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One-electron picture
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Nuclear potential in quantum chemistry calculations

W. Kohn and L. J. Sham, Phys. Rev. A 140, 1133 (1965).
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Once we have  we can run a DFT calculation for any system EHxc [n]

“Holy grail”
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Change of paradigm

n(r) vext(r)
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Change of paradigm

n(r) vext(r)

δEHxc [n]
δn(r)

n=nN
0

≡ vHxc(r) = vHxc[vext](r) = ???
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Ĥ = ̂T + ̂Vext + ŴeeTrue physical Hamiltonian Known!

Original -electron Schrödinger equationN ĤΨ0 = E0Ψ0

The Hxc potential is completely unnecessary here…  

The approximate one-electron Kohn-Sham picture and the exact interacting picture 

share the same density in this case

…unless  is constructed (approximately) from the Kohn-Sham orbitals. Ψ0
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Ĥ = ̂T + ̂Vext+ ̂VHxc+(Ŵee− ̂VHxc)
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Ĥ = ̂T + ̂Vext+ ̂VHxc+(Ŵee− ̂VHxc)
Ground (and excited) 


KS pictures
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Ĥ = ̂T + ̂Vext+ ̂VHxc+(Ŵee− ̂VHxc)
Ground (and excited) 


KS pictures

{ΦKS
I }I=0,1,2,…Slater determinants
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Ĥ = ̂T + ̂Vext+ ̂VHxc+(Ŵee− ̂VHxc)
“perturbation”
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Ĥ = ̂T + ̂Vext+ ̂VHxc+(Ŵee− ̂VHxc)
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Ĥ = ̂T + ̂Vext+ ̂VHxc+(Ŵee− ̂VHxc)
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Görling-Levy perturbation theory

A. Görling, M. Levy, Phys. Rev. A 50(1), 196 (1994).
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Ĥ = ̂T + ̂Vext+ ̂VHxc+(Ŵee− ̂VHxc)
“perturbation”

??? ???

The evaluation of the energy fully relies on  ̂VHxc

Ĥ = ̂T + ̂Vext+ ̂VHxc+(Ŵee− ̂VHxc)

To-be-determined local potential  
(hence the name of the approach)
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Ĥ = ̂T + ̂Vext+ ̂VHxc+(Ŵee− ̂VHxc)

nΦKS
0

(r) = nΨ0
(r)

Exact density constraint
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Ĥ = ̂T + ̂Vext+ ̂VHxc+(Ŵee− ̂VHxc)

nΦKS
0

(r) = nΨ0
(r)

Self-consistent scheme 
(when approximations 

are made)
nΦKS

0 [vHxc](r) = nΨ0[vHxc](r)
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Ĥ = ̂T + ̂Vext+ ̂VHxc+(Ŵee− ̂VHxc)

Approaching the ground state  of the full system is computationally demandingΨ0

nΦKS
0 [vHxc](r) = nΨ0[vHxc](r)

R. J. Bartlett, I. Grabowski, S. Hirata, and S. Ivanov, J. Chem. Phys. 122, 034104 (2005).
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Ĥ = ̂T + ̂Vext+ ̂VHxc+(Ŵee− ̂VHxc)

The approach becomes interesting if a reduced-in-size approximation to  can be used Ψ0

nΦKS
0 [vHxc](r) = nΨ0[vHxc](r)
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Ĥ = ̂T + ̂Vext+ ̂VHxc+(Ŵee− ̂VHxc)

The approach becomes interesting if a reduced-in-size approximation to  can be used Ψ0

nΦKS
0 [vHxc](r) = nΨ0[vHxc](r)

Quantum embedding!
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43S. Sekaran, M. Saubanère, and E. Fromager (2022), Preprint: arXiv:2202.08071

Application  
to Hubbard lattices 

(ring of hydrogen atoms)
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Hückel model
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Uniform occupation  

of the atomic orbitals

n
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−μ ≡ vext
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Chemical potential

n =
N
L

Fixed number of

atomic orbitals 

−μ ≡ vext



48S. Sekaran, M. Saubanère, and E. Fromager (2022), Preprint: arXiv:2202.08071 
S. Sekaran, M. Tsuchiizu, M. Saubanère, and E. Fromager, Phys. Rev. B 104, 035121 (2021).

Embedding cluster
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Two-electron repulsion
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Embedding cluster Reduced-in-size version  
of the full interacting lattice

Ψ0 → Ψcluster
0
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Embedding cluster Can be solved exactly!



52S. Sekaran, M. Saubanère, and E. Fromager (2022), Preprint: arXiv:2202.08071

To-be-optimized 
approximate Hxc potential

Ψcluster
0 [ṽHxc]

ΦKS
0 [ṽHxc]
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nΦKS
0 [ṽHxc] = nΨcluster

0 [ṽHxc] Self-consistency loop
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Converged density

Chemical potential
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Self-consistency 
effects

ṽHxc = 0
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Chemical potential

No gap opening :-(
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