Fundamental gap problem in density-functional theory
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Molecular orbital energy diagram and gaps
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@ The HOMO-LUMO gap can be interpreted in two ways.
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@ ¢ —cn = (EO —E > + (EO —E ) = E, < fundamental gap [charged excitations]

@ o —en=E'-E'=w, < optical gap [neutral excitation]
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Limitations of the one-elect
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Fig. 1 Illustration of gap energies in the molecular case: S denotes the
(singlet) electronic ground state and S; the lowest (singlet) excited state
(considered here to be accessible via one-photon absorption). The S; — So
energy difference then corresponds to the optical gap Eopt. The magni-
tude of the ionization potential is given by the blue vertical line and the
magnitude of the electron affinity by the green vertical line; the IP — EA
difference represents the fundamental gap, Eynq. The electron—hole pair
binding energy, Eg, is given by Eqyng — Eopt-

Fundamental gap
E,=1- A

Optical gap
W = E1 — EO

hv

Courtesy of B. Senjean
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@ In quantum mechanics, the ground-state N-electron electronic repulsion energy is
expressed (in atomic units) as follows,

2
W = NV =1) drl/ dr2/ dr3.../ dry Yolrurets, )l
R3 R3 R3 R3

2 [r1 — r2]

where Wo(ri,r2,r3,...,ry) is the N-electron ground-state wave function.

In DFT, Wee is determined from the ground-state N-electron density n(’,v(r), which
is @ much simpler mathematical object than the ground-state wave function.

For that purpose, the so-called Hartree-exchange-correlation (Hxc) density
functional has been introduced by Kohn and Sham (KS),

Wee & Ene [n]l,_pp

where the density is determined exactly from the KS orbitals as follows,
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@ Self-consistent equations fulfilled by the KS orbitals:

1 2 ) 6EHX(‘, [né\l] ) o
—5Vepi(r) + Vext(r)+W X i(r) = €ipi(r),

where vext(r) is any external local (multiplicative) interaction potential energy (the
nuclear-electron attraction potential for example) at position r.

@ The additional Hxc potential dErixc [ng | /0n(r) ensures that the density of the
true system is recovered, in principle exactly, from the KS orbitals.
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Concept of band structure
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FIG. 3. The band structure of Si calculated with PBE, gKS
SCAN, and KS(KLI) SCAN.
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FIG. 3. The band structure of Si calculated with PBE, gKS

SCAN, and KS(KLI) SCAN.
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PBE value = 0.80 eV
LDA value = 0.63 eV

Experimental fund. gap
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Accurate KS gap*
=0.82ev




Concept of band structure

The exact KS gap is actually not supposed to match the exact fundamental gap!
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N-centered ensemble DFT

@ Let us introduce the so-called N-centered ground-state ensemble energy Eg :

Ef = €EN' 4 ¢EN 4 (1 - 25) EN, where 0<¢<1/2.

) EOE is linear in £ and its slope is equal to the fundamental gap.

@ The N-centered ensemble energy is a functional of the N-centered ensemble density

ms() = enl 70+ end () + (1 - 26)nf(r),

which, by construction, integrates to N for any &, hence the name “N-centered”.

@ Conventional (N-electron) DFT is recovered when € =0 i.e. | ES,..[n] = Etixe[n] |

M
2

é

N-1 N Nt1
integral number M of electrons
B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018).
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Derivative discontinuity

@ It has been known for a long time that the true (interacting) and KS gaps do not
matcht2°,

@ This fact appears (more) explicitly within the N-centered ensemble DFT formalism 3~5:

OES. [nl
E, = | 4 ch[ 0] _eKS = zKS _ Ks
o¢ o
—_————

derivative discontinuity
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Proof: Lieb maximization in N-centered ensemble DFT

W, B[] = min {F*’%[n] +/dr v(r)n(r)}

o Vu,¥n, EMEV] < F*'g[n]—i—/dr v(F)n(r)

& Vv, Vi, FA»E[n]zEOM[v]f/dr V(F)n(r)

|V, M) :mfx{Egvﬁ[v]_/drv(r)n(r)}

OF ¢ OEC
@ If vM¢[n] is the maximizing potential then - [r] = 05)5[‘/] = E}¢[n] is
v=v&[n]
nothing but a density-functional fundamental gap.
@ When considering the conventional KS-DFT limit (£ = 0) we obtain
B o= EV[n] =B ]+ (B2 ] - B2 [)])
OES.. [nl
— |exs _oxs g P [no'] —E

0g

£=0

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018).
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