H|¥) = E|P)

OA|'Y) = EQ| W)
Of (P+0) %) = EQ|¥)

QHP|¥) + QHQO|¥) = EQ|'P)
OAP W) = (EQ - 0A0) 0| W)

01%) = [£0 - 0A0| 07 1w)
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Effective Hamiltonian
H|¥) = E|P)
PH|W) = EP | ¥P)
PH (13+Q) W) = EP |9

PHP | )+ PHO | ¥)|= EP | W)

PHP | \P>+ﬁﬁﬂEQ — QﬁQ] B OHP | T)J: EP|¥)

H(E)P|¥) = EP|'P)

| — e

110



Effective Hamiltonian

AV |¥) = EP|P)

E—

[ﬁeﬁ(g) = PAP+ Pi [EQ - 0A0| Qﬁﬁj
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Effective Hamiltonian

H(EYP W) = E[P| W)

R —

Embedded wave function

A AN AN A A A A _1 A A AN
A (E) = PAP + PA [EQ _ QHQ]
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Effective Hamiltonian

AEN|¥) = EP|¥)

e

“Embedding Hamiltonian”

A AN AN A A A A _1 A A AN
A (E) = PAP + PA [EQ _ QHQ]
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Effective Hamiltonian

H(EY 1) = EP|¥)

P

Energy (i.e frequency- or time-) dependent

A AN AN A A A A _1 A A A
A (E) = PAP + PA [EQ _ QHQ]
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Analogy with the Green’s function formalism

A A A A A A A A A A _1 A A A
A (E) = PAP + P [EQ _ QHQ]

-~ =
R(E)

Resolvent operator
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Analogy with the Green’s function formalism

k)| = £ - 00

W

Full Hamiltonian
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Analogy with the Green’s function formalism

k)| = £ - 00

W

Full Hamiltonian

Difficult to solve...
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Analogy with the Green’s function formalism

Full Hamiltonian

Perturbative approach:
H — H 0+ V

W/

Easier to solve “unperturbed”
Hamiltonian (usually one-electron)
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Analogy with the Green’s function formalism

Full Hamiltonian

Perturbative approach:
H — H 0+ V

\/
Fock operator in
Moeller-Plesset second-order

perturbation theory (MP2) 119



Analogy with the Green’s function formalism

Full Hamiltonian

Perturbative approach:

“perturbation”

120



Analogy with the Green’s function formalism

A A AN AN

e -1
RE)| = B0 - 0110
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Analogy with the Green’s function formalism

---------------------------------

—1

)] —EQ ity

(Q>
(Q>

Inverse of the
unperturbed resolvent
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Analogy with the Green’s function formalism

[feo(E )] B i

lllllllllllllllllllllllllllllllllllllllllllllll

A A A

RE) —EQ QHOQ 070

-----------------
llllllllllllllllllllllllllllllllll

analog of the self-energy
(energy-independent here)
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Analogy with the Green’s function formalism

1

[1!%(15)]_1 — [RO(E)]_ _$
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Analogy with the Green’s function formalism

Ry(E)x — [fe(E)]_1 = [IAQO(E)]_1 — 3 —— XR(E)
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Analogy with the Green’s function formalism

Ry(E)x — [fe(E)]_1 = [IAQO(E)]_1 — 3 —— XR(E)

!

A A _1 A A A _1 A A ACA
RE) K| RE) = Ry(E)| Ry(5) | R(E) = Ry(E)R(E)
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Analogy with the Green’s function formalism

Ry(E)x — [ﬁ(E)]_l = [IA%O(E)]_1 — 3 —— XR(E)

!

A A _1 A A A _1 A A ACA
RE) K| RE) = Ry(E)| Ry(5) | R(E) = Ry(E)R(E)

!

R\(E) = R(E) — Ry(E)~R(E)
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Analogy with the Green’s function formalism

Ry(E)x — [ﬁ(E)]_l = [IA%O(E)]_1 — 3 —— XR(E)

!

A A _1 A A A _1 A A ACA
RE) K| RE) = Ry(E)| Ry(5) | R(E) = Ry(E)R(E)

f T

R\(E) = R(E) — Ry(E)~R(E)

!

R(E) = Ry(E) + R\(E)>R(F)
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Analogy with the Green’s function formalism

Analog of the Dyson equation

[R(E) = R,(E) + feO(E)ife(E)J
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Analogy with the Green’s function formalism

One-electron Green function:  (G(E) = {GIJ(E)}

Analog of the Dyson equation

[R(E) = R,(E) + IAQO(E)ZAZIAQ(E))
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Analogy with the Green’s function formalism

One-electron Green function: G( E) = {GI J( E)} See the last slides

of my online lecture
on second quantization™®

Analog of the Dyson equation

R(E) = Ry(E) + R\(E)>R(F)

131
*https://quantique.u-strasbg.fr/lib/exe/fetch.php ?media=en:pageperso:ef:istoc2021_second_quantization.pdf



Analogy with the Green’s function formalism

One-electron Green function:  G(E) = {%E)}

Spin-orbital indices

Analog of the Dyson equation

[R(E) = R,(E) + feO(E)ife(E)J

132



Analogy with the Green’s function formalism

Vo

One-electron Green function:  (3(E) «— H

Unperturbed Green function: GO(E ) ) ﬁ 0

Analog of the Dyson equation

{IAQ(E) = R,(E) + feO(E)ife(E))

133



Analogy with the Green’s function formalism

Vo

One-electron Green function:  (3(E) «— H

Unperturbed Green function: GO(E ) ) ﬁ 0

Dyson equation: [G(E) = GO(E) + GO(E)E(E)G(E)J

Analog of the Dyson equation

[R(E) = R,(E) + feO(E)ife(E)J
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Analogy with the Green’s function formalism

Energy-dependent
self-energy

G(E) = Gy(E) + Gy(E)2(E)G(E)

Analog of the Dyson equation

[R(E) = R,(E) + feO(E)ife(E)J
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Analogy with the Green’s function formalism

R(E) = Ry(E) + Ry(E)~R(E)
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Analogy with the Green’s function formalism

R(E) = Ry(E) + Ry(E)~R(E)

= Ry(E) + Ry(E)* (ﬁO(E) + feO(E)iﬁ(E)>
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Analogy with the Green’s function formalism

R(E) = Ry(E) + Ry(E)~R(E)
= Ry(E) + Ry(E)* (ﬁO(E) + feO(E)iﬁ(E)>

A A AA A A 2 A
— Ry(E) + Ry(E)SRy(E) + (RO(E)Z> R(E)
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Analogy with the Green’s function formalism
R(E) = Ry(E) + Ry(E)~R(E)
= Ry(E) + Ry(E)* (ﬁO(E) + feO(E)ik(E)>
A A NN A A 2 A
— Ry(E) + Ry(E)SRy(E) + (RO(E)Z> R(E)

R +00 R NP .
= RO(E) + Z <RO(E)Z> RO(E) Infinite-order perturbation

p=1 expansion in X
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Strategy 3: Quantum embedding of localized orbitals

140



Strategy 3: Quantum embedding of localized orbitals

In this third approach we will proceed with a fragmentation of
the electronic Hamiltonian (written in a localised orbital basis)
and the design of embedding orbitals
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Prototypical ring of L = 16 hydrogen atoms

X15(I) X1 (1)
() @ 0
@ @ Molecular spin-orbitals

@ ®® 0p(X) = ) Cpp 1,(x)

\/
A y=8(r) @ Delocalised over the ring
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Prototypical ring of L = 16 hydrogen atoms

r r
X15(T) (1) Delocalized molecular spin-orbitals
Xo(T)

9p(¥) = ), Cyp 1,(%)
@@ ®® 0= 3Gt
ORI

(W)
@ @ Dirac notation
(W) 2 (W) |¢P>—Z p12)
(W)
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Prototypical ring of L = 16 hydrogen atoms

r r
X15(T) (1) Delocalized molecular spin-orbitals
Xo(T)

(W) (W) pp®) =Y Cp 1, (%)
o Oj—

@ @ Second-quantized notation
@ Xy=5(T) @ ar,| vacy = Z C ¢ | vac)
17
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Prototypical ring of L = 16 hydrogen atoms

Creates an electron that occupies
the localised spin-orbital y,

Xy=s(T) : @ &;lvac) = Z C,p¢l|vac)
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Prototypical ring of L = 16 hydrogen atoms

r r
X15(T) (1) Delocalized molecular spin-orbitals
Xo(T)

(W) pp®) =Y Cp 1, (%)

T—

@ @ Second-quantized notation
W) o () a=Zen
1%
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Change of representation in second quantization

/\T . A
a, = CpcC)
U

— ——
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Change of representation in second quantization

Chemist’s delocalized
representation

L ————

: .: U

148



Change of representation in second quantization

~esy Physicist’s localized
representation
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Change of representation in second quantization

~esy Physicist’s localized
representation

Allows for a fragmentation of the molecule

®® @ @ in the orbital space!
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Change of representation in second quantization

-y Physicist’s localized

representation
1%
@ Allows for a fragmentation of the molecule
k= (w) in the orbital space!

@ This is a relevant strategy for describing
strong (local) electron correlation effects.
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Hamiltonian in the localised representation

Delocalized representation

A N A A 1 A A A A A
H = Z (¢P|h|goQ) a;aQ + 2 2 <€0P§0Q|8|€0R§0S> a;a;asaR
PO PORS
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Hamiltonian in the localised representation

Delocalized representation

. 1 \ N At A
dg + 5 2 (0ppo | & | rps) a;aTQaSaR
PQRS

1563



Hamiltonian in the localised representation

Delocalized representation

. A 1 A At At A A
H = Z (gaplhlqu) + 2 2 <€0P§0Q|8|€0R€0S> a;aTQaSaR
: \ PORS
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Hamiltonian in the localised representation

Delocalized representation

PORS

Uv

Z C/JP <§0P | il | ¢Q> CyQ 6;:61/
\ ¢ )
\/
h

J22%

1 A Nt At A A
+ B} 2 (0P| & | pres) a;aTQaSaR
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Hamiltonian in the localised representation

Delocalized representation

R - A 1 R A AT A A
H E[:Z (pplhlgyydl, dy + 2 D (0p0o| 81 0pps) ayd)dsdp

PO

P PORS

\ 4

Uv

Z C,LtP <§0P | h | ¢Q> CyQ 6;:61/
\ 7€ )

\/

A One-electron integrals
|22% in the localised orbital basis
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Hamiltonian in the localised representation

Delocalized representation

2<¢p|h|¢g>& + = 2 (@ppo| & opps) ayalasay
PQRS

1
2’%@2%

Localized representation
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Hamiltonian in the localised representation

Delocalized representation

" e 1 R NV
= Z (¢P|h|goQ) a;aQ + 2 2 <€0P§0Q|8|€0R§0S> a;aTQaSaR
PO PORS

AT Il o s
Z hﬂ” Cﬂ v 5 Z g,uy’[/% CT TCAC
UVAT

Localized representation Localized representation
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Hamiltonian in the localised representation

" e 1 R NV
= Z (¢P|h|goQ) a;aQ + 2 2 <€0P§0Q|8|€0R§0S> a;aTQaSaR
PO PORS

A Zl ,umﬂl“r ATé/lc

,uvﬂ,f

Two-electron integrals 2 C.pC0@pPo| &l orps) C.rC)s
in the localised orbital basis PORS
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In summary...

Va\

H

o VaN VaN 1 VoS VaN VaN VaN VaN
Z (pplhlpyydla, + 5 Z (PpPo| 8| Pres) afoaz)asaze
PQ PORS

Delocalized representation

| | | Localized representation

Zh,m/ ,u ¢, + _Zg,m/r/l 6/167

UUAT
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In summary...

161



In summary...

just labels...
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In summary...

Z <<0p|hI<0Q>+ 5 Z <¢p¢Q|gI¢R¢s>[a;agasaRj
PQ

PORS

Delocalized representation

Localized representation
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Reduced density matrices

Ly = <ﬁ >‘PO

164



Reduced density matrices
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Reduced density matrices

by = (ﬁ)%

D AT A 1 —_— AT AT A A
= ZhPQ <C;CQ>‘I’O + 5 2 8PORS <C;CTQCSCR>‘PO
PQ PORS
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Reduced density matrices

Ey = (H)y,
_ N 1 _ e
= Z hPQ[<C;CQ>‘P(J T > Z 8PORS <C;CTQCSCR>‘PO
PQ PORS

One-electron reduced
density matrix (1RDM)

Ypo = <6;6Q>‘I’0
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Reduced density matrices

Ey = (H)y,
= thg[@ CQ)‘P} T = Z gPQRS[< Cp QCSCR>‘P }
PQRS
One-electron reduced Two-electron reduced
density matrix (1RDM) density matrix (2RDM)

@T

Yro = <6};6Q>‘I’0 Cposr = (CpCCsCr)w,
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Reduced density matrices

Let’s consider a 2D lattice of localised spin-orbitals

® ° ® °
° ° ° °
® Peo ek o
o (e ®S °
° ° ° °
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Reduced density matrices

® ® o ®
® ® ® ®

a )
® Pe OR ®

“fragment”

o (e ®S °

L J
® ® ® ®
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7o = (¥, |[6;éQ | To)}

Reduced density matrices

>
° °
° °
® rle
o Oeo
° °

O R

(N
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Reduced density matrices

Cposr = (P |[6;6TQ€'S€'R | \Po>}

<

PR
o Pe@ OR o

® Qe eS ®
\_/
® ® ® ®
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Reduced density matrices

Cposr = (P |[6;6TQ€'S€'R | \Po>}

<
° ° ° ®
° ° ° °
® Ple oR ©
° Qo><oS °
° ° ° °
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Reduced density matrices

The PORS orbital fragment is NOT disconnected from the other orbitals

® ° ® °
° ° ° °
o |re oR | o
o |Ce o5 | o
° ° ° °
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Reduced density matrices

The PORS orbital fragment is NOT disconnected from the other orbitals

® ® ® ®
o o o o

a Y
® Pe OR o

Open quantum
subsystem

o | Ceo N °

\ _
® o o o
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Reduced density matrices

® ® ® ®
hpr # 0
T e {lo ° °
o Pe OR ®
Entanglement
o |Ceo ®S °
/® / ° ° °
hyg#0
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Reduced density matrices

® ® ® ®
e ° ° ° B
\ . Spyrs 7 0
o Pe OR ®
Entanglement
o |(Cle ®S -\lo
® ® ® C W74
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Reduced density matrices

The evaluation of the RDMs requires, in principle, the full wave function TO

® ® o ®
® ® ® ®
............................. | . .

Yro = <8;8Q>‘P0 : ¢ re OR ®
Crose=(Clsirdv,. o | Qo @S | ®
............................. ‘ . J

® ® ® ®
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Embedding of localised spin-orbitals

Pe O R

Oe ®S

G. Knizia and G. K.-L. Chan, Phys. Rev. Lett. 109, 186404 (2012). 179



Embedding of localised spin-orbitals

a N
O Pe OR
o (CQe oS O
. J
Embedded
fragment

G. Knizia and G. K.-L. Chan, Phys. Rev. Lett. 109, 186404 (2012). 180



Embedding of localised spin-orbitals

Bath orbitals Bath orbitals
(reservoir) (reservoir)
O
O O

G. Knizia and G. K.-L. Chan, Phys. Rev. Lett. 109, 186404 (2012). 181



Embedding of localised spin-orbitals

Bath orbitals
(reservoir)

Bath orbitals
(reservoir)

Pe

LQ'

O R

LN

~

S

Embedded
fragment

G. Knizia and G. K.-L. Chan, Phys. Rev. Lett. 109, 186404 (2012).
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Embedding of localised spin-orbitals

G. Knizia and G. K.-L. Chan, Phys. Rev. Lett. 109, 186404 (2012).

a )
O Pe OR
Qe oS o
_ _J
Cluster
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Embedding of localised spin-orbitals

Closed (and much smaller than the true system)

G. Knizia and G. K.-L. Chan, Phys. Rev. Lett. 109, 186404 (2012).

A
a )
O Pe OR
Qe oS O
\_ )
Cluster
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Embedding of localised spin-orbitals

Yro = (Yol 6};6Q|‘PO> ~ (‘Prgw;ﬁég | P)

I'posr = (Pl 3};323551? |¥y) ~ (P GT ¢ 6SCR | P7)

G. Knizia and G. K.-L. Chan, Phys. Rev. Lett. 109, 186404 (2012).

a )
O Pe@ OR
\Iﬁ?
Qe oS o
\_ )
Cluster
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Embedding of localised spin-orbitals

Yro = (o 3}:3Q|qjo> ~ <\P%|6;6Q | P)

Crose = (Pol| €T estn | Wo) ~ (WE| elel ety | W)

\U3
Key idea of

density matrix embedding theory (DMET)*

-

“@. Knizia and G. K.-L. Chan, Phys. Rev. Lett. 109, 186404 (2012).

O Pe OR
Oe ®S o
\_ )
Cluster

\P%
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