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Electronic Hamiltonian

N-electron Hamiltonian (in atomic units) within the Born-Oppenheimer approximation:

nuclei ZA
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kinetic energy

electron-nuclei attraction

electron-electron repulsion

A physical N-electron wavefunction ¥(ri,rz,...,ry) depends on the positions of each electron (spin

will be introduced later on) and fulfils the Schrédinger equation

HVU = BV |,




Rayleigh—Ritz variational principle for the ground state

Let {U;}r—0.1,2,... denote the exact orthonormal electronic ground-state (I = 0) and excited-state
(I > 0) wavefunctions:
H|Vp) =Er|Vr), (Yr|Vy) =01

We assume for clarity that the ground state is non-degenerate: Er > Eg when I > 0.

We will use real algebra in the following (non-relativistic quantum chemistry):

(V]|®) = (@[¥)" = (2|V)

The exact ground-state energy can be expressed as | Eg = m\ﬁn(\If\I:I W) = (Ug|H| o)

where the minimization is restricted to normalized wavefunctions W.

Proof: VW, |¥) =Y C;|¥;) and (¥|H|V) - Eo(¥|¥) =Y C? (EI . EO) > 0.
I I




Rayleigh—Ritz variational principle for the ground state

e Note that, if ¥ # Uy, then | (¥|H|T) > Fy |.

Proof:

Since ¥ # Wy, we can find a non-zero integer K such that Cx # 0,
otherwise C2 = (U|¥) =1 — ¥ = P (!).

Consequently,

(OH|Y) — By = > C}(Er - Eo)
I#0

C} (Bx —Eo)+ > C} (Br—Eo) >0
\/\ J/ I#O,KV\ J/

Ve “

> 0 >0 >0 >0




Rayleigh—Ritz variational principle for the excited states

e Note also that the first excited-state energy £ can be obtained variationally under normalization
((|W¥) = 1) and orthogonality ((¥|¥g) = 0) constraints:

Ei1 = min (V|H|U) = (U |H|T;)
T1w,

Proof:

Since (¥|¥g) =0=Co, [¥) =) C;|¥;) and

(W|H|w) — B(W[¥) = 3" CF(Er - E1) > 0.
1>0

e Additional orthogonality constraints ((V|¥1) = 0, ...) enable to reach second and higher
excited-state energies.




Stationarity condition

Let us consider a function f: z+ f(z) and the Taylor expansion around zo through first order
in dxr =x — xo:
df(z)

f(x):f($0+5$):f($0)+v X ox

Tr=xq

We denote § f(zo) the expansion of f(xo + dz) — f(zo) through first order in dx:

xo is a stationary point for f if | § f(x¢) = O |for any value of dz.

df(z)

In this example, where f is a function, the stationarity condition reads 3
x

Extrema of f (minima or maxima) are, for example, stationary points.




Let us now consider the energy functional E : ¥ +— E[¥] = (¥|H|¥) which is, for our purpose,
defined on the domain of normalized wavefunctions W.

Note that the electronic wavefunction ¥ is a function of the electron coordinates. The energy is a
"function" of W,

E[V] :/drl.../drN O*(ry,...,en)HI(r,...,rN),

hence the name functional.

The normalization condition (¥|¥) =1 implies | (¥|H — E[U]|¥) =0 |

If we consider infinitesimal variations ¥ — ¥ 4 ¥ around ¥ that preserve normalization, we have
§(U|H — E[W]|¥) = 0, thus leading to  §E[¥] = 2(6¥|H — E[¥]|¥). Therefore

SE[¥] =0 < H|¥)= E[V]|D)

Important conclusion: both ground- and excited-state wavefunctions are stationary points for the
energy functional.




Mathematical interlude: Lagrangian

e Rather than taking into account the normalization constraint 1 — (¥|¥) = 0 explicitly in the
derivation of the stationarity condition, it is more convenient to introduce the so-called Lagrangian
functional (also referred to as Lagrangian),

LIV, €] = E[V] 4+ £(1 - (V]T)),
where £, which is referred to as Lagrange multiplier, is a number that has to be determined.

e The stationarity condition can then be rewritten as

OL[, E]

5E =0 — 1 — (VW) =0 normalization condition !

AND
LW, E] =0 —  2(6W|H —E|U)=0 forany 6% (no constraint)

e Note that, when W is stationary, & = E[¥].




Spin, many-body wavefunction and Pauli principle

The N-electron wavefunction W (also referred to as many-body wavefunction) should take into
account the fact that electrons move in real space, hence the variablesry, ra, ..., ry in ¥, but it
should also describe their intrinsic angular momentum (the spin).

The spin quantum state of an electron is usually denoted o.
It can be equal to ac or 3 (i.e. T or |).

Consequently, the additional N variables o1, 02, ..., o should be taken into account in ¥ with
o, =aorfB for i=1,2,...,N.

Note that, even though the spin does not appear explicitly in the (non relativistic) Hamiltonian, it
plays a crucial role in the calculation of the energy spectrum. Indeed, because of the spin, two
electrons can occupy the same orbital without violating the Pauli principle.

For convenience, we will denote X; = (r;, 0;) so that the N-electron wavefunction reads

U(X1,Xo2,..., XN).




Spin, many-body wavefunction and Pauli principle

e Consequently, the expectation value for the energy reads

(U|H| W) :/dX1/dX2.../dXN U (X1, Xo,...,XN)HYU (X1, Xo,...,XN)

h dx; = [ dr; for i=1,2,...,N.
Were/ /RSI' Z or 1

Ui:aaB

e A physical N-electron wavefunction should be antisymmetric with respect to the permutation
X; — X

U(X1,.. 0, Xy Xy, XN) = —U(Xq, .., X,

which can be written in a more compact form as V(X ) = —¥ (X, ;). Consequently,
(\IJ(X) . (ij)) & W(X)=0 if X; =X,

thus preventing two electrons from being at the same position with the same spin (Pauli principle).




Density-functional theory (DFT)

e The exact ground-state energy o can be obtained by calculating the associated ground-state
wavefunction Wo (X1, X2, ..., X ) explicitly. For that purpose, one should solve the Schrodinger
equation or apply the variational principle.

FCl is applicable only to very (very) small molecular systems since it is computationally expensive.

Note that the nuclear-electron attraction contribution to Ey can be expressed in terms of a much
simpler quantity no than the wavefunction, which is called the ground-state electron density:

Eo = <\IJQ|T + Wee|\lfo> + /3 dr ’U(I‘)no(r)
R

(v|no)

2
.../dXN |\Ifg(r01,X2,X3,...,XN)

Note that both kinetic and two-electron repulsion contributions to the energy cannot be expressed
explicitly in terms of ng.




Expectation value of any one-electron potential interaction energy

e The following expression for the expectation value of the one-electron potential energy in terms of
the electron density will be used intensively in the rest of this lecture:

N
<qf > o(ri)x \p> = /Rg dr v(r)ng(r) = (v|ny)

=1

2
ng (r) :NZ/ng/ng,.../dXN ‘\If(ml,XQ,Xg,...,XN)) .
o1

N
In the following we will write the electronic Hamiltonian as H=T+ Wee + Z v(r;)x where
i=1
T and W, are universal contributions (i.e. they do not depend on the nuclei) while the local
potential energy v(r) is molecule-dependent.

Note that if ¥ is an N-electron eigenfunction of H with energy F, it remains eigenfunction when the
local potential is shifted by a constanti.e. v(r) — v(r) — w:

<T+ Wee + i (v(rs) — 11) % )qf - (H\If) Ny x U= (E—Nu)\IJ.
=1




electron density and density operator

It is sometimes convenient to introduce the so-called density operator

N
n(r) = Z o(r —r;)Xx <+ Dirac distribution !
i=1

for calculating the electron density.

Since, by definition, / dr; f(r;)0(r —r;) = f(r) :/ dr; f(r;)0(r; —r), we obtain
R3 R3

ny (r) = (¥|a(r)|¥)

Consequently, the local potential operator can be rewritten as




First Hohenberg—Kohn theorem

e Notethat v — ¥y — Ej

— No

e HK1: Hohenberg and Kohn* have shown that, in fact, the ground-state electron density fully
determines (up to a constant) the local potential v. Therefore

no —->v— Y9 — Ep

e In other words, the ground-state energy is a functional of the ground-state density: Eo = E|[no].

Proof (part 1):

Let us consider two potentials v and v’ that differ by more than a constant, which means that v(r) — v/ (r)
varies with r. In the following, we denote W and W, the associated ground-state wavefunctions with
energies Eg and E|), respectively.

*P. Hohenberg and W. Kohn, Phys. Rev. 136, B864 (1964).




First Hohenberg—Kohn theorem

If g = U then

N
(fu(ri) — v’(ri)) x Wq qu(ri) X Wy — o' (r;) x ¥
i=1 i=1

N N
<T—|— Weeo -+ Zv(ri)x> Uy — <T—|— Weeo -+ Zv’(rﬂx) \116

1=1
EoUo — ELU)

=1

(Eo — E{j) x ¥

so that, in the particular case ri; =r2 =... =rpy =r, we obtain

v(r) —v'(r) = (Eo — E})/N —  constant (absurd !)

Therefore Vo and W(, cannot be equal.




First Hohenberg—Kohn theorem

Proof (part 2): Let us now assume that W and ¥(, have the same electron density ng.

According to the variational principle

N

EO<<%T+W%+ZU(1~Z-)>< %> and E) <

1=1
N 7
'

E{ + (v —v'|no)

thus leading to

0< Eg—E)j—(v—2"|np) <0

*P. Hohenberg and W. Kohn, Phys. Rev. 136, B864 (1964).

N
<\If0 T+ Wee + Y _v'(ri)x
=1

\ .

W

)

~~

Eo — (v —v'|ng)

absurd !




Second Hohenberg—Kohn theorem

HK2: The exact ground-state density ng(r) of the electronic Hamiltonian

N
I:I[’Une] = T + Wee + Z’Une(ri)x
1=1

minimizes the energy density functional FE[n] = F[n] + / dr vpe(r)n(r),
R3

where the Hohenberg-Kohn universal functional F'[n] is defined as

Fln] = (O[n]|T + Wee|¥[n]),

and the minimum equals the exact ground-state energy Ejy:

min E[n] = E[ng] = Eo

n

Comment: we know from HK1 that n(r) — vn|/(r) — VYv[n]] = ¥n]

-~

ground-state wavefunction with density n.




Second Hohenberg and Kohn theorem

Proof:

e for any density n(r), ¥[n] is well defined according to HK1 and

(U[n]|Hlvne][¥[n]) > Eo

(W[n][T+ Wee W [n]) + /RS dr vne(r) gy (£) > Fo

7

~~

N —
Fn] n(r)

thus leading to| E[n] > Eq

e When n(r) equals the exact ground-state density no(r):
no(r) — ovne(r) — VY[ng] = Y]vne] = Yo

Eno] = (Uo|T + Wee o) + /

5 dr 'Une(r)nO(r) — <\IJO|T + Wee + Vne|\IJO> = Eo
R




Using auxiliary non-interacting electrons to reach the exact density !

e The energy density functional

E[n] = F[n] + /R3 dr vpe(r)n(r)

is fully known from the HK functional F'[n|, for which the explicit expression is unknown (!). Still,

unknown = unknown but somehow simpler + (unknown — unknown but somehow simpler)

e HK1 was formulated for "fully-interacting” electrons described by the Hamiltonian

N
T—l—VAVee—I—Zv(ri)x . n(r) — Unl — Fn| = (UN]|T+ Wee|¥[n])
=1

e HK1 is actually also valid for non-interacting (Kohn-Sham) electrons described by the Hamiltonian

N
T+ v(r;)x : n(r) — OXS[n] — Tyn] = (@KS[n]|T|XS[n])
1=1




Non-interacting electrons

e Once the non-interacting local potential v(r) corresponding to the density of interest n is determined

(this is not trivial), T [n] is easily obtained since ®¥5[n] is a single Slater determinant.

e Two-electron case: let ¢ be the normalized solution to the one-electron Schrodinger equation

_%Vggp(r) + v(r)p(r) = ep(r)

with lowest energy e. Then | ®X5[n] = |o® P |

1

which gives

dK5[n](r1,01,r2,02) = ﬁw(rl)w(rz)(%la%gﬁ — 502a5015)-

Indeed,

2 2
(T +3 u(rs) x )gp(rl)gp(rg) — 2c o(r1)p(ra) — (T +3 u(rs) x )@Ks[n] — 2 dKS[py]
1=1 1=1




Non-interacting electrons

e The density is simply expressed in terms of the orbital ¢ as follows

2
n(r) = NGKS ] (r) 2 Z /R3 dro (@Ks[n](r,al, ro, 02)>

01,02=q,f3

2 o%(r)

and the non-interacting kinetic energy equals

Ti[n] = (®"%[n]|T|@¥5(n]) = 2¢ - /R

; dro(r)n(r) =2¢ — 2/

drv(r) ()
R3

1
which finally gives Tu[n] =2 x — /

dr o(r)Vie(r)
R3




Non-interacting electrons

e For an even number N of electrons the KS determinant with density n can be formally written as

X5 [n] = |pip3 ... % |

2

where the KS orbitals ; fulfill

~ 2 VEpi(r) + s [l (F)ii(r) = cipi (1)

Note that the local potential vikg[n](r) is an implicit functional of n ensuring that

N/2
n(r) = ngrsp,(r) =2 > i),
i=1

e Once this potential is obtained, the "non-interacting" kinetic energy simply equals

T[] = (@ Sl F0<S ) =2 x 30— [

1 =1




Kohn-Sham DFT (KS-DFT)

e The non-interacting kinetic energy density functional T’s [n] being unknown but somehow simpler,
Kohn and Sham proposed the following decomposition:

\

Fn] = Ts[n] + (

e What are the physical effects contained in F'[n] — Ts[n] ?

Let us have a look at the MP2 energy expression for analysis purposes ...

. N/2 N/2 (ablij) ( 2(ablij) — (abl|ji)
Eo = (®"F|T4Vae @)+ >~ 2(ijlig) = > (Ggljiy+ > ( )
1,7=1 1,7=1 a,b,i,3

A\ >4 \ - 7

+...
€i T €5 —€a —€p

Fu Ex Ec




Kohn—-Sham DFT (KS-DFT)

e Hartree-exchange—correlation energy functional: | Epxc[n] = F[n| — Ts[n|

r)ngur (r’)
-1/

e Hartree (or Coulomb) energy in Hartree-Fock (HF): Egy / / drdr’ / ngHr (r
R3 JR3

— universal Hartree functional | Ey[n]

e Exchange energy in HF:

. N/2 .
/ / drdr S eim)ei () S5 (1) () = (D" |Wee| @) — By
R3 JR3

r —r’|

— universal (implicit) exchange functional

Ex[n] = (257 [n]|Wee| 2" [n]) — Enln]




Kohn—-Sham DFT (KS-DFT)

e Universal correlation functional: | E¢[n] = FEuxc[n] — Eu[n] — Ex[n]

e According to HK2 the exact ground-state energy equals

Ey = Fno]+ /R3 dr vpe(r)no(r)

Ts [nO] + EHxc [nO] + /Rg dr vne (r)nO (I‘)
(K5 |T|0K5) 4+ Erec[no] + /R3 dr vpe(r)no(r)

where ®K5 = ®K5[n ] is the KS determinant with the exact physical (fully-interacting) density ng.

e Important conclusion: the exact energy is obtained with one single determinant in KS-DFT'!

e How do we find ®X5 ? All we need to know is actually the Hxc functional By, [n]

W. Kohn and L. J. Sham, Phys. Rev. A 140, 1133 (1965)




Levy-Lieb constrained search formalism

e For a given density n there is a unique potential vig[n](r), if it exists ..., such that ®¥5[n] is the
N

ground state of 7' + Z vks[n](r;)x with density n.
i=1

e For all normalized wavefunctions ¥ with density n the following inequality is fulfilled:

N N
< | (hzvm[nl(ri)x) @Ks[n]> < <\1f <T+Zva[n] ~ ) \v>
1=1 1=1

s Tun] < (U|T|W) — | Tin] = min (¥|T|0)

U—n

o Therefore (PKS|T|®KS) = Ti[ng] = min (U|T|¥) but we do not know ng ...

v —nq

e Note that, as a consequence of the previous equality, Ts[ng] < (Uo|T'|¥o) !




Kohn-Sham DFT (KS-DFT)

e For any normalized wavefunction ¥,

(O[T P) Ts[nw]

([T + Vi |0 Tuing] + /R dr vne () (r)

<\IJ‘T + ‘A/ne‘\:[j> + EHxc [n\IJ] > Ts [n\lf] + EHxc [n\lf] + /3 dr vne (I‘)n\y (I‘)
R

\ - 7
N~

N Elng] > Eo

Whel'e Vne = Z 'vne(rz) X.
1=1

e The exact ground-state energy Fj is recovered when ¥ = ®X5 thus leading to

Eo = min {@p\T + Vae|¥) + Brixe [nm]}

e Note that the minimization can be restricted to single determinantal wavefunctions ®.




Mathematical interlude: functional derivative

Let f:x+— f(z) bea function of x. The derivative of f at z = z¢ is obtained from the Taylor
expansion (dz is a small variation of z around x)

f(zo +02) = flao) + <
T

Let S :n+—— S[n] bea functional of the density n. The functional derivative of S at n = ng is by

6S
definition a function of r that is denoted [no]. The latter is obtained from the Taylor expansion

on(r)

(0n(r) is a small variation of the density around ng):

6S 1 , 528 ,
S[no+on| = S[no]—i—/RS dr 5r(r) [no] ><5n(r)—|—§ /R3 /R3 drdr S (r)on(r’) [no|xon(r)én(r’)+...

Example: S[n] 52?;) [no] = 2no(r)




Self-consistent KS equations

e The minimization of the KS-DFT-based energy expression must be performed under wavefunction
normalization constraint, thus leading to the following Lagrangian,

LIW] = (U|T + Vne| W) + Epclng] + EXS (1 - <x1;\xp>).

e Using the expression ny (r) = (¥|n(r)|¥) and the stationarity condition §L[®¥5] =0 leads to

<T+ g: {U (r;) + 5Ech[nq>KS]} ><> PKS — gKSpKS
o on(r;)

2
or, equivalently, ®¥°5 = '(¢¥8)2 (9058)2 . (go}]§,§2> , where the KS orbitals ¢*°(r) fulfill the

following self-consistent equations,

~5 VS0 + (vnelr) + 2P PO 16 ) — oSS

N/2
with  ngis(r) =2 @i (r)
=1

N/2
and &85 =2 z eks,
i=1

‘ 2




Introduction to density-functional theory

The Nobel Prize in Chemistry 1998
Walter Kohn - Facts

Walter Kohn
Born: 9 March 1923, Vienna, Austria

Died: 19 April 2016, Santa Barbara, CA, USA

Affiliation at the time of the award: University of California, Santa Barbara, CA, USA
Prize motivation: "for his development of the density-functional theory"
Field: theoretical chemistry

Prize share: 1/2

Institut de Chimie, Strasbourg, France Page 30



Comparing wavefunction theory with KS-DFT

e Fo=min {<qf|T+ Vie + v“vee|\1f>} = min {(cI>|T+ Voo |®) + EHXC[n@]}

\ \

¥ = &M 437 Crdety @zlso%sog---soQ%I
k

\ - 7
\ 7
Vo

multideterminantal wave function single determinant

e Standard approximations to Fx.[n]:

ELPA[R] = /R ) dr f(n(r)) — local density approximation (LDA)

ECSCA[p) = /R ) dr f (n(r), |Vn(r)|) — generalized gradient approximation

N/2
preta=GGA,] — / dr f(n(r), IVn(r)|, Vn(r), Z |Vgoi(r)|2) — meta-GGA
R? i=1

where f denotes a function.




The uniform electron gas as a model system

Basic idea:

e Let us first consider a single free particle in a box with volume L x L x L and L — +oo. The
Schrodinger equation is

1
—ivfsok(r) = ek pk(r)

1 .
and the solutions are ¢y (r) = ekT and ey = k?/2 withk = (kz, ky, k2).

VL3

Note that the wavefunction is complex

1
In this case the electron density equals n(r) = |pk(r)|? = T3 +— constant !
A large number of electrons N is then introduced into the box. The electron density n(r) = N/L3

is held constantas N — +00 and L — 40

The KS system is simply obtained when neglecting the electron-electron repulsions

1/3
Analytical expression for the exchange energy: FELPA[n] = —2 (é) / dr n*/3(r)
7 R3

Numerical calculation of the correlation energy (Coupled Cluster, Quantum Monte Carlo)
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He, [aug—cc—pVTZ]
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He, [aug—cc—pVTZ]
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He, [aug—cc—pVTZ]
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Linear adiabatic connection

N
(T—FWee—i—Zvl(ri) X >\IJZE\IJ

1=1

N

N
(T + AMWee + > v (1) x )qﬁ = £
=1

N

N
(T +) () x ><I>KS — £0pKS

1=1

VA€ [0,1] ng =ngx =ngks =n| «— density constraint !




e Partially-interacting Levy-Lieb functional: F*[n] = min (¥|T + AWee|¥) = (UMT + AWee|TH)

v—n

e [Exact expression for the correlation energy density functional:

1 dF)\ 1 .
/ Spean :/ AN (T [Wee | T)
0 dA 0

Ecln] = /01 d\ ((qﬂmepw - <q>KS|Weeyq>KS>>

\ 7

-~

correlation integrand W2 [n]

e Scaling relation™:

A
/ dl/ <<\IJV|Wee|\IjV> - <(I)KS|Wee|q)KS>> — AQEC[nl/A]
0

where n; /5 is the density obtained by uniform coordinate scaling:  n; /5 (r) = (1/ A)3n(r/N)

OE>
e Correlation integrand written as a density functional: WC/\ [n] = 5)\[71]

“M. Levy and J. P. Perdew, Phys. Rev. B 48, 11638 (1993).




Legendre-Fenchel transform

According to the variational principle, for any trial potential v(r), the following inequality is
fulfilled,

N
<\IJ>‘ T+ A\MWee + qu(ri)x \I!>‘> > EMw]
i=1

N

where £ [v] is the ground-state energy of T + AWee + Z v(r;) X, thus leading to
i=1

Pl = sup {0~ [ droin(e) |

Note that the maximizing potential is v*.

In the particular case A = 0, the Legendre-Fenchel transform enables to calculate the exact KS
potential.

By varying A in the range 0 < A < 1 we can fully construct the adiabatic connection.




H, (dy_4=1.4 a,, aug—cc—pVTZ)

I I I

BLYP ——

=

=,
§e,
-
©
-

(@)
)
')
S
c
@)
=
«
)
-
-
o
O




H, (dy_4=3.0 a,, aug—cc—pVTZ)

I I I

BLYP ——

=

=,
§e,
-
©
-

(@)
)
')
S
c
@)
=
«
)
-
-
o
O




For the ab initio calculation (CCSD) of the adiabatic connection see

AM. Teale, S. Coriani and T. Helgaker, J. Chem. Phys. 130, 104111 (2009).
AM. Teale, S. Coriani and T. Helgaker, J]. Chem. Phys. 132, 164115 (2010).
A M. Teale, S. Coriani and T. Helgaker, J. Chem. Phys. 133, 164112 (2010).




