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Outline

The two main approaches to the electronic structure problem in Quantum Chemistry
will be reviewed.

These approaches are wave function theory (WFT) and density-functional theory (DFT).

Limitations of DFT in the description of strong electron correlation will be highlighted.

This first part of the course aims at motivating the exploration of quantum embedding
approaches based on DFT and/or WFT .
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Electronic Schrédinger equation

Ground (I = 0) and excited (I > 0)
electronic energies



Electronic Schrédinger equation

Ground (I = 0) and excited (I > 0)
electronic energies

unknown!
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Electronic Schrédinger equation

In this lecture we will focus on the ground-state problem
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Electronic Schrédinger equation

Ground-state electronic
wave function
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Electronic Schrédinger equation

Ground-state electronic
wave function

unknown!
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N-electron wave function

VY, =Y¥Yy(x;, X5, ..., Xy)

electronic coordinates
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N-electron wave function

VY, =YY (x(, Xy, ..., Xy)

electronic coordinates

l

X, = (ri,a)
[\

Cartesian space
coordinates

r;, = (xia Yis Zi)

Spin coordinate

o, =1o0r|
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N-electron Hamiltonian operator (in atomic units)

A 1 &
H = h(i) + — o(1, ]
2 (i) 2;« h

One-electron part Two-electron part

v -

h(i) = —lv,%_ +v, (1) X g, )) =
2 |r; — 1]

Kinetic energy+nuclear attraction Electronic repulsion
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N-electron Hamiltonian (in atomic units)

A, ]
H = h(l)+52g(l,])

i=1

One-electron part

Universal one-electron
differential operator

. 1
h(i) = —5V3i+vext(ri) X

Kinetic energy-+nuclear attraction

I7]

Two-electron part

'
1

g, J) = X
|r; — 1]

Electronic repulsion
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N-electron Hamiltonian (in atomic units)

A, 1 &
H = izzlh(l)+ggjg(l,])

One-electron part Two-electron part

/ \

1

X

|r; — 1]

Electronic repulsion
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N-electron Hamiltonian (in atomic units)

I ] <
CEDNCESDW W)

i=1

One-electron part

I7]

Two-electron part

local (multiplicative)

One-electron
v operator Y

. 1
h(i) = — Evgwext(ri) X

Kinetic energy+nuclear attraction

o 1
g(i,]) = X
|r; — 1]

Electronic repulsion
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N-electron Hamiltonian (in atomic units)

One-electron part

I l «
CEDNCESDW W)

i=1

. 1
h(i) = — 5V%j+vext(ri) X

s nuclei ZA h
V t(r.) - —
N ; |r; — Ry |
\_ _J

“external” potential energy

I7]

Two-electron part

not universal! AY

o 1
80, ) = X
|r; — 1]

Electronic repulsion
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N-electron Hamiltonian (in atomic units)

N 1 N
CEDNCESDW W)
=1 I#]

One-electron part Two-electron part

|

=

1

= ——V?2 Ai9. — X
h(i) = zv + v, (1) X g(, ) T

Atomic number

nucl ¢ Electronic repulsion
WO TR

Electron-nucleus distance
21



N-electron Hamiltonian (in atomic units)

AL ] <
H = h(l)+52g(z,])

i=1

One-electron part

&

We solve the electronic problem
for fixed nuclei positions R, = (x4, y4,24)

A |r; — R, |

i7]

Two-electron part

RY

o 1
8, J) = X
|r; — 1]

Electronic repulsion
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N-electron Hamiltonian (in atomic units)

AL ] <
H = h(l)+52g(z,])

i=1

One-electron part

&

We solve the electronic problem
for fixed nuclei positions R, = (x4, y4,24)

Born-Oppenheimer
approximation

I7]

Two-electron part

|

o 1
80, ) = X
|r; — 1]

Electronic repulsion
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N-electron Hamiltonian (in atomic units)

A, 1 &
H = izzlh(l)+5§jg(l,])

One-electron part Two-electron part

Two-electron
local (multiplicative)
operator

&

A 1 al
h(i) = = =VE 4 v (1) X 8(1,]) = X
(1) 7 T Vext(T7) | r,— rjl

Kinetic energy+nuclear attraction Electronic repulsion
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N-electron Hamiltonian (in atomic units)

A, 1 &
H = h(i) + — o(1, ]
2 (i) 2%51( h

One-electron part Two-electron part

v \

1

A 1 a
h(i) = = =VE 4 v (1) X 8(1,]) = X
(1) 7 T Vext(T7) | r,— rjl

Kinetic energy+nuclear attraction Electronic repulsion

25



N-electron ground-state Schrédinger equation

In summary, we have to solve the following differential equation ...

1 N
z: 2
_5 Vrl\PO(l’l, 61, ceey l’l, O-i’ coey I'N, GN)

i=1

N
+ Z Vext(l'l-) X lI’O(rl, 0-19 Y rl’ 0i7 AR rN’ GN)
i=1

N
1 1
+_Z XTO(FI,O'l,...,l’l-,O'l-,...,l’]-,O'J-...,l‘N,O'N)
2 . |ri—l‘-|
i#] /

= EO X ‘PO(I‘I, Oy« I‘N, O-N)
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N-electron ground-state Schrédinger equation

In summary, we have to solve the following differential equation ...

17
2 Z V%i‘PO(rla Oy -5 L5 Oy ooy Ty, O))
=1
"

N !
+ Z Vext(l‘l-) X To(rl’ 0-19 ceey rl’ 6i7 AR rN’ GN)
i=1

N ?
1 1
+—Z X ¥y, o0q...,1;, 0, ey 05070, Ty, oN)
2 . |l‘l-—l‘-|
i#] J
? ?

= EO X To(rl, Oy« I'N, GN)
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N-electron ground-state Schrédinger equation

In summary, we have to solve the following differential equation ...

| &
Z 2

) Vi, op,....1,0, ..., Ty, 0y)
i=1

N
+ Z Vext(T) X Wo(ry, 61, ..., ¥, 05, ..., Xy, Op)
i=1

1l |
+—Z X‘Po(rl,al,...,rl-,oi,...,rj,aj...,rN,aN)
24~ |r,—r,|
i#] /
... and we have to find the lowest energy (!)

94(/"’

= EO X \Po(rl, Oy« I'N, GN)
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Rayleigh-Ritz variational principle

Ey = min(¥ | H|'¥) = (¥, | H| %)

| —
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Rayleigh-Ritz variational principle

Ey =[min(W | W) = (¥o| H|'¥,)

Minimisation over
trial normalised wave functions ¥
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Rayleigh-Ritz variational principle

Minimisation over
trial normalised wave functions W

A4

[(\Pl‘P) = del...dei...deN “P(xl, s X, ...,XN)‘Z = IJ
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Rayleigh-Ritz variational principle

+00 +00 +0o0
ZJ dxiJ inJ dz

6i=T7~lr - o

)/

(W |¥) = del... [dxl-... deN “P(xl, s Xy oy Xpy)

2

=1
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Rayleigh-Ritz variational principle

Ey = min(¥ | H|¥) = (¥o| H| ¥o)

W
Energy expectation value
for the trial wave function \V
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Rayleigh-Ritz variational principle

Eg = min¥ | H|¥)|= (¥o| A | ¥o)

\/

Energy expectation value
for the trial wave function ¥

Expectation value for an observable O described by the quantum operator 5

(V| @l‘P) = del... Ja’xi... JdXN WYXy, .o Xy ey Xpy) X @‘P(Xl, e Xy ey Xy)

nota:tion < @>\p 5



Density-functional theory (DFT)

The Nobel Prize in Chemistry
1998

It is in principle unnecessary to know R
the ground-state many-electron wave function ‘P,

for evaluating the exact ground-state energy L.

y
Photo from the Nobel Photo from the Nobel
Foundation archive. Foundation archive.
Walter Kohn John A. Pople
Prize share: 1/2 Prize share: 1/2

The Nobel Prize in Chemistry 1998 was
divided equally between Walter Kohn "for his
development of the density-functional
theory" and John A. Pople "for his
development of computational methods in

quantum chemistry." 35
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Electron density

Jefini
ng(1) Jrmton Z [dxz...[dxi...[dXN“I’(r,al,xz,...,Xl-,...,xN)
01=T,l

WV

Density of the many-electron wave function ¥

2
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Electron density

Jefini
ng(1) Jrmton Z [dxz...dei...[dXN“I’(r,al,xz,...,xi,...,XN)
o=1,1

\

Density of the many-electron wave function ¥

v

Function of the three cartesian space coordinates r = (x,y, 7)

2
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Electron density

efinition 2
ng(1) defrstion Z dez... [dxi... JdXN ‘\I’(r, 015Xy ves Xiy onvy Xpy)
UlzT,l
[dl‘ ng(r) = N(W|¥) =N &—— Number of electrons

39



Electron density

d e 2
Ng(1) JImtion Z [dxz...[dxi...[dXN“I’(r,al,xz,...,Xl-,...,xN)
51=T,l

n\PO(I') = ny(1) & Exact ground-state

density

40



Electron density

d . e 2
ng(1) Jrmton Z [dxz...dei...[dXN“I’(r,al,xz,...,xi,...,XN)
o=1,1

Note that the external potential energy is an explicit functional of the density

41



Proof:

=1

™M=

-~
Il
—

Il
.MZ

-~

Il
—
[J

1§ Mz

N
< D VexdT) X >
: P

=1

dx;...

dx;..

ldx...

dx....

([dxl... JdXN Vo) X ‘\P(Xl, e Xpy) ‘ 2)

2
NJXm .o "de Vext(l'l) X ‘ \I’(Xla sy XN) ‘

dr| v (r;) X N Z [dxz...[de “P(rl,al,xz, s Xpy)

0-1=T7\L

dr | v, (r) X ng(r,)

A%y ) X| [P,

dXy Ve (r) X| | W(x,, .. x,

2
9XN)‘
X) <X
2
9XN)‘
X, = Xy
X, = X;
2
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(

N

i=1

Z VeXt(ri) X > = [dl’ vext(l')nq,o(r) — [dr Vext(r)
b Y

Exact external potential energy

0

\/

We do not need to know ¥,
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(

Exact external potential energy

N

Z veXt(ri) X > — [dl‘ Vext(r)n\PO(r) = Idr Vext(r) I’lo(l')
) o(r)

i=1
0

W/
We do not need to know ¥,

We just need to know n,

44



Exact external potential energy

We do not need to know ¥,

We just need to know n

The exact kinetic and two-electron repulsion energies are implicit functionals of ny.

45



Levy’s constrained search formalism

E, = min(¥|H|¥P)
P

46



Levy’s constrained search formalism

E, = min{¥ | H | ¥)
P

= min { |min (¥ | H | ¥)
n Y—-n

T

Pre-minimisation over wave functions ¥
that have the same density ng(r) = n(r)

Levy M (1979) Proc Natl Acad Sci USA 76(12):6062
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Levy’s constrained search formalism

E, = min(¥|H|¥P)
P

[
2
=)

min (¥ | H| W)
Yon

1

Minimisation over densities n

Levy M (1979) Proc Natl Acad Sci USA 76(12):6062
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Levy’s constrained search formalism

EO= V| H|P)
P

= min { min (¥ |H|¥)

n Yon
4 -
¥, ¥, ¥, !
vy ¥,
¥ v, w
3
s

s ”

Qpace of N-electron wave functions

Levy M (1979) Proc Natl Acad Sci USA 76(12):6062



Levy’s constrained search formalism

E, = min{¥ | H | ¥)

o

=[min min}(\P | H | ¥)

n Yon

k n

/7

//‘
v ¥
py Y

Levy M (1979) Proc Natl Acad Sci USA 76(12):6062
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Levy’s constrained search formalism

min{¥ | H | ¥)
P

min

= min

_t
at

min

—n

min (\P|FI|\P)} [

- \

Ay

L

A

H =

T +

A

i=1

N
ee T Z Vert(I';) X

|

{(\P | T+ Wee | W) + [dr vext(r)nq,(r)} }
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Levy’s constrained search formalism

E, = min(¥|H|¥P)
P

=min{min (‘I’lﬁl‘P)}

n Yon

n

= min { min { (¥|T+ W_ |P) + Jdr Vet(T)

= min { min { (¥¢|T+ W_|¥P) +Jdrvext(r)

n

52



Levy’s constrained search formalism

E, = min(¥|H|¥P)
P

n Yon

— min {gin {(tp 1T+ W__|P) + [dr Vext(r)n\{'(r)} }

(

= min <| min { (P|T+W,.| \11>} + Jdr vext(r)n(r)}

n \ Yon

=min{min (‘I’lﬁl‘P)}

(

= min s Fn] + Jdr vext(r)n(r)}

n §

53



Levy’s constrained search formalism

Ey,=min § F[n] + {dr Vet ()1(T)

n

EE——

We recover the Hohenberg-Kohn variational principle of DFT!

P. Hohenberg and W. Kohn, Phys. Rev. 136, B864 (1964)
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Kohn-Sham DFT formalism

F[n] = min (¥ |T+W__ | ¥)

Yon

Interacting universal functional

W. Kohn and L. J. Sham, Phys. Rev. A 140, 1133 (1965).

Kohn-Sham
> T.[n] = min (¥|T|¥)
Yon

Non-interacting
(kinetic energy) functional

55



Kohn-Sham DFT formalism

Kohn-Sham
Fln] = min (¥ |T + W_.| ¥) —3  T[n] = min(¥|T|¥)
Y—n Y—-n
Interacting universal functional Non-interacting

(kinetic energy) functional

Fln] —T|n] = £y, [n]

W. Kohn and L. J. Sham, Phys. Rev. A 140, 1133 (1965).
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Kohn-Sham DFT formalism

Fln] = min (¥ |T+ W_|¥P)

Yon

Interacting universal functional

Kohn-Sham
> Tn] = min (¥|T|¥)
Yon

Non-interacting
(kinetic energy) functional

Fln] —T|n] = £y, [n]

W. Kohn and L. J. Sham, Phys. Rev. A 140, 1133 (1965).

= Eyln] + £, [n]
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Kohn-Sham DFT formalism

Hartree density functional

n(r)n(r,)

1

[T — 1) |

W. Kohn and L. J. Sham, Phys. Rev. A 140, 1133 (1965).

Electrostatics
(evaluated with quantum
electron densities)

58



Kohn-Sham DFT formalism

Hartree density functional

EH[n] = %[drl [drz n(rl)n(rz) . Electrostatics

| ry—nor | (evaluated with quantum
electron densities)

Exchange-correlation (xc) density functional

Exc[n] = Fln] — Ts[n]—EH[n] Lo Quantum

many-electron effects

W. Kohn and L. J. Sham, Phys. Rev. A 140, 1133 (1965). 59



Kohn-Sham DFT formalism

Hartree density functional

EH[n] = %[drl [dl’z n(rl)n(rz) ——— Electrostatics

| ry—nor | (evaluated with quantum
electron densities)

Exchange-correlation (xc) density functional

S Quantum
E. [n] =277 <

many-electron effects

The exact xc functional is uniquely defined but

many (many) approximations
can be found in the literature (LDA, PBE, B3LYP, SCAN, ...).

————————— ————————————— 60




E, = min {F [n] + [dr vext(r)n(r)}

n

n

!

n —n

-

= min § min {(\P | T| )+ Ey, 109+ Jdr vext(r)nq,(r)} .

n Yon

= min § min {(‘Plﬁ— W | ¥)+Ey, [1y]
n Y—-n

= min { (W |H-W_. | ¥)+Ey, [1y] }
p

= min { T [n]+Ey, [n]+ Jdr Ve (T)R(T) }

: \—

}

N

J

Variational principle
in Kohn-Sham DFT

= min {min { (¥ |T|¥P) } + Epyy [n]+ Jdr Ve ((T) }

3\

J

o1



Comparing variational principles

Ey = min { (¥ | A1'¥) | = min { (¥ | A=V, ®)+Ey g |

62



Comparing variational principles

-

= min { (P [11) }|= min { (¥ |A= V.. | W)+ g}

\—

\/
Pure wave function theory (WFT)
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Comparing variational principles

E0=n}Pin{(‘P|I-AI|‘P>} —

-

min { (¥ | A=W, | %)+ Eyy, I
b 4

\_

)

\L
Kohn-Sham DFT

064



Comparing variational principles

E0=n}Pin{(‘P|I-AI|‘P>} —

-

min { (¥ | A=W, | %)+ Eyy, I
b 4

\_

)

A4

Explicit two-electron repulsions
are removed from the Hamiltonian...
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Comparing variational principles

E0=n}Pin{(‘P|I-AI|‘P>} —

-

min { (¥ | A=W, | %)+ Eyy, I
b 4

\_

)

A4

Explicit two-electron repulsions
are removed from the Hamiltonian...

... and treated implicitly as functionals
of the density.
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Comparing variational principles

E0=n}Pin{(‘P|I-AI|‘If>} —

.
min { (| A=W, | %)+, Iyl
\_

)

A4

Explicit two-electron repulsions
are removed from the Hamiltonian...

The one-electron picture is made exact in KS-DFT!

e

R

67



DFT for N-electron ground states

VZ
_71. F Vext(T) + Vg (1) | @,(T) = £;9(T)

I = N+2
I = N+1

i =N
i=N-1
i=N-2

bé ||

W. Kohn and L. J. Sham, Phys. Rev. A 140, 1133 (1965).
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DFT for N-electron ground states

VZ
_71. F Vext(T) + Vg (1) | @,(T) = £;9(T)

-

-

N

ny(r) = Z | p,(r) |2 LUMO -

i=1

) i = N+2

I = N+1

) HOMO - i=N

exact ground-state

density

i =N-1
i=N=-2

bbo ||

W. Kohn and L. J. Sham, Phys. Rev. A 140, 1133 (1965). 69



DFT for N-electron ground states

( N )
ny(®) = Y ||
N =1 y

exact ground-state
density

W. Kohn and L. J. Sham, Phys. Rev. A 140, 1133 (1965).

\Y%
_7" F Vext(T) + Vg (1) | @,(T) = £;9(T)

P

oLy [n]
on(r)

vch(r) —

n=n0

Hartree-exchange-correlation
local (multiplicative) potential

70



Energy [E}]

Success and failures of density-functional approximations

H, [1 1Zg+, aug-cc—pVQZ]

—-0.85 . .

-----------------

-09 | Hartree-Fock
(no correlation)

' Density-functional
0%+ /S T . *  approximations

Full Configuration

Interaction
(accurate)
-1.05 -
FCl —
-1.1 HF ——— _
LDA ——
PBE ——
-1as B3LYP —— |
PO CAM-B3LYP
_12 | | | | | | | |
1 2 3 4 5 6 7 8 9 10

Interatomic distance [units of a]
/1



Prototypical hydrogen molecule

72



Prototypical hydrogen molecule

Ry = (%, v, 25)

73



Prototypical hydrogen molecule

X5, (X) =

74



Prototypical hydrogen molecule

X5, () =

Xs, and y, are localised orbitals

— T

75



Prototypical hydrogen molecule

@ .................. @ 91, (1) = % ()(SA(r) _ %B(r))

Anti-bonding orbital

@ .................. @ P10,(1) = % (;(SA(r) + ;(SB(r))

Bonding orbital

76



Prototypical hydrogen molecule

D1 D) = % (16,0~ 1,)

Anti-bonding orbital

o _ L
Lo, @ .................. @ P15,() = 7 (lsA(") +)(SB(1‘)>

Bonding orbital

(plag and P16, AE delocalised orbitals

R — m—

7



Single-configuration ground-state two-electron wave function

(pldg @ §016g(r1)§010g(r2)

78



Single-configuration ground-state two-electron wave function

P16, @ } 601%{1'1)401%(1'2)

[wlagm = % (2,0 + 2,0 )}

79



Single-configuration ground-state two-electron wave function

Mo, PR |

1
[E ()(SA(rl))(,YB(r2) + )(SA(rz))(sB(rl) + )(sA(rl))(sA(rz) T %SB(rl)ZSB(r2)> ]

80



Single-configuration ground-state two-electron wave function

Do, &S 01, E)P, 1)

/’ I

1
E <)(SA(r1))(SB(r2) + )(SA(r2))(sB(r1) + )(SA(rl))(sA(rz) + )(53(1'1))(33(1'2)

N —

lonic configurations



Single-configuration ground-state two-electron wave function

Do, &S 01, E)P, 1)

/’ I

1
2 ()(sA(ll)%B(rz) + )(sA(l'z))(sB(rl) + ;(SA(rl))(SA(rz) + )(SB(rl))(SB(rz)

N —

lonic configurations

Unphysical in the dissociation limit!

82



Energy [E}]

-1.05

~1.1

-1.15

-1.2

H, [1 129+, aug-cc-pVQZ]

Hartree-Fock
(no correlation)

Full Configuration

Interatomic distance [units of a]

Interaction
(accurate)
FCI —
HF —— _
LDA
PBE ——— i
B3LYP ——
CAM-B3LYP
2 3 4 5 6 7 8 9

10
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Single-configuration ground-state two-electron wave function

Do, &S 01, E)P, 1)

1
E <)(sA(r1))(sB(r2) + )(SA(I'2))(SB(I'1) + )(SA(rl))(SA(rz) t )(SB(rl))(SB(rz)>

Electron density in the dissociation limit

2

= 2g010g(l‘)g010g(l‘) =

2
: \

2
1,0 +2.1, (0,0

_|_

§010g(1’) X5, (1)

84



Single-configuration ground-state two-electron wave function

A
% i P15, &> V1,9, (1)
L
Electron density in the dissociation limit ~ 0
2 2 2 7N
2|010® | =201,@01, @) = |1, + 7,00 +2 0, @
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Single-configuration ground-state two-electron wave function

T
B P15, &> V1,9, (1)
density of the density of the second
first hydrogen atom hydrogen atom
2 2 2
2 (P1gg(r) = 2§010g(r)(ﬂ10g(1’) R |, (1) ‘ + | X, (1) Q

86



Energy [Ey]

-1.05

~1.1

-1.15

-1.2

density functionals

H2 [1 1Zg+’ aug—CC—pVQZ] errors in xc

Full Configuration ‘V

Interaction
(accurate)
FCl ——
HF —— _
LDA
PBE ——— i
B3LYP ——
CAM-B3LYP
2 3 4 5 6 7 8 9

Interatomic distance [units of a]

10
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Multi-configurational wave function

or

88



Multi-configurational wave function

qolou (plau (plau
i \
—> or
T f T
Pl P16, P16,
|V ‘ |V

¢1gg(r1)§01gg(r2)_ P (;u(rl)@ 1 (;”(rz) >

1
o



Multi-configurational wave function

s P15, P14

—> or
Colag l \l; lo, lo,

minus combination

D10 TDP10 (D) 910, (F)D15,(T))
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Multi-configurational wave function
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Multi-configurational wave function
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Multi-configurational wave function
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Multi-configurational wave function
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Multi-configurational wave function
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Multi-configurational wave function
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Multi-configurational wave function
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