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• 1S ground state of the helium atom:

Ψ0(r1, σ1, r2, σ2) = Ψ0(r1, r2, r12)
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)
• Hamiltonian expressed in terms of r1, r2 and r12 = |r1 − r2|:
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• E0 =
ĤΨ0(r1, r2, r12)

Ψ0(r1, r2, r12)
= constant, especially when ri = 0 or r12 = 0

• Nuclear cusp conditions:
∂Ψ0
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∣∣∣∣
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= −ZΨ0(0, r2, r2),
∂Ψ0

∂r2
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• Coulomb cusp condition:
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Ψ0(r1, r1, 0)
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• Expansion of the wave function around r2 = r1 = 0.5 a.u. and r12 = 0 for a collinear arrangement
of the nucleus and the two electrons :

Ψ0(r1, r2, r12) = Ψ0(r1, r2, |r1 − r2|)

≈ Ψ0(r1, r1, 0) + (r2 − r1)
∂Ψ0(r1, r2, 0)

∂r2

∣∣∣∣
r2=r1

+ |r1 − r2|
∂Ψ0(r1, r1, r12)

∂r12
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r12=0
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2
|r1 − r2|Ψ0(r1, r1, 0) + . . .
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Short-range dynamical correlation

• The HF determinant does not fulfill the Coulomb cusp condition:

Φ0(r1, r2, r12) = φ1s(r1)φ1s(r2) = e−ζ(r1+r2) = Φ0(r1, r2) −→
∂Φ0

∂r12
= 0 −→ no cusp !

• Describing short-range dynamical correlation is about recovering the Coulomb cusp

• First approach: expand the wave function in the basis of Slater determinants built from atomic
orbitals φp(r) expressed as rn−1e−ζrYml (θ, ϕ). This is known as Configuration Interaction (CI)

ΨCI
0 (r1, r2, r12) = C0Φ0(r1, r2)

+
∑
a

Ca
(
φa(r1)φ1s(r2) + φa(r2)φ1s(r1)

)
←− single excitations

+
∑
a≤b

Cab

(
φa(r1)φb(r2) + φa(r2)φb(r1)

)
←− double excitations
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Short-range dynamical correlation
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Short-range dynamical correlation

Slow convergence with respect to the number of Slater determinants ...

4π

2l + 1

(
l∑

m=−l
(−1)mYml (θ1, ϕ1)Y −ml (θ2, ϕ2)

)
= Pl(cosθ12) = al (cosθ12)l + al−1 (cosθ12)l−1 + . . .

where r2
12 = r2

1 + r2
2 − 2r1r2cosθ12

∂ΨCI
0 (r1, r1, r12)

∂r12

∣∣∣∣∣
r12=0

∼
∂r2

12

∂r12

∣∣∣∣
r12=0

= 0 −→ no cusp strictly speaking !
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Short-range dynamical correlation

• Second approach: introduce r12 explicitly in the wave function.
This is known as explicitly correlated method. For example:

Φ̃0(r1, r2, r12) =
(

1 +
1

2
r12

)
Φ0(r1, r2) or Φ̃0(r1, r2, r12) = e

1
2
r12Φ0(r1, r2)

∂Φ̃0(r1, r1, r12)

∂r12

∣∣∣∣∣
r12=0

=
1

2
Φ0(r1, r1) =

1

2
Φ̃0(r1, r1, 0) −→ cusp !

• Third approach: combine the two first approaches

Ψ̃CI
0 (r1, r2, r12) = ΨCI

0 (r1, r2, r12) + c12 r12 Φ0(r1, r2)
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λ/r12 → erf(µr12)/r12
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1

r12
=

erf(µr12)

r12︸ ︷︷ ︸+
1− erf(µr12)

r12︸ ︷︷ ︸ where erf(µr12) =
2
√
π

∫ µr12

0
e−t

2
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Generalized adiabatic connection (A. Savin)
(
T̂ + Ŵee +

N∑
i=1

v(ri)×
)

Ψ = EΨ µ→ +∞

↖

(
T̂ + Ŵ lr,µ

ee +

N∑
i=1

vµ(ri)×
)

Ψµ = EµΨµ 0 < µ < +∞

↖

(
T̂ +

N∑
i=1

v0(ri)×
)

ΦKS = E0ΦKS µ = 0

Density constraint: ∀µ ∈ [0,+∞[ nΨ = nΨµ = nΦKS = n
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• µ-dependent decomposition of the universal Hohenberg-Kohn functional:

F [n] = 〈Ψµ[n]|T̂ + Ŵ lr,µ
ee |Ψµ[n]〉+ EHxc[n]− Elr,µ

Hxc[n]︸ ︷︷ ︸ µ=0−−−→ F [n] = 〈ΦKS[n]|T̂ |ΦKS[n]〉+ EHxc[n]︸ ︷︷ ︸
Esr,µ

Hxc [n]

short-range Hxc Kohn-Sham DFT !

• Variational principle: E0 = min
Ψ

{
〈Ψ|T̂ + Ŵ lr,µ

ee + V̂ne|Ψ〉+ Esr,µ
Hxc [nΨ]

}
The exact minimizing wave function is multideterminantal !
It can be approximated by HF/MP2/CI/CC/MCSCF-type wavefunctions

• Models discussed in the following: HF-srDFT, MP2-srDFT (Ángyán) and MCSCF-srDFT (Jensen and
Fromager)

• Short-range functionals: srLDA, srGGA, sr-meta-GGA (Savin, Toulouse, Gori-Giorgi, Stoll, Goll,
Scuseria, ...)
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Strong electron correlation in molecules
• Example: H2 molecule

at equilibrium geometry: Ψ0 = C0|1σαg 1σβg |+ . . . where |C0|2 = 98% no static correlation

in the dissociation limit: HA. . . HB and NOT H−A . . . H+
B or H+

A. . . H−B

1σg = 1√
2

(1sA + 1sB) and 1σu = 1√
2

(1sA − 1sB)

|1σαg 1σβg | = 1
2

(
|1sαA1sβB |+ |1s

α
B1sβA|+|1s

α
A1sβA|+ |1s

α
B1sβB |

)
−|1σαu1σβu | = 1

2

(
|1sαA1sβB |+ |1s

α
B1sβA|−|1s

α
A1sβA| − |1s

α
B1sβB |

)

Ψ0 =
1
√

2

(
|1σαg 1σβg | − |1σαu1σβu |

)
strong static correlation
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Merging MCSCF with DFT

• A proper description of multiconfigurational systems requires more than a single determinant
→ a complete active space (CAS) must be defined

H. . .H CAS = |σ2
g |, |σ2

u|

Be CAS = |1s22s2|, |1s22p2
x|, |1s22p2

y |, |1s22p2
z |

• Multiconfigurational extension of KS-DFT: the MCSCF point of view ...

E0 = min
Ψ∈CAS

{
〈Ψ|T̂ + V̂ne + Ŵee|Ψ〉+ ECAS

c [nΨ]︸ ︷︷ ︸
}

not universal !

leads to a "double counting problem"
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Combining long-range WFT with short-range DFT (srDFT)

• As proposed by Savina, rather than obtaining the density from a non-interacting KS system, one may
use a fictitious long-range interacting system with ground-state wavefunction Ψµ whose density
nΨµ equals the exact physical one n0. Consequently, the exact ground-state energy can be expressed
as

E0 = min
Ψ

{
〈Ψ|T̂ + Ŵ lr,µ

ee + V̂ne|Ψ〉+ Esr,µ
Hxc [nΨ]

}
= 〈Ψµ|T̂ + Ŵ lr,µ

ee + V̂ne|Ψµ〉+ Esr,µ
Hxc [nΨµ ]

• In this context, it became possible to merge rigorously MCSCF with LDA and PBE
approximationsb,c.

aA. Savin, in Recent Developments and Applications of Modern Density Functional Theory, edited by J. M. Seminario (Elsevier,

Amsterdam, 1996), p. 327

b J. K. Pedersen, Ph.D. thesis, University of Southern Denmark, 2004.

c E. Fromager, J. Toulouse, and H. J. Aa. Jensen, J. Chem. Phys. 126, 074111 (2007).
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H2 in a minimal basis
EXERCISE:

(1) Show that the Hamiltonian matrix for H2 can be written in the basis of the two single-determinant
states |1σαg 1σβg 〉 and |1σαu1σβu〉 as follows,

[Ĥ] =

 Eg K

K Eu

 , where

for i = g, u, Ei = 2hii + 〈1σi1σi|1σi1σi〉, hii = 〈1σi|ĥ|1σi〉, K = 〈1σu1σu|1σg1σg〉.

(2) In the following, we use the minimal basis consisting of the two 1s atomic orbitals. Explain why, in the

dissociation limit, Eg = Eu and K =
1

2
〈1s1s|1s1s〉 > 0 .

(3) Conclude that, in the dissociation limit, the ground state is multiconfigurational and does correspond
to two neutral hydrogen atoms with energy Eg −K.
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Multiconfigurational DFT in the orbital space

i, j, . . .

u, v, . . .

a, b, . . .

2

E. Fromager, Mol. Phys. 113, 419 (2015).

B. Senjean, V. Robert, M. Tsuchiizu, and E. Fromager, to be submitted to Mol. Phys. (2016).
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