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Part 1: Exact theory

e Unified description of charged and neutral electronic excitations within ensemble DFT

¢ Fquivalence between xc ensemble weight derivatives and xc derivative discontinuities

Part 2: Weight-dependent density-functional approximations (DFAS)

¢ The exact Hartree-exchange dilemma in ensemble DFT

e Recycling ground-state correlation DFAs: What about state- and density-driven correlations?
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Abstract

Recent progress in the field of (time-independent) ensemble density-functional the-
ory (DFT) for excited states are reviewed. Both Gross—Oliveira—Kohn (GOK) and
N-centered ensemble formalisms, which are mathematically very similar and allow
for an in-principle-exact description of neutral and charged electronic excitations,
respectively, are discussed. Key exact results, for example, the equivalence between
the infamous derivative discontinuity problem and the description of weight depend-
encies in the ensemble exchange-correlation density functional, are highlighted. The
variational evaluation of orbital-dependent ensemble Hartree-exchange (Hx) ener-
gies is discussed in detail. We show in passing that state-averaging individual exact
Hx energies can lead to severe (although solvable) v-representability issues. Finally,
we explore the possibility of using the concept of density-driven correlation, which
has been introduced recently and does not exist in regular ground-state DFT, for
improving state-of-the-art correlation density-functional approximations for ensem-
bles. The present review reflects the efforts of a growing community to turn ensem-
ble DFT into a rigorous and reliable low-cost computational method for excited
states. We hope that, in the near future, this contribution will stimulate new formal
and practical developments in the field.

Keywords Density-functional theory - Excited states - Many-body ensembles



DFT for N-electron ground states
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DFT for N-electron ground states
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DFT for N-electron ground states
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From the N-electron ground state to the excited states
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From the N-electron ground state to the excited states
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From the N-electron ground state to the excited states
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From the N-electron ground state to the excited states
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DFT for fractional electron numbers

Continuous affinity process
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J.P. Perdew, R.G. Parr, M. Levy, J.L. Balduz Jr, Phys. Rev. Lett. 49, 1691 (1982).

11



DFT for fractional electron numbers

Continuous affinity process

—.—\?\ Fractional occupation
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J.P. Perdew, R.G. Parr, M. Levy, J.L. Balduz Jr, Phys. Rev. Lett. 49, 1691 (1982).
J. P Perdew and M. Levy, Phys. Rev. Lett. 51, 1884 (1983).
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DFT for fractional electron numbers

Continuous affinity process
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E. Kraisler, L. Kronik, Phys. Rev. Lett. 110, 126403 (2013).
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DFT for fractional electron numbers

Continuous affinity process
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E. Kraisler, L. Kronik, Phys. Rev. Lett. 110, 126403 (2013).
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DFT for fractional electron numbers

Continuous affinity process
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DFT for fractional electron numbers

Continuous affinity process
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DFT for fractional electron numbers

Continuous affinity process
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DFT for fractional electron numbers

Continuous affinity process

n(r) = (1—a)ny'(r)+ an(j)v *1(r)
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E. Kraisler, L. Kronik, Phys. Rev. Lett. 110, 126403 (2013).
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, Top Curr Chem (Z) 380, 4 (2022).
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DFT for fractional electron numbers

Continuous affinity process
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F. Cernatic, B. Senjean, V. Robert, and E. Fromager, Top Curr Chem (Z) 380, 4 (2022).



DFT for fractional electron numbers

Continuous affinity process
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E. Kraisler, L. Kronik, Phys. Rev. Lett. 110, 126403 (2013).
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, Top Curr Chem (Z) 380, 4 (2022).
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N-centered ensemble density

n(r) = (1- a)n(])v (r)+ Cmév (1) Traditional approach
N+1
n(r) = <1 — Té_) n(])v(l')+ <f+név+1(r) N-centered approach

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018).
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190

21



N-centered ensemble density

n(r) = (1_a)n(])\7 (l‘)+cmév (1) Traditional approach
N+ ......
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B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018).
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190
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N-centered ensemble density
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B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018).
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190

N-centered approach
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N-centered ensemble density
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B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018).
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190
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N-centered ensemble DFT

The xc functional has become ensemble weight-dependent

E;:[n]

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018).
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190
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n(r) =

General N-centered ensemble formalism

excited states N excited states
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B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018).
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190
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General N-centered ensemble formalism

Charged

or neutral!

excited states excited states
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. Theophilou, J. Phys. C: Solid State Phys. 12, 5419 (1979).

. U. Gross, L. N. Oliveira, and W. Kohn, Phys. Rev. A 37, 2805 (1988).
. U. Gross, L. N. Oliveira, and W. Kohn, Phys. Rev. A 37, 2809 (1988).
. Oliveira, E. K. U. Gross, and W. Kohn, Phys. Rev. A 37, 2821 (1988).
Marut, F. Cernatic, B. Senjean, P-F. Loos, and E. Fromager, in preparation (2022).

. Theophilou, in The Single Particle Density in Physics and Chemistry, edited by N. H. March and B. M. Deb (Academic Press, 1987), pp. 210-212.
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n(r) =

General N-centered ensemble formalism

excited states N ------------ . excited states
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B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018).
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190
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n(r) =

General N-centered ensemble formalism
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B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018).
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190
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N-centered ensemble energy
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Reference N-electron
ground-state energy

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018).
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190

30



N-centered ensemble DFT
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B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018).
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190



N-centered ensemble Kohn-Sham DFT
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Fractionally occupied KS orbitals

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018).
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190
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N-centered ensemble Kohn-Sham DFT
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B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018).
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190
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N-centered ensemble energy

Elbl=(1-) %éf,, Eg+ ) LE,

v>0 v>0

Y/

Auxiliary quantity (not an observable) ...

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018).
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190
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N-centered ensemble energy

Elbl=(1-) %az, Eg+ ) LE,

v>0 v>0

Y/

Auxiliary quantity (not observable) ...

... that varies linearly with the ensemble weights!

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018).
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190
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N-centered ensemble energy

Elbl=(1-) %éf,, Eg+ ) LE,

v>0 v>0

Extraction procedure

N = o0&
" =0

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018).
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190

Excitation
energy
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N-centered en

semble energy
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Infinitesimal occupation
of the targeted excited state 1,
\” ie, &, — 0"
E —E,= +
0 0T
. N . 08,
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B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018).
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190
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Physical meaning of the KS orbital energies

EM — EO = g/IfS — gOKS S KS excitation energy
OE," [n,] (N-n,) 0
+ o, + Iy drvy — (0ny(r) — Egy.[n]

16,1=0

M. J. P Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021).
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, Top Curr Chem (Z2) 380, 4 (2022). 38



Physical meaning of the KS orbital energies

— wKS KS
EM_EO_ gﬂ _go

.
OE\. Iny (-,
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! 16,)=0

xc ensemble weight derivative

M. J. P Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021).
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, Top Curr Chem (Z2) 380, 4 (2022).
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Physical meaning of the KS orbital energies

— wKS KS
EM_EO_ gﬂ _go

.
OE\. Iny (-,

+ aéﬂ + N < Jdl’ VI?X_C)OJr(r)nO(r) _ EHXC [n0]>

(a)=0

does not exist in reqular DFT

M. J. P Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021).
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, Top Curr Chem (Z2) 380, 4 (2022).
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Physical meaning of the KS orbital energies

— wKS KS
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N-centered ensemble Hxc potential

M. J. P Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021).
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, Top Curr Chem (Z2) 380, 4 (2022). 41



Physical meaning of the KS orbital energies

— | @KS KS
EM_EO_ g/’l _%O ]

6 N—-N, t ;
N oL, [ny] + < M) (J drﬁsz‘;() (r}no(r) — Ech[n0]>

oc, N
16,1=0

N-centered ensemble Hxc potential
unique up to a constant

M. J. P Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021).
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, Top Curr Chem (Z) 380, 4 (2022). 42



Physical meaning of the KS orbital energies

— | @KS KS
EM_EO_gIM _go ]

b

OE," [n,] (N-N,) 0"
+ Py + v <Jd vir . (@ng(r) — Ech[”0]>
U

16,1=0

N-centered ensemble Hxc potential
unique up to a constant

Even for charged excitations!

M. J. P Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021).
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, Top Curr Chem (Z) 380, 4 (2022). 43



Let’s make the charged KS excitation energies match the true ones!

_ «KS KS |
E,-Ey=8S-&

<& Janak’s theorem

g h
OE5 [ny) (N-n,)
+ + dr v (r)no(r) Ey, (1]
oz, N
{€,}=0

\_ ),
M. J. P Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021).
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, Top Curr Chem (Z) 380, 4 (2022). 44



Let’s make the charged KS excitation energies match the true ones!

-

O [ng]
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_|_
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N-centered excitation energy matching constraint
for the (charged) excited state 1

M. J. P Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021).
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, Top Curr Chem (Z) 380, 4 (2022).
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Let’s make the charged KS excitation energies match the true ones!

E{é}[n ] (N—Nﬂ>
ac, TN <[drE’H (‘% 1o(r) — EHXC[no]> =0

16,)=0

Uniquely defined!

M. J. P Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021).
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, Top Curr Chem (Z2) 380, 4 (2022). 46



Let’s make the charged KS excitation energies match the true ones!

OE.;") [ny) (V=)
+ <[drv (r)no(r) EHXC[nO]> =0

of, N

{&,)=0
v %) — 0 for a molecule

Hxc [r|—>+00

M. J. P Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021).
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, Top Curr Chem (Z2) 380, 4 (2022). 47



Let’s make the charged KS excitation energies match the true ones!

E{g}[n ] (N_N,M>

ag,u i N ([ drv (l‘)no(r) Ech[n0]> =0

16,)=0

Holds also, in principle, for an extended system or a lattice model!

C. Marut, F. Cernatic, B. Senjean, P-F. Loos, and E. Fromager, in preparation (2022). 48



Let’s make the charged KS excitation energies match the true ones!

O\ [n,] (v-N, ] . .
05,/, + Y <[ rv (r)no(r) ch[”0]> =
{.}=0
5/4 = 5+ N,M = N+1 Affinity
5,14 — 5_ NM = N—1 lonization

M. J. P Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021).
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, Top Curr Chem (Z2) 380, 4 (2022).



Let’s make the charged KS excitation energies match the true ones!

ﬁ & —0" 5_—>0+ E)SZJCr [nO] aE;gZE [n()]
[ = (v @ = v @) ) ) = S b

\/ §+=O & =0

N—1 N N+1

M. J. P Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021).
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, Top Curr Chem (Z2) 380, 4 (2022).



Let’s make the charged KS excitation energies match the true ones!
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Derivative discontinuity

Exact fundamental gap E = 8N+1 — 8N+ AXC
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M. J. P Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021).
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, Top Curr Chem (Z) 380, 4 (2022).
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Let’s make the charged KS excitation energies match the true ones!

Now obtained from the
xc weight derivatives!

Exact fundamental gap E = 8N+1 — 8N+ AXC

M. J. P Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021).
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, Top Curr Chem (Z) 380, 4 (2022).
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Suppression of the derivative discontinuity

Jd—; (vf:g_)m(r) - v§;0+(r)> no(r) = A

0

J (5 @=) =i ) gt =0

N 7

Shifted N-centered
ensemble xc potential

M. J. P Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021).
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, Top Curr Chem (Z2) 380, 4 (2022).
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Application: Two-electron spin-polarised 1D atom

Nucleus
M. J. P Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021).
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Application: Two-electron spin-polarised 1D atom

/7

xc potential

Nucleus
M. J. P Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021).
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Application: Two-electron spin-polarised 1D atom

R 1N=2 d2 N=2 3 N=2 1
PO Y I N y
2 M dx? ~ 1+ |x| “~1+|x—x]
i=1 i=1 i<j J

xc potential

Nucleus
M. J. P Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021).



Application: Two-electron spin-polarised 1D atom

xc potential

Nucleus 57

M. J. P Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021).



Application: Two-electron spin-polarised 1D atom
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Nucleus 58
M. J. P Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021).



Moving the discontinuity away from the system
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Summary of part 1

If we can describe the weight dependence of ensemble density-functional xc energies,

there is no need for modelling derivative discontinuities.

F. Cernatic, B. Senjean, V. Robert, and E. Fromager, Top Curr Chem (Z) 380, 4 (2022).
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Part 2 of the presentation

Designing weight-dependent ensemble density-functional approximations:

How to?
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Part 2 of the presentation

Designing weight-dependent ensemble density-functional approximations:

How to?

We will focus on the computation of ensemble Hartree-exchange energies.
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Context
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Context

We will consider canonical (sometimes called GOK) ensembles in the following:

N

Decreasing wei

—— N-electron states

The ensemble energy EY, := Z w,E; is a functional of the ensemble density n"(r) := Z WMy (I).

>0

K. Deur and E. Fromager, J. Chem. Phys. 150, 094106 (2019).
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Original decomposition of the ensemble Hxc energy

Ej . [n] = Eyln] + El'[n] + E'[n]

webmmmestpTT

. U. Gross, L. N. Oliveira, and W. Kohn, Phys. Rev. A 37, 2809 (1988).

Oliveira, E. K. U. Gross, and W. Kohn, Phys. Rev. A 37, 2821 (1988).
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Original decomposition of the ensemble Hxc energy

Ej [n] = EH[n] + EY[n] + EY[n]

Regular weight-independent
ground-state Hartree functional

E. K. U. Gross, L. N. Oliveira, and W. Kohn, Phys. Rev. A 37, 2809 (1988).
L. N. Oliveira, E. K. U. Gross, and W. Kohn, Phys. Rev. A 37, 2821 (1988).
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HXC [I’l]

Original decomposition of the ensemble Hxc energy

Ey[n] + E'[n] + E]'[n]

HXC [I’l ]

Ground-state density-functional approximation

Eyln] + E [n] + E_[n]
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Original decomposition of the ensemble Hxc energy

ES An] = Egln] + E'[n] + E'[n]

Ground-state density-functional approximation

E} [n] = Egln] + E,[n] + E [n]

OEY [n] _

ow;

i

Excitation energies are evaluated from the bare
(although weight-dependent) KS orbital energies.
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Original decomposition of the ensemble Hxc energy

ES Anl = Exln] + EJ'[n] + E'[n]

n" ()" (r')

|r — 1|

by =
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Original decomposition of the ensemble Hxc energy

Ej [n] = EH[n] + EY[n] + EY[n]

n"(ryn"(r’)

|r — 1|

£y =

[ Ghost interaction*

- le EH[nCDI] * Z WJWJ‘Adl’J'dr/n(DI(r)nCDJ/(r) A

>0 1<J [T — 1’|

A4
Ith KS wave function

E. K. U. Gross, L. N. Oliveira, and W. Kohn, Phys. Rev. A 37, 2809 (1988).
“N. I. Gidopoulos, P. G. Papaconstantinou, and E. K. U. Gross, Phys. Rev. Lett. 88, 033003 (2002). 70
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Original decomposition of the ensemble Hxc energy

ES An] = Egln] + E'[n] + E'[n]

R

is in charge of removing all those errors...
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The exact Hartree-exchange dilemma in ensemble DFT

Until now we have used the reqular non-interacting Kohn-Sham (KS) ensemble formalism:
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The exact Hartree-exchange dilemma in ensemble DFT

Until now we have used the reqular non-interacting Kohn-Sham (KS) ensemble formalism:

EZ[v] = min <

(@1}

2.

\ >0

<<c1>,| T|®,) + Jdr v(r)nq,l(r)>

Non-interacting potential-ensemble-density map

N\

S

'
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The exact Hartree-exchange dilemma in ensemble DFT

We could map the density onto an ensemble one-electron reduced density maftrix
evaluated at the Hartree-Fock level (eDMHF) instead:

E’ vl = min 3 Z Wy <<(D1| T| D)) + [dl' V(l’)i’l@,(f)) + Wyp Z wy®r| 3
1@} >0 120 |
W
V& n

Gould T, Kronik L (2021) J Chem Phys 154(9):094125.
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, Top Curr Chem (Z) 380, 4 (2022).



The exact Hartree-exchange dilemma in ensemble DFT

We could map the density onto an ensemble one-electron reduced density matrix
evaluated at the Hartree-Fock level (eDNMIHF) instead:

E pvnrlv] = r{rgr}l 1w ((cb,| T\®,) + Jdr v(r)nq)](r)) W | Y || ¢
! >0

" J

1 y(r. D)y (r',r) - 27r,r)
2 lr —r’|

B weotummmpmmtnY

Regular HF density-matrix-functional interaction energy

Gould T, Kronik L (2021) J Chem Phys 154(9):094125.
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, Top Curr Chem (Z) 380, 4 (2022).
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The exact Hartree-exchange dilemma in ensemble DFT

We could map the density onto an ensemble one-electron reduced density matrix
evaluated at the Hartree-Fock level (eDNMIHF) instead:

E pvnrlv] = r{lgpir}l 1w ((cb,| T\®,) + Jdr v(r)nq)](r)) Wy | Y] ¢
! >0

" J

V

Ensemble density matrix

Gould T, Kronik L (2021) J Chem Phys 154(9):094125.
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The exact Hartree-exchange dilemma in ensemble DFT

We could map the density onto an ensemble one-electron reduced density matrix
evaluated at the Hartree-Fock level (eDNMIHF) instead:

E pvnrlv] = r{lclpir}l 1w ((cb,| T\®,) + [dr v(r)nq)](r)) Wy | Yup®| ¢
! >0

L - T

1 D r')[— 77, 1)
Wyrly]l = > Jdrjdr ,
r—r|

Does not remove
ghost interaction errors

Gould T, Kronik L (2021) J Chem Phys 154(9):094125. Q 79
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The exact Hartree-exchange dilemma in ensemble DFT

We could map the density onto an ensemble one-electron reduced density matrix
evaluated at the Hartree-Fock level (eDNHF) instead:

E pmnrlv] = 1{1(11)1r}1 < Z Wy (<¢1| T|®,) + Jdr v(r)nq,l(r)) + Wy Z wy®r|l 3
I >0

" ) J

V

Single to-be-diagonalized <« Ensemble density matrix
ensemble Fock operator
(simple to implement)

<

Gould T, Kronik L (2021) J Chem Phys 154(9):094125. 80
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The exact Hartree-exchange dilemma in ensemble DFT

We could map the density onto an ensemble one-electron reduced density matrix
evaluated at the Hartree-Fock level (eDNHF) instead:

E pyprplv] = min | Z Wy (<¢1| T| @) + Jdl' V(I')ncp,(l')> + Wyp Z wy®r| 3

S | 120 i
(0"’0“
Single to-be-diagonalized 'AQQ
ensemble Fock operator 60(6
(simple to implement) 5‘0(\

<

Gould T, Kronik L (2021) J Chem Phys 154(9):094125.
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, Top Curr Chem (Z) 380, 4 (2022).
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The exact Hartree-exchange dilemma in ensemble DFT

Alternatively, we could extract the density from a
State-Averaged Hartree-Fock (SAHF) calculation:

r )

ES,;-[v] = min Z Wi <<(D1| T| D;) +E(DI| Wee | ‘D]ﬂ"‘ [dr V(l')”cp,(l')>

{q)’} >0
| I>

h'd

J

M. Filatov, WIREs Comput. Mol. Sci. 5, 146 (2015). 82



The exact Hartree-exchange dilemma in ensemble DFT

Alternatively, we could extract the density from a
State-Averaged Hartree-Fock (SAHF) calculation:

r )

ES, vl = r{rgr}l ) Z Wy <<(D1| T|®)) +E(D1| Wee | q’]ﬂ"‘ Jdr v(r)nq,l(r))

>0
| l

Eylng 1 + E[D)]

h'd

J

M. Filatov, WIREs Comput. Mol. Sci. 5, 146 (2015).
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The exact Hartree-exchange dilemma in ensemble DFT

Alternatively, we could extract the density from a
State-Averaged Hartree-Fock (SAHF) calculation:

r )

EY, eVl = gr}l X7 <<c1>,| T|®,) +Ec1>,| W..| d),ﬂ+ Jdr v(r)nq,l(r))
I 1>0

Eylng 1 + E[D)]

Ghost-interaction-free Q

h'd

J
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The exact Hartree-exchange dilemma in ensemble DFT

Alternatively, we could extract the density from a
State-Averaged Hartree-Fock (SAHF) calculation:

r )

Egaprlv]l = ?&)H}l ) Z Wy <<(D1| T|o) +ECD1| Wee | (I)Iﬂ"l' Jdr V(l')ncp,(l')>

>0
| l

Eylng 1 + E[D)]

}

Each orbital has its own Fock operator Q
(computational implementation more involved)

Gould T, Kronik L (2021) J Chem Phys 154(9):094125.
F. Cernatic, B. Senjean, V. Robert, and E. Fromager, Top Curr Chem (Z) 380, 4 (2022).
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The exact Hartree-exchange dilemma in ensemble DFT

E&HF[V] = min <

Alternatively, we could extract the density from a
State-Averaged Hartree-Fock (SAHF) calculation:

>

{o/}

>0
L

<(<I)I| T|®,) +ECI>,| W..| (Dlﬂ—l_ [dr v(r)nq,l(r)>

|

Eylng 1 + E[D)]

|

(Maybe less known) v-representability issues Q

F. Cernatic, B. Senjean, V. Robert, and E. Fromager, Top Curr Chem (Z) 380, 4 (2022).
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Application to the Hubbard dimer: The singlet bi-ensemble case
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Application to the Hubbard dimer: The singlet bi-ensemble case

--------------------------

. nélectrons: [/ . 2—nelectrons:
Av Q ................... 6 AV
—_— +_
2

First-excited-state 2/’ w=0.25
ensemble weight 21— 0.35
values ' T
L w = 0.45
_ ) w=0.475
ﬂé 19 | w=20.5
1) o
3
< 1r
o)
=
S 08}
=
O
0.6 .=
0.2 | ; |
v . 0 5 10

F. Cernatic, B. Senjean, V. Robert, and E. Fromager, Top Curr Chem (Z) 380, 4 (2022).



Application to the Hubbard dimer: The singlet bi-ensemble case
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Application to the Hubbard dimer: The singlet bi-ensemble case
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Application to the Hubbard dimer: The singlet bi-ensemble case
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Application to the Hubbard dimer: The singlet bi-ensemble case

--------------------------
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Application to the Hubbard dimer: The singlet bi-ensemble case
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Application to the Hubbard dimer: The singlet bi-ensemble case

--------------------------

nelectrons: -y / [/ ;i 2—nelectrons:
Y OAV
& @ ) Av
SAHF it =1.0, U =3.5,/Av =0
5 | | | | | | |
w=0—
w=0.05 —
4 w=0.25 —
w=0.35
5 w=0475 —
i =0.5 — i
w> 1/3 "
% w=0.5(Av =0.15) - - --
@)
and < ‘l/ _
U 2(1—-w)
—_— > —
t 3w—1 I .
M
0 i

—1.5 —1

F. Cernatic, B. Senjean, V. Robert, and E. Fromager, Top Curr Chem (Z) 380, 4 (2022).

95



Application to the Hubbard dimer: The singlet bi-ensemble case
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Application to the Hubbard dimer: The singlet bi-ensemble case
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Application to the Hubbard dimer: The singlet bi-ensemble case

SAHF [t = 1.0, U = 3.5, Av = 0]
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energy
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Application to the Hubbard dimer: The singlet bi-ensemble case

SAHF [t = 1.0, U = 3.5, Av = 0]
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Part 1: Exact theory

e Unified description of charged and neutral electronic excitations within ensemble DFT

e Fquivalence between xc ensemble weight derivatives and xc derivative discontinuities

Part 2: Weight-dependent density-functional approximations (DFASs)

¢ The exact Hartree-exchange dilemma in ensemble DFT

e Recycling ground-state correlation DFAs: What about state- and density-driven correlations?
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e Unified description of charged and neutral electronic excitations within ensemble DFT

e Fquivalence between xc ensemble weight derivatives and xc derivative discontinuities

Part 2: Weight-dependent density-functional approximations (DFASs)

¢ The exact Hartree-exchange dilemma in ensemble DFT

e Recycling ground-state correlation DFAs: What about state- and density-driven correlations?

El'[n] = Z W Ec[ng ]
>0
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El'[n] = 2 W Eo[ng ]
>0

This is a ground-state correlation energy, not an excited-state one

T. Gould and S. Pittalis, Phys. Rev. Lett. 123, 016401 (2019).
E. Fromager, Phys. Rev. Lett. 124, 243001 (2020).
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El'[n] = 2 W Eo[ng ]

120 \/

This is a ground-state correlation energy, not an excited-state one

State-driven correlation energies are missing

T. Gould and S. Pittalis, Phys. Rev. Lett. 123, 016401 (2019).
E. Fromager, Phys. Rev. Lett. 124, 243001 (2020).
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EMn) ~ ) w, EC[]

>0

Individual KS densities and exact densities
are not supposed to match
(only the ensemble densities do)

T. Gould and S. Pittalis, Phys. Rev. Lett. 123, 016401 (2019).
E. Fromager, Phys. Rev. Lett. 124, 243001 (2020).
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EY[n] ~ g(‘; W, EC[]

Individual KS densities and exact densities
are not supposed to match
(only the ensemble densities do)

Density-driven correlation energies are missing too

T. Gould and S. Pittalis, Phys. Rev. Lett. 123, 016401 (2019).
E. Fromager, Phys. Rev. Lett. 124, 243001 (2020).
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transformed density-matrix functional embedding theory (Ht-DMFET). On the basis of well-identified
density-functional approximations, a self-consistent local potential functional embedding theory
(LPFET) is formulated and implemented. Combining both LPFET and DMET numerical results with
our formally exact density-functional embedding theory reveals that a single statically embedded
impurity can in principle describe the density-driven Mott-Hubbard transition, provided that a
complementary density-functional correlation potential (which is neglected in both DMET and
LPFET) exhibits a derivative discontinuity (DD) at half filling. The extension of LPFET to multiple
impurities (which would enable to circumvent the modeling of DDs) and its generalization to
quantum chemical Hamiltonians are left for future work.

Keywords: density matrix functional embedding; density-functional theory; householder
transformation
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N-centered ensemble DFT
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N-centered ensemble DFT (with arbitrary weights)
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