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Non-interacting delocalised representation
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Non-interacting (delocalised) molecular orbital representation
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The molecular spin-orbitals are simply obtained
by solving the one-electron Schrodinger equation

ilCDQ(X) = €9 Po(X)
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Non-interacting (delocalised) molecular orbital representation
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The molecular spin-orbitals are simply obtained
by solving the one-electron Schrodinger equation
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Non-interacting (delocalised) molecular orbital representation
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Non-interacting (delocalised) molecular orbital representation
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Non-interacting (delocalised) molecular orbital representation
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Non-interacting (delocalised) molecular orbital representation
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Non-interacting (delocalised) molecular orbital representation
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] tion
1RDM in the molecular orbital (mo) representa
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1RDM in the molecular orbital (mo) representation
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1RDM in the molecular orbital (mo) representation
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1RDM in the molecular orbital (mo) representation
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1RDM in the molecular orbital (mo) representation

<

Is @ occupied in Wy?

a

T
vl vac)

15



1RDM in the molecular orbital (mo) representation
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1RDM in the molecular orbital (mo) representation
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1RDM in the molecular orbital (mo) representation
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1RDM in the molecular orbital (mo) representation
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1RDM in the molecular orbital (mo) representation
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1RDM in the molecular orbital (mo) representation
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Turning to the localised picture (useless here although interesting)
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Turning to the localised picture (useless here although interesting)
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Turning to the localised picture (useless here although interesting)
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Turning to the localised picture (useless here although interesting)
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Localised spin-orbitals

Unitary transformation
from the delocalised to localised pictures
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Turning to the localised picture (useless here although interesting)
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Turning to the localised picture (useless here although interesting)
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Turning to the localised picture (useless here although interesting)
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Turning to the localised picture (useless here although interesting)
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Turning to the localised picture (useless here although interesting)
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Turning to the localised picture (useless here although interesting)
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Turning to the localised picture (useless here although interesting)
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Turning to the localised picture (useless here although interesting)
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Turning to the localised picture (useless here although interesting)

Resolution of the identity

e
"
.
.
e,
"
.....
........
......................

........

occitpied spin—MOs

7 = Z Crpvpo Cro = Z CipCop
P

39



Turning to the localised picture (useless here although interesting)
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Turning to the localised picture (useless here although interesting)

Glloc — CymOCT o ~ Not diagonal!

occupied spin—MOs
loc __
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Any localised spin-orbital ; is entangled with the other spin-orbitals y,
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Turning to the localised picture (useless here although interesting)

G,loc — CymOCT e Not diagonal!

occupied spin—MOs

}’IZJOC = (C ]6J>‘P0 = Z CirCrp 7 0y
P

Any localised spin-orbital ; is entangled with the other spin-orbitals y,

unlike in the delocalised molecular orbital space!
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Turning to the localised picture (useless here although interesting)
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Prototypical ring of L = 16 hydrogen atoms
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Prototypical ring of L = 16 hydrogen atoms
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Exact density matrix functional embedding
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Exact density matrix functional embedding

Cgbath
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Let’s prove that the embedding is exact I

for non-interacting electrons

Two-electron system

N-electron system
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The “Householder embedding” project

From left to right: S. Sekaran (Strasbourg, France),

E.F. and M. Tsuchiizu (Nara, Japan).

M. Saubanére (Montpellier, France),
L. Mazouin (Strasbourg, France), and E.F.

A. S. Householder, J. ACM 5, 339 (1958).
S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).
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The Householder transformation

A. S. Householder, J. ACM 5, 339 (1958).
S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).
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The Householder transformation

A. S. Householder, J. ACM 5, 339 (1958).
S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).
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The Householder transformation

Yi=1X X ... X ..|x
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A. S. Householder, J. ACM 5, 339 (1958).
S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).
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The Householder transformation

| X =1Y]

A. S. Householder, J. ACM 5, 339 (1958).
S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).
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The Householder transformation

A. S. Householder, J. ACM 5, 339 (1958).
S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).

Unitary square matrix
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The Householder transformation

X+Y

Hyperplane’s reflection

A. S. Householder, J. ACM 5, 339 (1958).
S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).
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The Householder transformation

Normalized
Householder vector

4
I
=<

X+Y

Hyperplane’s reflection

A. S. Householder, J. ACM 5, 339 (1958,). 57
S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).



The Householder transformation

Householder vector

X _ Y A
=V
IX-Y| X+Y
................................................................................... )
Hyperplane’s reflection
TX+Y) ~ X =YV (X+Y) Y
=X = |Y|"=0
A. S. Householder, J. ACM 5, 339 (1958,). 58

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).



The Householder transformation

Householder vector —
_ (7 . Y) +
_)
\Y
_ (7 | )_(’) +

A. S. Householder, J. ACM 5, 339 (1958).
S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).
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The Householder transformation

Householder vector
—viXv
X—-Y
=V
| X —-Y]|
—viXv
A. S. Householder, J. ACM 5, 339 (1958). 60

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).



The Householder transformation

Householder vector
—viXv
X—-Y
=V
| X —-Y]|
—viXv
Y = X—2v!Xv
A. S. Householder, J. ACM 5, 339 (1958). B

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).



Householder vector

------

A. S. Householder, J. ACM 5, 339 (1958).

The Householder transformation

—viXv

—viXv

62

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).



Householder vector

------

= X-2vv!X

The Householder transformation

—viXv

—viXv
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A. S. Householder, J. ACM 5, 339 (1958).

63

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).



The Householder transformation

Householder vector

X _ Y A
= Householder transformation
............................. |X_Y| e matriX
P=1-2vv!
Y =
A. S. Householder, J. ACM 5, 339 (1958). 64

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).



The Householder transformation

Householder vector

X _ Y A
= Householder transformation
............................. |X_Y| e matriX
P=I-2vv'
R — \ e
Identity matrix
A. S. Householder, J. ACM 5, 339 (1958). 65

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).



The Householder transformation

Householder vector

o
|
o

Unitary transformation

Hyperplane’s
reflection P=1I- 2VVT

B ———

=<
Il

A. S. Householder, J. ACM 5, 339 (1958).
S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).
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The Householder transformation

P—l

Unitary transformation

P=1-2vv'

A. S. Householder, J. ACM 5, 339 (1958).
S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).
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The Householder transformation

PP=1  &—— P11

Unitary transformation

P=1-2vv'

A. S. Householder, J. ACM 5, 339 (1958).
S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).
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Householder transformed density matrix embedding

Impurity

G. Knizia and G. K.-L. Chan, Phys. Rev. Lett. 109, 186404 (2012).
S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).
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Householder transformed density matrix embedding

Impurity

7/00 ]/10 anaaw }/JO -
]/1() -------------------

Yy = <6}Lé]> =

YJ0

loc hotation

Y = 7

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).
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Householder transformed density matrix embedding

Impurity

/0§

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).



Householder transformed density matrix embedding

Impurity

. O 111 H H 7
B EE ' 0 X as we would like it to be
7i0f : : .

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021). 2



Householder transformed density matrix embedding

Impurity

X<« Same norm! ————3 Y

J J
%3‘ 710 YJ0 @\
VioF  rremerereereeeeeen 710

0

# 0

YJ0 :

./ \O_/

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).
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Householder transformed density matrix embedding

2 2 2 2 — =2 2
| X| _Voo—lYl —Yoo = 7’10—27]0

X<« Same norm! ————3 Y
| J
q’o& 710 Yi0 7(30
VioF  rremerereereeeeeen le

- 0
# 0

YJ0 :

./ \O_/

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).
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Householder transformed density matrix embedding

/0§

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).

—>

Same Norm! ey Y

|

Y00
Y10
0
0
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Householder transformed density matrix embedding

X <« Same norm! ————3 Y ()
J | .
YT 700 ;
N G PR A\
0 J>0
# 0
Y70 :
./ \O_/

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).



Householder transformed density matrix embedding

X-Y
V= < Householder vector
X -Y|
2 2 ~ ~ - -
where I X-Y|"=2 ( 1Y |" — XTY) =271 = 110710) = 2710 (710 = 710)
X<« Same norm! ————3 Y ()
l | !
YT 00 .
B0 T fio|—— (=) [T 12
- 0 J>0
# 0
YJ0 :
./ O/

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).



Householder transformed density matrix embedding

X-Y
vV =
X -Y]|

Householder vector

where

(

)

* 27’]20 — 710

J>0

/

l Impurity

J If one single neighbour...

v

IX=YIP=£2]70(xl70]1=710)

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).
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Householder transformed density matrix embedding

X-Y
vV = Householder vector
X -Y]|
where ( \
2 2 2
| X -Y| =@2 ZV]()@ Zyjo_ylo
J>0 \ J>0 )

Impurity

|

J If one single neighbour...

IX-Y[* ;@2|7’10| (Bl 7101 =710)
l

choose —sgn (;/10) «— |X-Y|#0

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).



Householder transformed density matrix embedding

/0§

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).
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Householder transformed density matrix embedding

/0§

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).
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Householder transformed density matrix embedding

Impurity

X Y
l l
%8‘ 710 YJ0 @ V= V[}/]

S 5 P = Ply]
. : =

Y

The Householder transformation is an explicit functional of the density matrix!

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021). 82



Householder representation in second quantization

P = P[}/] =] — 2VVT Unitary Householder transformation matrix

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).
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Householder representation in second quantization

P = P[}/] =1 - 2VVT Unitary Householder transformation matrix

P IJ — 5 1]~ 2V]V T Householder transformation matrix elements

S. Sekaran, M. Tsuchiizu, M. Saubaneére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).
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Householder representation in second quantization

P = P[}/] =1 - 2VVT Unitary Householder transformation matrix

P IJ — 5 1]~ 2\/ ]V T Householder transformation matrix elements

d}L — 2 P I/ 6; Creates delocalised Householder orbitals
J

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021). 85



Householder representation in second quantization

d; = z P, 6; From the localised to the Householder
7 representation

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).
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Householder representation in second quantization

d}L = z P, 6; From the localised to the Householder
7 representation

ZPK1@= ZZPKlpljéj
I Jo

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).

87



Householder representation in second quantization

d}L = 2 P, 6; From the localised to the Householder
representation
7t — AT — 2 AT — ol = AT
S ruli= B Z Pt = TP, )= T
1 J 1 J

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021). 88



Householder representation in second quantization

dJr = z Py c J From the localised to the Householder
representation

6‘}2 = 2 P K d; From the Householder to the localised
representation

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).
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Householder representation in second quantization

X Y

Lo U

X-Y | Y00 |710 R A (NEERE
vV = Householder vector V10 seeerereessesieaans Y10
IX-Y| : 0
0
Y0 :
0
0

ol The impurity is invariant under
0 the transformation

it = =
do_ ZPOJCJ —
J\_/

O — 2VoV;

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021). 90



Householder representation in second quantization

P = P[}/] =1 - 2VVT Unitary Householder transformation matrix

P IJ — 5 1]~ 2V]V T Householder transformation matrix elements

d}L — Z P I/ @; Creates delocalised Householder orbitals
J

dg = 62; The impurity is invariant under
the transformation

c?f | vac) = Z Py = | @pum) Will play the role of
7 the bath spin-orbital

S. Sekaran, M. Tsuchiizu, M. Saubaneére, and E. Fromager, Phys. Rev. B 104, 035121 (2021). 91



1RDM in the Householder representation

V0= (¥ol Cijjo | ¥o)

= ZPJI <‘Po|3;50|‘1'o>

) e

’ ]
— ZPJI Y10 %aa
I e,
_ [px],
-1, I
J;l 0

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).



1RDM in the Householder representation

V0= (¥ol Cijjo | ¥o)

= ZPJI <‘Po|3;50|‘1'o>

e

Y00
710

’ ]
— ZPJI Y10 %&
1
_ [px],
- [v], Ul
J;l 0

By construction, the impurity is

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).
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Theorem:

1RDM in the Householder representation

As the electrons are non-interacting, the turns out to be
entangled only with the impurity

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).
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1RDM in the Householder representation

Theorem: As the electrons are non-interacting, the

turns out to be

entangled only with the impurity

Proof }7 — }72

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).
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1RDM in the Householder representation

Theorem: As the electrons are non-interacting, the turns out to be
entangled only with the impurity

Proof }7 — }72 Idempotency property

710 = (ol didy |¥o) = 7], = D TrFxo
K

= YYoo t ¥n¥iot Z Vg X0
K>1
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1RDM in the Householder representation

Theorem: As the electrons are non-interacting, the

turns out to be

entangled only with the impurity

Proof }7 — }72

Idempotency property

Y0 =Yio¥00 T V51710

\

3 750 (1 = 700)

Y71 = =
710

e

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).
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1RDM in the Householder representation

Theorem: As the electrons are non-interacting, the turns out to be
entangled only with the impurity

Proof 750 (1= 7o0)

Y10

Yy =

J >l sy = 0

No entanglement between the impurity
and the orbitals other than the bath

Y
V71 =0

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021). 98



1RDM in the Householder representation

Theorem: As the electrons are non-interacting, the turns out to be
entangled only with the impurity

Proof

No entanglement between the
and the orbitals other than the impurity!

Vi = <‘Po|0?j6?1 | W) =0

o — E—

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).
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1RDM in the Householder representation

Theorem: As the electrons are non-interacting, the turns out to be
entangled only with the impurity

Proof 750 (1= 7o0)

Y10

Yy =

J =1

U

Vi1tV =1

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021). 100



1RDM in the Householder representation

Theorem: As the electrons are non-interacting, the bath turns out to be
entangled only with the impurity

Proof
Vi1t Voo = <‘P0|C§J{6?1 |Po) + (‘POIc?gc?OPPO) =1

The “impurity+bath” cluster contains exactly one electron (per spin)

S. Sekaran, M. Tsuchiizu, M. Saubaneére, and E. Fromager, Phys. Rev. B 104, 035121 (2021). 101



1RDM in the Householder representation

Theorem: As the electrons are non-interacting, the bath turns out to be
entangled only with the impurity

Proof
Y11+ Voo = <\P0|C§IC?1 | W) + (‘P()Ia?gcfol‘PO) =1

The “impurity+bath” cluster contains exactly one electron (per spin)

The cluster is a closed quantum system that can be described
with a two-electron wave function ¢

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021). 102



1RDM in the Householder representation

(., -
‘ . H o Yo {00 ... ... 0
| | o l=v0 100 ... ... 0
L
Closed Householder 0O O /}/;2 ------------- —\\
cluster 0 0

S. Sekaran, M. Tsuchiizu, M. Saubaneére, and E. Fromager, Phys. Rev. B 104, 035121 (2021). 103



1RDM in the Householder representation

|X0) | Ppam)
@ < diagonalization val {;/00 Y10 00 0
¢ (x) = Coxo(X)+ Cpun@pam(X) & g
040 bath't’ bath (01 110 1 — Yoo O O O
L
0O O }/52 ............. ‘\\
0O O *
diagong/ization ;
®C07" e <
Slater determinant :
of “core” orbitals : ]

S. Sekaran, M. Tsuchiizu, M. Saubaneére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).
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1RDM in the Householder representation

00

722

| X0) | @parn)
@ diagonalization ol Yoo Y10
@ (X) — CO)(O(X)'I'Cbath(pbath(X) <’ ‘ ~
(Bran) }710 1 =700 10 0
L
0O O
0O O
q) < diagong/ization
core ™
Slater determinant
of “core” orbitals
0O O

lIJO (wg)z (Dcore

[ — T

S. Sekaran, M. Tsuchiizu, M. Saubaneére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).
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1RDM in the Householder representation

1X0) | @pan)
@ < diagonalization vl f};oo Y10 00 ... ... 0O
@ " (x) = Coxo(X)+ CounPpann(X) & —1 -
040 bath“barn <§0bath| 7/10 1 - }/OO O O - B O
L
0O O }/52 ............. \
0O O z
diagonalization ’
®C ore Q
Slater determinant : .
of “core” orbitals : : : 1
0 0\ _/

After diagonalising each block, we realise that, among all the occupied molecular orbitals
in the full-system Slater determinant ‘PO , a single one qacg has a nonzero overlap with the impurity.

S. Sekaran, M. Tsuchiizu, M. Saubaneére, and E. Fromager, Phys. Rev. B 104, 035121 (2021). 106



1RDM in the Householder representation

After diagonalising each block, we realise that, among all the occupied molecular orbitals
in the full-system Slater determinant TO , a single one gog has a nonzero overlap with the impurity.

The Schmidt decomposition of ¥,
(which is obtained from the singular value decomposition of a Cl coefficients matrix)
leads to the exact same result'.

Is, Sekaran, M. Tsuchiizu, M. Saubanere, and E. Fromager, Phys. Rev. B 104, 035121 (2021).
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1RDM in the Householder representation

After diagonalising each block, we realise that, among all the occupied molecular orbitals
in the full-system Slater determinant TO , a single one gog has a nonzero overlap with the impurity.

The Schmidt decomposition of 'Y,
(which is obtained from the singular value decomposition of a Cl coefficients matrix)

leads to the exact same result'~.

Important conclusion:

For non-interacting (or mean-field-like) electrons,
the Householder transformation is equivalent to (but simpler than)
the Schmidt decomposition, which is central in DMET.

Is, Sekaran, M. Tsuchiizu, M. Saubanere, and E. Fromager, Phys. Rev. B 104, 035121 (2021).

2S. Wouters, C. A. Jiménez-Hoyos, Q. Sun, and G. K.-L. Chan, J. Chem. Theory Comput. 12, 2706 (2016). 108



Energy evaluation by fragmentation

H= 2 El 7 6;6‘ I Localised representation
1J
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Energy evaluation by fragmentation




Energy evaluation by fragmentation

X0
//\ f\\
@ @ @ H= ZEU @;6‘ I Localised representation

\G} 1)
| Energy contributions
@ involving the impurity

(w) \
oe A O AL
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Energy evaluation by fragmentation

X0
//\ =~
@ @ @ H= ZEU &le I Localised representation

I
\G} 1)
| Energy contributions
@ involving the impurity

(w) \
oe A O AL

Householder representation ~—> =2 Z < Z ho, P JK> (P | c?gc? « 1 ¥o)
K J

~_
hok
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Energy evaluation by fragmentation

X0
//\ =~
@ @ @ H= ZEU 6;6‘ I Localised representation

\G} 1)
| Energy contributions
@ involving the impurity

(w) \
oe A O AL

=2 Z < Z ho, P JK>@P0 | C?Z)C?[d ‘I’08
£ \'J

=2 2 ]7;07100 7oo + o 701)
K
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Energy evaluation by fragmentation

Determined from the cluster

2 Z hos (Pl 6(T)31| ¥o) {2 (7100 7oo + To1 71 )]
J




Approximate embedding for interacting electrons

The present embedding approach is useless for non-interacting electrons (!)
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Approximate embedding for interacting electrons

The present embedding approach is useless for non-interacting electrons (!)

occupied spin—MQOs

— .doc _
We need Y=Yy — Z CipChp
P
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Approximate embedding for interacting electrons

We have to solve the Schrédinger
equation for the full system!

occupied spin—MQOs

— .doc _
We need Y=Yy — Z CipChp
P
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Approximate embedding for interacting electrons

The present embedding approach is useless for non-interacting electrons (!)

Nevertheless, the Householder orbitals that have been constructed for non-interacting
electrons can be reused as is for performing an (approximate) interacting embedding.
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Approximate embedding for interacting electrons
The present embedding approach is useless for non-interacting electrons (!)

Nevertheless, the Householder orbitals that have been constructed for non-interacting
electrons can be reused as is for performing an (approximate) interacting embedding.

H=Y hpod,d, + = D Grors 4y} dsdy
PQ PORS

Full Hamiltonian in the Householder spin-orbitals representation
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Approximate embedding for interacting electrons
The present embedding approach is useless for non-interacting electrons (!)

Nevertheless, the Householder orbitals that have been constructed for non-interacting
electrons can be reused as is for performing an (approximate) interacting embedding.

H=Y hpod,d, + = D Grors 4y} dsdy
PQ PORS

Full Hamiltonian in the Householder spin-orbitals representation

N

Determined from the
non-interacting Hamiltonian
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Approximate embedding for interacting electrons

Nevertheless, the Householder orbitals that have been constructed for non-interacting
electrons can be reused as is for performing an (approximate) interacting embedding.

In this case, electron repulsions are taken into account within the Householder cluster.

A ~ Ay A 1 Ay A AA
— i - 5 gt
H= Y hppdid, + . D Grors i} dsdy

PQ PORS

| Projection onto the cluster

<
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Application to the 1D Hubbard model
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The “Householder embedding” project

From left to right: S. Sekaran (Strasbourg, France), E.F. and M. Tsuchiizu (Nara, Japan).
M. Saubanére (Montpellier, France),
L. Mazouin (Strasbourg, France), and E.F.

A. S. Householder, J. ACM 5, 339 (1958). 1283
S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).



Prototypical ring of L hydrogen atoms
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Prototypical ring of L hydrogen atoms

Hubbard model

T At & At & phata
H~ -1 (CiaC(H'l)G + C(i+1)aci0> + UZ i Cilcit
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Prototypical ring of L hydrogen atoms

Hubbard model

H~|—1 Z Z < C(z+1)0 + C(H_l)gcw

. o=1,] =0

A'}' /\T/\
+ UZ CinCi| zlczT

kvj

Hiickel model —t=p
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Prototypical ring of L hydrogen atoms

Hubbard model
L—1 (-1 )
At A AT A’r AN
—1 (Cmc(lﬂ)a + C(i+1)oci0>+ UZ Cir€iCilCin
oc=1,] =0 . =0 )

Two-electron repulsion
on each atom only
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Prototypical ring of L hydrogen atoms

Ult < 1 Weakly correlated regime
U / [ > 1 Strongly correlated regime
Hubbard model
L—1
] ~ AT AT /\T A
H~ —1 < (l+1)0+c(+1) >+UZ ZT il llclT
o=1,| i=0
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D (¥O1E,,00,1¥%)

o=1,1
; 1.00
f\ Uit=0.2
) — Ut=1
|.©
{®©|0.7
Q. 0.75 — Uit=8
-
@)
@)
O
[ 0.50
k7
=
8_ 0.25
é Dotted lines: Non-interacting bath (NIB)
0.00 0.25 0.50 0.75 1.00
filling n = N/L
L = 400 atoms
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E/L

Bethe Ansatz [Lieb and Wu, Phys. Rev. Lett. 20, 1445 (1968)]

Ht-DMFET (NIB)

. \/
A 0.0 — exact (BA)
| — Ht-DMFET
-0.3

>

o

O

C

O

2

P

O

o

—_/

-0.6
09—
-1 2//
n=1
-1.5
0.0 0.2 0.4 0.6 0.8
U/(U+4t)
L = 400 atoms

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).
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E/L
i 0.0 —exact(BF) Bl
>
S
O
C
()
D
P
©
Q.
_/

— Ht-DMFET
|— Ht-DMFET (NIB)

0.0 0.2 0.4 0.6 0.8

Ul(U+4t)
L = 400 atoms

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021). 131



E/L

— exact (BA)

Z 62\866/1\06

o=T,|

— Ht-DMFET
> Ht-DMFET (NIB)
2
)
c | -0.6 e
2 A
21-09 _ N
8_ /
— 1.2 // Full lines: chemical potential on the impurity
| n=1
-1.5
0.0 0.2 0.4 0.6 0.8
Ul(U+4t)
L =400 atoms

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).
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Can be interpreted as an of the full lattice

0.0

— exact (BA)
— Ht-DMFET
Ht-DMFET (NIB)

Lt Z dy do,

o=T1,1

per-site energy

0.0 0.2 0.4 0.6 0.8

Ul(U+4t)
L = 400 atoms

S. Sekaran, M. Tsuchiizu, M. Saubaneére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).
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Can be interpreted as an of the full lattice

0.0

— exact (BA)
— Ht-DMFET
Ht-DMFET (NIB)

Lt Z dy do,

o=T1,1

per-site energy

0.0 0.2 0.4 0.6 0.8

Ul(U+4t)
L = 400 atoms

S. Sekaran, M. Tsuchiizu, M. Saubaneére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).
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Ht-DMFET per-site energies away from half-filling (n < 1)

>
2 \ P
o -0.6
C
o \\U/t=4 /
GJ =V.J
< Ut =1
_—-/
1.2
0.2 0.4 0.6 0.8 1.0

— exact (BA)
— Ht-DMFET
— Ht-DMFET (NIB)

per-site energy
O O
(@) B
\&

Ukt=8 \

L\
AN

0.8 =
0.2 0.4 0.6 0.8 1.0
L = 400 atoms n
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Mott-Hubbard density-driven transition and multiple impurities

Gap opeiring
1.00 — exact|(BA) W
— Ht-DMFET x5/
Ht-DMFET (NIB) /
x_NIB, Nimp = 2
0.75 NIB, \lirr22=3 I g / d
- / /
(@)
£ 0.50 v %
= V Ut =1
Uit=8
0.251—
/ =i [
0.004 -
-6 -5 -4 -3 -2 -1 0
Chemical potential <€ M/t - U/(Zt)
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Mott-Hubbard density-driven transition and multiple impurities

Single-impurity
1.00 — exact|(BA) | resulis
['— Ht-DMFET X
|.— Ht-DVIFET (NIB ';/
x_NIB, Nimp = 2 y
0.75 NIB, Nimp = 3
-
o)
é 0.50 r‘§<"kx
= V/ il
U/ =
0.25
o.oof
6
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Mott-Hubbard density-driven transition and multiple impurities

Two-impurity
1.00 — exact|(BA) results
— Ht-DMFET
Ht-DMFET (NIB)
0.75 x_NIB, Nimp =2

NIB, Nimp=3 | / /
C
o /
= G- / Ukt =1
Ut=8

0.25

0.00i
-6

U/t =
5 4 -3 -2 -1 0
wt - U(21)
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