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General principles of quantum mechanics
for the electronic structure problem



Electronic Schrédinger equation

HY, = EY,



Electronic Schrédinger equation

Ground (I = 0) and excited (I > 0)
electronic energies



Electronic Schrédinger equation

Ground (I = 0) and excited (I > 0)
electronic energies

unknown!



Electronic Schrédinger equation

HY = B,
N/

Corresponding electronic wave function

unknown!



Electronic Schrédinger equation

Y, =¥, (x,Xx,, ..., Xy)

electronic coordinates



Electronic Schrédinger equation

Y, =¥, (x,Xx,, ..., Xy)

electronic coordinates

& \1
Cartesian space coordinates Spin coordinate
of the ith electron of the ith electron
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Electronic Schrédinger equation

[~ EI\PI

o

Electronic Hamiltonian
operator



Electronic Schrédinger equation

Electronic Hamiltonian
operator

known!

[~ EI\PI
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Electronic Schrédinger equation

Electronic Hamiltonian

operator
R N 1 , ] N 1
H= Z _Evr. + Vne(ri) X T E 2
l r.—7T.
=1 7] | l / |
02 02 0° Kinetic energy

ox?  0y? T 077 of the ith electron
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Electronic Schrédinger equation

Electronic Hamiltonian
operator

V2 4y X +1ﬁ: 1
—— y (T, —
20 O 2 &~ |r;—r]

N

By 9> 02 ith electron - nuclei

_|_
ox?  oy? 077

attraction energy
l l
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Electronic Schrédinger equation

Electronic Hamiltonian
operator

2 r,—r,
, 02 02 02 ith electron - nuclei ith electron - jth electron
Vi = + + attraction energy repulsion energy
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Dirac notation and scalar product

{‘P(Xl, X, ..

XN)}

VZOtdthn
')
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Dirac notation and scalar product

{‘P(Xl, X, ..

XN)}

FZOICZIZOFZ
')

o
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Dirac notation and scalar product

{‘P(Xl, X,, .. XN)} = P notatzon ‘\IJ)

{(I)(Xl, X,, .. XN)} —* notatmn ‘ (I)>
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Scalar product in real space

€|

Vi<

@

O ¥=0Y +OY +OY
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Scalar product of two wave functions

{‘P(Xl, X,, .. XN)} = P natatzon ‘\IJ)

{(I)(Xl, X,, .. XN)} —* notatmn ‘ (I)>

(I; | ‘P nota:tion <(I)|‘P>
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Scalar product of two wave functions

{‘P(XI,Xz, ...,XN)} p notdtion | W)

3 notation
(O], Xy, ... X)) } = @ =" | D)
.y e (O|V¥) = [a’xl[dxz... [dXN D(X(, Xy, ..., Xy) X V(X5 Xy, -0 Xpy)

The square norm of | W) is therefore denoted as g e (W |¥)
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Schrédinger equation in Dirac notations

{\P(Xl,xz, ...,XN)} = |P)

ﬁ‘P(Xl,Xz, ...,XN)} = I—AI\ ¥)
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Schrédinger equation in Dirac notations

{\P(Xl,xz, ...,XN)} = |P)

{ﬁ\l’(xl,xz, ...,XN)} = I—AI\‘P)

ﬁ\‘Pﬂ:EI“PI)

R e etmmmestyT




Energy evaluation via a scalar product

( If]‘\yl>:EI“Pl>
<\P1Uq\ TI) — E]ﬂ’]‘ T])




Energy evaluation via a scalar product

( If]‘\yl>:EI“Pl>
<‘PI‘I§” V) = E(Y )

< <




Energy evaluation via a scalar product

< If]‘\yl>:EI“Pl>
<‘Pl‘ﬁ‘ V) = E(Y )

< <

(W, H|Y)
EI —
(V[
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Schrodinger equation for the ground state

IA{\IJO — EO\IJQ
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Rayleigh-Ritz variational principle

Theorem: For any trial wave function ¥, we have

L (P
0>
(V%)
\/

Expectation value of the energy
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Rayleigh-Ritz variational principle

Theorem: For any trial wave function ¥, we have

L (P
0>
(V%)
\/

Expectation value of the energy

0

) (PIH|Y)
min
P (V| W)

SmmmpsSORT
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Wo

A K.
A K
E. K.
E K
L. N.

Theophilou-Gross-Oliveira-Kohn (TGOK) variational principle

O W3
= E W V)
g g 2
§ ................. E, W) ¥,
G
8 ................. EO Wo \PO
P, |H|P ¥ |H|¥P ¢, |H|¥
FolH1 °>+w1< A1 1>+...+wM< u | H1Ey) > W Byt E; + ...41,,Ey
(Po | ¥o) (W1 [¥y) (Upr | ¥ir)
e e — ————

Theophilou, J. Phys. C: Solid State Phys. 12, 5419 (1979).

Theophilou, in The Single Particle Density in Physics and Chemistry, edited by N. H. March and B. M. Deb (Academic Press, 1987), pp. 210-212.
U. Gross, L. N. Oliveira, and W. Kohn, Phys. Rev. A 37, 2805 (1988).

U. Gross, L. N. Oliveira, and W. Kohn, Phys. Rev. A 37, 2809 (1988).

Oliveira, E. K. U. Gross, and W. Kohn, Phys. Rev. A 37, 2821 (1988).
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Wo

Theophilou-Gross-Oliveira-Kohn (TGOK) variational principle

Fo) W3

= s

g ................. EZ \Ilz

§ ................. E, W) ¥,

S

8 ................. EO W) \PO
FolH1 °>+w1< A1 1>+...+wM< u | H1 ¥y > W Byt E; + ...+, Ey
(Wo|Po) v (P YY) (P | )

Arbitrary ordered positive weights
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Theophilou-Gross-Oliveira-Kohn (TGOK) variational principle

.qg ",
g ................. E2 W) \P2
§ ................. E, W) ¥,
O
8 ................. EO Wo \PO
w0< (,),l l 0>+w1 ( 1~| l L + ...+WM< ]L/Il l w) > wokytw By + ... 4wk,
(WolPo) (i [¥)) (Pl W)

Orthogonal trial wave functions
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Theophilou-Gross-Oliveira-Kohn (TGOK) variational principle

(FolA1%y)

<{PO | \i‘O>

1

N
Fo) W3
i ................. E W) \P
S ’ -
§ ................. E, W) ¥,
L
o .
'R TILTITIITITIeT EO 0 \PO
¥, |H|¥ ¥, |H|Y
( —— L + ...y, < i ) > wokgtw By + ... +w, By,
<\P1 | ‘Pl) <‘PM| \PM>

Desired M lowest excited-state
energies
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Density-functional theory (DFT)

n

32



Density-functional theory (DFT)

The Nobel Prize in Chemistry
1998

It is in principle unnecessary to know A

the ground-state many-electron wave function ‘P,
for evaluating the exact ground-state energy L.

y
Photo from the Nobel Photo from the Nobel
Foundation archive. Foundation archive.
Walter Kohn John A. Pople
Prize share: 1/2 Prize share: 1/2

The Nobel Prize in Chemistry 1998 was
divided equally between Walter Kohn "for his
development of the density-functional
theory" and John A. Pople "for his
development of computational methods in

quantum chemistry." 33



Density-functional theory (DFT)

The Nobel Prize in Chemistry
1998

It is in principle unnecessary to know
the ground-state many-electron wave function ‘P,

for evaluating the exact ground-state energy L.
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development of computational methods in

quantum chemistry." 34



Density-functional theory (DFT)

It is in principle unnecessary to know
the ground-state many-electron wave function ‘P,

for evaluating the exact ground-state energy L.

El'he ground-state density n is sufficient.)

2 Y=Y,

ny(X) = NJdXz... JdXN |P(X, Xy, ..., Xy) |” =——> nq,o(x)
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Levy’s constrained search formalism
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Levy’s constrained search formalism

EO — m1n<‘{f | [:\Il ‘P) < We use normalized wave functions
B Y for convenience, i.e., (¥ |¥) = 1.
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Levy’s constrained search formalism

E, = min{¥ | H | ¥)
P

= min { |min (¥ | H | ¥)

n Yon

1

Pre-minimisation over wave functions ¥
that have the same density ny(r) = n(r)

Levy M (1979) Proc Natl Acad Sci USA 76(12):6062



Levy’s constrained search formalism

E, = min{¥ | H | ¥)
P

[
2
-

min (¥ | H | ¥)
Yon

1

Minimisation over densities n

Levy M (1979) Proc Natl Acad Sci USA 76(12):6062
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Levy’s constrained search formalism

E0= V| H|P)
P

= min { min (¥ |H|¥)

n Yon
4 -
¥, ¥, ¥, 1
¥ ¥,
¥ v, w
3
s

v ”

Qpace of N-electron wave functions

Levy M (1979) Proc Natl Acad Sci USA 76(12):6062



Levy’s constrained search formalism

E, = min{¥ | H | ¥)

o

=[min min](\P | H | ¥) }

n Yon

k n

/7

7

‘Pl
1
‘PZ

/")
‘{‘3
7
‘P4

Levy M (1979) Proc Natl Acad Sci USA 76(12):6062
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Levy’s constrained search formalism

= min(¥ | H| ¥)
P

n

= min
n

min

£
£

min

—n

min (¥ | /| ¥)

—n

\

Ay

N
= T4 Wee + ) vye(T) x]
i=1

{(\P | T+ Wee | W) + [dr vne(r)nq,(r)} }
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Levy’s constrained search formalism

= min(¥ | H| ¥)
P

min{min (‘P|FI|‘P)}

n Yon

— min glin {(“P | T + Wee | W) 4{"0’1' vne(l')nq;(l')}}

Electrons-nuclei attraction energy
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Levy’s constrained search formalism

E, = min{¥ | H | ¥)
P

=min{min (TlﬁlT)}

n Yon

= min { min { (¥|T+ W_|¥)+ Jdr V(1)

n

= min { min { (¥|T+ W_ | P) +[drvne(r)

n
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Levy’s constrained search formalism

E, = min{¥ | H | ¥)
P

—min{mm (‘I’lHl‘P)}

= mm {mln (V| T+ Wee | W) + [a’r vne(r)nq,(r)} }
= min {min { (V| T+ Wee | V) } + Jdr vne(r)n(r)}
n Y—n

{ + Jdr Vo.(r)n(r) }

= min
n
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Levy’s constrained search formalism

Ey,=min § F[n] + {dr Vv (r)n(r)

n

We recover the Hohenberg-Kohn variational principle of DFT!

P. Hohenberg and W. Kohn, Phys. Rev. 136, B864 (1964,).
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Levy’s constrained search formalism

n

Ey,=min § F[n] + {dr V.(r)n(r)

) 4

———

Universal Hohenberg-Kohn density functional

F[n] = min

Yon

{<T|T

P. Hohenberg and W. Kohn, Phys. Rev. 136, B864 (1964,).

Wee ') |
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Kohn-Sham DFT formalism

F[n] = min (¥ |T+W_ | ¥)

Yon

Interacting universal functional

W. Kohn and L. J. Sham, Phys. Rev. A 140, 1133 (1965).

Kohn-Sham
> T[n]=min(¥|7T|¥)
Yon

Non-interacting
(kinetic energy) functional
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Kohn-Sham DFT formalism

Kohn-Sham
Fln] = min (¥ |T + W_.| ¥) —3  T[n] = min(¥V|T|¥)
Y—n Y—-n
Interacting universal functional Non-interacting

(kinetic energy) functional

Fln] —T|n] = £y, [n]

W. Kohn and L. J. Sham, Phys. Rev. A 140, 1133 (1965).
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Kohn-Sham DFT formalism

Fln] = min (¥ |T+ W_ | 'P)

Yon

Interacting universal functional

Kohn-Sham
>  Tn] = min (¥|7T|¥)
VYon

Non-interacting
(kinetic energy) functional

Fln] —T|n] = £y, [n]

W. Kohn and L. J. Sham, Phys. Rev. A 140, 1133 (1965).

~—_

Universal many-electron
Hartree-exchange-correlation functional
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Kohn-Sham DFT formalism

Holy grail of DFT

Fln] —T|n] = £y, [n]
~—_—

Universal many-electron
Hartree-exchange-correlation functional
W. Kohn and L. J. Sham, Phys. Rev. A 140, 1133 (1965).
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Kohn-Sham DFT formalism

The exact xc functional is uniquely defined but
many (many) approximations
can be found in the literature (LDA, PBE, B3LYP, SCAN, ...)

V
Fln] —T|n] = £y, [n]
~—_—

Universal many-electron
Hartree-exchange-correlation functional
W. Kohn and L. J. Sham, Phys. Rev. A 140, 1133 (1965). 52



One-electron Kohn-Sham DFT equations

=Nt
— 1= N+I1
& —@— i=N V2 SEy, [ng]
ey, —@— i=N-2
& —@— i=2 KS orbitals
& —@— i=1

One-electron energy levels

W. Kohn and L. J. Sham, Phys. Rev. A 140, 1133 (1965). 53



One-electron Kohn-Sham DFT equations

— i=Nt2

—— I =N+1
& —@— i=N V2 SEy, [ng]
ey, —@— i=N-2
e —@— i=1 ny(r) = 2 | 1) |

i=1
Exact density
One-electron energy levels - _

W. Kohn and L. J. Sham, Phys. Rev. A 140, 1133 (1965).



One-electron Kohn-Sham DFT equations

—  i=N42
—— [ = N+1
& —@— i=N V2
-1l —@— =N — el
ey, —@— i=N-2
€ —@— =2
82 —_ — 1 \\! 1
1 i= ;
c\ "Ga“o(\ 9‘0‘\“6
ex? ] \60“0
oNe

One-electron energy levels

W. Kohn and L. J. Sham, Phys. Rev. A 140, 1133 (1965).

5EHXC [n0]

on(r)

) X | @;(r) = gpr)

~

\

N

ny) = ) o) |
i=1

Exact density

~N

_/
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One-electron Kohn-Sham DFT equations

——  i=N+2
— i =N+I
&y —@— i=N V2 SEy, [ng]
8N—1 _._ i=N—1 _7 + vne(r)-l_ 5]@(1’) X (pi(r) - gi(pi(r)
ey, —@— i=N-2
& —@— i=2 a of ( N 2\
. X0 _
6 —@— =l P ny) = Y [,
AC\ (© -
\ mp\\z“o(\ of =1
e\® Exact density
One-electron energy levels - _

W. Kohn and L. J. Sham, Phys. Rev. A 140, 1133 (1965).



Construction of Kohn-Sham DFT molecular orbitals

Atomic orbitals
(basis set)

[\

@,(r) = Cy, x4(r) + Cp, y5(T)
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Construction of Kohn-Sham DFT molecular orbitals

@,(r) = Cy, xa(r) + Cp, yp5(r)

/A
notation
= Z Cp2,(T)

o]

Atomic orbitals
(basis set)
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Construction of Kohn-Sham DFT molecular orbitals

¢p(r) — CAp )(A(r) + CBp )(B(r)

M

notation
= Z)(M(r)
p=1 [

To-be-optimized
molecular orbital coefficients
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Construction of Kohn-Sham DFT molecular orbitals

Size of the atomic orbital basis

l

/A
9,0 =Y C,, 1,r)
u=1
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Cornell University

= I‘le > quant-ph > arXiv:2204.01443

Quantum Physics

[Submitted on 4 Apr 2022 (v1), last revised 18 Oct 2022 (this version, v4)]
Toward Density Functional Theory on Quantum Computers?

Bruno Senjean, Saad Yalouz, Matthieu Saubanére

Quantum Chemistry and Physics have been pinpointed as killer applications for quantum computers, and quantum algorithms have been designed to solve the
Schrédinger equation with the wavefunction formalism. It is yet limited to small systems, as their size is limited by the number of qubits available. Computations
on large systems rely mainly on mean-field-type approaches such as density functional theory, for which no quantum advantage has been envisioned so far. In

this work, we question this a priori by proposing a counter-intuitive mapping from the non-interacting to an auxiliary interacting Hamiltonian that may provide
the desired advantage.
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Energy [E}]

Success and failures of density-functional approximations

—-0.85

-1.05

~1.1

-1.15

-1.2

H, [1 1Zg+, aug-cc—pVQZ]

-----------------

= Hartree-Fock

(no correlation)

' Density-functional
................. *  approximations

Full Configuration

Interaction
(accurate)
FCl ——
HF ——— _
LDA ——
PBE — i
: B3LYP ——
PO CAM-B3LYP
1 2 3 4 5 6 7 8 9

Interatomic distance [units of a]

10

62



PCCP

PERSPECTIVE

7 ROYAL SOCIETY
P OF CHEMISTRY

View Article Online
View Journal

\ '.) Check for updates

Cite this: DOI: 10.1039/d2cp02827a

https://doi.org/10.1039/D2CP02827A

Received 22nd June 2022,
Accepted 9th August 2022

DOI: 10.1039/d2cp02827a

rsc.li/pccp

DFT exchange: sharing perspectives on the
workhorse of quantum chemistry and
materials science

Andrew M. Teale, (2 ** Trygve Helgaker, (2 *° Andreas Savin, 2 *© Carlo Adamo, (¢
Balint Aradi, 12 ¢ Alexei V. Arbuznikov, @ Paul W. Ayers, (99 Evert Jan Baerends, "
Vincenzo Barone, &' Patrizia Calaminici, &’ Eric Cancés, ©% Emily A. Carter, @'
Pratim Kumar Chattaraj,@m Henry Chermette, (2" llaria Ciofini, (2 ¢

T. Daniel Crawford, & °° Frank De Proft, (29 John F. Dobson, 2" Claudia Draxl,
Thomas Frauenheim,®" Emmanuel Fromager, (2% Patricio Fuentealba, 2 *

Laura Gagliardi, ¥ Giulia Galli, 7 Jiali Gao, (2 222® Paul Geerlings, (¢

Nikitas Gidopoulos, {23 Peter M. W. Gill, @ 2 Paola Gori-Giorgi, {2 >

Andreas Gérling, € Tim Gould, 229 Stefan Grimme, (22" Oleg Gritsenko, (¢
Hans Jorgen Aagaard Jensen, (22 Erin R. Johnson, {22 Robert O. Jones, {2
Martin Kaupp, &7 Andreas M. Késter, 1) Leeor Kronik, €22 Anna I. Krylov, 2™
Simen Kvaal, ©2° Andre Laestadius, (2 ° Mel Levy, 2" Mathieu Lewin, {2 2°

Shubin Liu, 2229 Pierre-Francois Loos, 122" Neepa T. Maitra, 22 Frank Neese, (2!
John P. Perdew, (2" Katarzyna Pernal, 22" Pascal Pernot, (52"

Piotr Piecuch, (2 Elisa Rebolini, (2% Lucia Reining, {2 *2*® Pina Romaniello, {2 >
Adrienn Ruzsinszky, 2 °® Dennis R. Salahub, 2 ° Matthias Scheffler, (2 °f

Peter Schwerdtfeger, {2 °9 Viktor N. Staroverov, 2 °" Jianwei Sun, (9

Erik Tellgren, (2 ° David J. Tozer, @29 Samuel B. Trickey, {2 % Carsten A. Ullrich, {2 °
Alberto Vela, @2 Giovanni Vignale, @ °™ Tomasz A. Wesolowski, 2 °" Xin Xu {2 °°
and Weitao Yang (P

In this paper, the history, present status, and future of density-functional theory (DFT) is informally
reviewed and discussed by 70 workers in the field, including molecular scientists, materials scientists,
method developers and practitioners. The format of the paper is that of a roundtable discussion, in
which the participants express and exchange views on DFT in the form of 302 individual contributions,
formulated as responses to a preset list of 26 questions. Supported by a bibliography of 777 entries, the
paper represents a broad snapshot of DFT, anno 2022.
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Wave function theory

N g
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Explicit description of electron correlation

Dy
D1

PN+4

PN+3

PN+2
PN+1

PN

%)
P

Virtual orbitals

Reference ground-state configuration
(the one used in KS-DFT)
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Explicit description of electron correlation

Dy
D1

PN+4

PN+3

PN+2
PN+1

PN

%)
P

Virtual orbitals

Creation operators

//\

| D) = 4 y1vac)

Second-quantized notation
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Explicit description of electron correlation

Dy
D1

PN+4

PN+3

PN+2
PN+1

PN

%)
P

Virtual orbitals

\<D>—

AT

AT
..ay | vac)
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Explicit description of electron correlation

PN+4

PN+3

PN+2
PN+1

PN

%)
P

Virtual orbitals

alal...al
| D) = ..dy | vac)

Reference Slater determinant
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------

DPu
Dy

PN+4

PN+3

PN+2
PN+1

PN

75}
P

Explicit description of electron correlation

Single-electron
excitation

ﬁ

------

DPu
Dy-1

PN+4

PN+3

PN+2
PN+1

PN

%)
P
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Explicit description of electron correlation

—_— Py —_ Dy
— Q- —_— Py
— PNy4 PN+4
—— PN+3 PN+3
—F Pny2 PN+2
—=— ¥n+1 PN+1
— — — —

—@— —@—

—@— » —@—
—@— ¢ —@— &

Annihilation operator

Second-quantized notation
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DPu
Dy

PN+4

PN+3

PN+2
PN+1

PN
PnN-1

75}
P

Explicit description of electron correlation

DPu
D1

PNi4
PnNy3

Double-electron — Py

excitation PN+

| - §0N

------

%)
P

e A\

aN+4a1TV+1&N—1&N | @)
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Explicit description of electron correlation

Dy
D1

PN+4

PN+3

PN+2
PN+1

PN

)
P

Triples, quadruples, ..., N-tuples

ﬁ
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Configuration Interaction (CI) method

|lP0>%é|(Do>

|

Excitation operator
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Configuration Interaction (Cl) method

| Py) ~

"= Ot ﬁ%“ i Cala; + Z Z cea

a=N+1 i=1  —" ab=N+1ij=1

C| @)

T AT A A
dg bala]

N

+ZZC

a,b,c=N+1 i,j,k=1

Singles Doubles

i Ggd,de laak + ...
Triples
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Configuration Interaction (CI) method

|¥,) ~ C| D)

—ow X Y cdas Y Y crddaa e Y Y o dddlag

a=N+1 i=1

a,b=N+11i,j=1 a,b,c=N+1 i,j,k=1

To-be-optimized CI coefficients

A

ak + ...
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Configuration Interaction (CI) method

W) = Cl@g) = Y, Cldety) = |'¥(O))
S

M N

T=C Y Y O ata+ Z anb alalaa; + Z Z Cor alalaiaag, + ...

a=N+1 i=1 a,b=N+1i,j=1 a,b,c=N+1 i,j,k=1

To-be-optimized CI coefficients
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Configuration Interaction (CI) method

e (UOTHPO)
cp = min
’ C (PO P(O))

[W(O)) = D C:|dety)
3

7’



Configuration Interaction (Cl) method

e (UOTHPO)
cp = Mmin
’ (PO PO)

|P(C)) = ) C.|dety) @
S

: = F cr | : Matrix diagonalization
problem
Héo ) Hff/ cee Cé C"5
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Configuration Interaction (Cl) method

H.. = (det§|ﬁ| det,)
\ L .
Hoy Hoy 51 Hoe - | | € Co
Hyg - C, C,
3 | =Eal
Hey ooo Hgo oo Ccf Cg

Cl Hamiltonian matrix
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Dy
D1

PN+4

PN+3

PN+2
PN+1

Pn

%)
P

How many determinants in total
for a full Cl (FCI) calculation?

-

\

We have .// (spin-) orbitals

available for N electrons

~\

,
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Dy
D1

PN+4

PN+3

PN+2
PN+1

Pn

%)
P

How many determinants in total?

s

.

We have .// (spin-) orbitals
available for N electrons

N

J

Ndet. = <

)

M|

~ NIW/—N)!
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How many determinants in total?

M =2XN

A (2N)!

N —
N =NY! (N2

83



N, det. —

How many determinants in total?

M =2XN

M (2N)!
N\ —N)!  (N!)?
* N\ .
N! = /22N <_> Stirling formula for large N values
\; 22N 2N In2

TN

NE
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How many determinants in total?

€2N In2
Ndet. ~ “Exponential wall”

NE
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How many determinants in total?

62N1n2 N=50

10°

X

N, det. ~
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How many determinants in total?

INIn 2
e N=400
Ny, ~ ~ 1.88x10%

NE
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Truncated CI methods and the size-consistency issue

Cl singles and doubles ansatz (CISD):

Cr Cogp = Cot f Y aja; + 2 anb

a=N+1 i=1 a,b=N+1i,j=1

ATAJ(
abl]
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Truncated CI methods and the size-consistency issue

PN+4

PN+3

PN+2
PN+1

PN

)
P

Let us consider two monomers
far apart from each other
(each monomer contains two electrons)

'e

Dy
D1

PN+4

PN+3

PN+2
PN+1
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Truncated CI methods and the size-consistency issue

4 )

DPu
P -1

PN+4

PN+3

PN+2
PN+1

PN

CISD is “exact”

Let us consider two monomers
far apart from each other
(each monomer contains two electrons)

'

Dy
D1

PN+4

PN+3

PN+2
PN+1
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Truncated CI methods and the size-consistency issue

DPu
P -1

PN+4

PN+3

PN+2
PN+1

PN

)
P

Let us consider two monomers
far apart from each other
(each monomer contains two electrons)

-

_._
+

-

)

Dy

~

D -1

PN+4

PN+3

PN+2
PN+1

72
¢,

J

CISD is “exact”
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Truncated CI methods and the size-consistency issue

oy o)
— qpﬂ—l E— Cb./%—l
— PNy4a —— PNy
— Pny3 —  Pny3
— Pni2 Let us consider two monomers — @i
— Pyt far apart from each other - PNt

(each monomer contains two electrons)
— —
—— » —— &,
o ® | - .
_ : CISD is not “exact” %)
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Truncated CI methods and the size-consistency issue

oy o)
—— Q- —
— PNy4a —— PNy
— Pny3 —  Pny3
— Pni2 Let us consider two monomers — @i
— Pyt far apart from each other - PNt

(each monomer contains two electrons)
— —
—— » —— &,
: 4 CISD is not “exact” : @1
\_ v

CISDTQ would be
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Coupled Cluster (CC) theory

o) ~ [P(D) = e | D)

M N M N
T = ty+ 2 Zt“ ala. + Z 2 14 aza;; id; Z Z tl;’,f‘ ZaZaZ 1,0,0; + ...

a=N+1 i=1 a,b=N+1i,j=1 a,b,c=N+1 i,j,k=1

Excitation operator




Coupled Cluster (CC) theory

[Po) ~ | E(D) = e | D)

=i+ f ir ata. + 2 Ztab alataa; + 2 Z e atatalaaa, + ...

a=N+1 i=1 a,b=N+1i,j=1 a,b,c=N+1 i,j,k=1

To-be-optimized Coupled Cluster amplitudes
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Coupled Cluster (CC) theory

o) ~ [P(D) = e’ | D)

M N

=t+ ), ) ttala+ Z Zrab atataa; + Z Z 19 giatalaa,

a=N+1 i=1 a,b=N+11i,j=1 a,b,c=N+11i,j,k=1

f=14 ) —
=1 n.

(AlA | . 1 .

CC

1+7 4+ —7% 4+ =T+ —T"+...
2 6 24

\C! J

A

ad,

+ ...
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Truncated CC theory

T = Teesp = It Z Zt““+ Z Zrab

a=N+1 i=1 a,b=N+1i,j=1

- - R 1 (. R
eT —> eTCCSD — 1 + TCCSD‘l‘E @CCSDTCCSIJ +...

Will generate triple
and quadruple excitations

ATAT
ale
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Truncated CC theory

T = Toesp = ly+ f D i ata + Z Ztab

a=N+1 i=1 a,b=N+1 i,j=1

. . R 1 (. R
eT — eTCCSD — 1 + TCCSD‘l‘E @CCSDTCCSIJ +...

Will generate triple
and quadruple excitations

ATAT
(lbl]
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Conventional (non-variational) optimisation of the CC amplitudes

H <ef| (I)O)) = Ecc (ef| (I)O)>

Schrodinger equation for the CC wave function
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Conventional (non-variational) optimisation of the CC amplitudes

H (ef| (I)O)> = Ecc <eT| (DO)>

e 'He'| ®,) = Ec¢ e e D)
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Conventional (non-variational) optimisation of the CC amplitudes
e 'He'| @) = Ecce e’ | D)
Z cc(D) | Dy) = Ecc | Dp)
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Conventional (non-variational) optimisation of the CC amplitudes

H cc(D | ®y) = Eqc| Dy) Effective N-electron

\ , Schrédinger equation

Known!
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Conventional (non-variational) optimisation of the CC amplitudes

% D) =FE D Effective N-electron
CC( ) | O> cC | O> Schrédinger equation
l—

To-be-determined

. 1. A A
Hoct)y=e 'He' = <1 —T+5T2— ...>H<1 +T+5T2+ >
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Conventional (non-variational) optimisation of the CC amplitudes

% D) =FE D Effective N-electron
CC( ) | O> cC | O> Schrédinger equation
—

To-be-determined

. 1. A A
Hoct)y=e 'He' = <1 —T+5T2— ...>H<1 +T+—=T"+ >

Expansion stops exactly at fourth order in T
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Unitary CC (uCC) theory
(standard in quantum algorithms for quantum chemistry)

[Pec®)) = e/ [Dg) = [PecD) =e' T [ D)
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Unitary CC (uCC) theory

o) =€/ [Dg) > [PecD) =e/ | [ D)

|

M N
=1+ ) ) it ala + Z Zz atataa, Z 2 e dlatalaag, + ...
a=N+1 i=1 a,b=N+11i,j=1 a,b,c=N+1 i,j,k=1

R Excitation operator
—
—o—
—o—
| ¢;
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Unitary CC (uCC) theory

[Py = e/ [Dg) = [Pec(D) =’} [ D)

|

T =1+ Z Zt a'a, + Z Zzab ata‘a,a, + Z Z [ @lalala ay, + ...

a=N+1 i=1 a,b=N+11,j=1 a,b,c=N+1 i,j,k=1

De-excitation operator

Py with the same CC amplitudes

kil

@;
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Unitary CC (uCC) theory

Wec®) =€/ |®g) = [Hyec®) =’ | D)

Unitary transformation

[(‘Pucc(t) | \Pucc(t» — <(Do | (Do>]

The square norm is preserved!
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Unitary CC (uCC) theory

|‘Pcc(t)> = €T| (Do> — |\Pucc(t)> =@| q’o)

Unitary transformation

[(TuCC(t) | Wacc(D) = 1]

The square norm is preserved!
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Unitary CC (uCC) theory

W) =e [ Dg) > [PecD) =e' T [ D)

Variational evaluation of the energy:

{ (WO H W o)) }

E cc = min

u

(Wocc(® | Fucc(t))
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Unitary CC (uCC) theory

W) =e [ Dg) > [PecD) =e' T [ D)

Variational evaluation of the energy:

v e T Puce®)
uCC = min
t (Wycc(t) | Wyee(h))

= min { (W oo | H W (D) }
t
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Unitary CC (uCC) theory

[Py =€/ [Dg) = [PyecD) =e' T | D)

Variational evaluation of the energy:

7\

H ycc(t) = 8_(T_ TW‘)E’@(T_W) £ e Hel = Hcc(t)

|

Eyoc = mtin { (Do | H D) ] (Do>}
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Quantum embedding theory

n, ¥
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Local potential-functional embedding theory (LPFET)
inspired by Density Matrix Embedding Theory (DMET)

Self-consistency loop

Kohn-Sham lattice /\ Embedding cluster
e A
u
nq)gs [\7HXC] — an(c)lus[er[f)HXC] @ 2 —n
_T)ch
0 \/ Impurity Bath
orbital orbital
\ J
A

N :
yKS(r, 1) = Z QAN (IT) #vveesssmmsseees sttt
i=1
Kohn-Sham one-electron
reduced density matrix

S. Sekaran, M. Saubanere, and E. Fromager, Computation 2022, 10, 45.

S. Sekaran, M. Tsuchiizu, M. Saubanere, and E. Fromager, Phys. Rev. B 104, 035121 (2021).

U. Mordovina, T. E. Reinhard, I. Theophilou, H. Appel, and A. Rubio, J. Chem. Theory Comput. 15, 5209 (2019).

W. Bulik, G. E. Scuseria, and J. Dukelsky, Phys. Rev. B 89, 035140 (2014). 114
G. Knizia and G. K.-L. Chan, Phys. Rev. Lett. 109, 186404 (2012).



