Exam in density functional theory (M1 course)

December 2022 — Duration: 30 minutes

We consider the following density-functional partially-interacting N-electron Schrédinger equation,

<T F AWee + % v/\[n](ri)x> U [n] = EMn] x T[], (1)

=1

where the two-electron repulsion operator Wee is scaled by an arbitrary number A in the range 0 < A < 1.
For any A value, the local potential v*[n](r) is chosen such that the normalized N-electron ground-state

wave function U*[n] = ¥ [n](x1, X2, ..., xy) reproduces the density n, i.e., Ny (r) = n(r).

a) [2 pts] Is the potential v*[n](r) unique? What does it correspond to when A = 1 and A = 0, respectively?

What is interesting about the A = 0 case in terms of computational cost?

b) (2.5 pts] Let FAn] = (WA[n]|T + AWee| W

/\[n]> Is FA[n] a universal functional of the density? The
so-called Hartree-exchange-correlation (Hxc) density-functional energy Fpx[n] is central in Kohn-Sham
density-functional theory (KS-DFT). Discuss briefly the physical meaning of the Hartree, exchange, and

correlation energies, respectively. How is Ejyc[n] evaluated from F*='[n] and FA=C[n]?

¢) [2 pts] For simplicity, we use real algebra in the following. Consequently, for any contribution A to a

Hamiltonian operator, we have (¥|H|x) + (x|H|¥) = 2 (¥|H|x). Deduce from Eq. (1) that
§UA[n] §UA[n]

\Ij)\ _ A \I]/\ _
[n]> 2E%(n] < 5r(0) [n]> 2< 5r(0)

d) [0.5 pts] Deduce from the normalization of ¥*[n] that 2 <N ]

N
> v [n)(ri)x

=1

T + A\Wee

SF\n] ) <5\Il>‘[n]
on(r) on(r)

‘I’A[n]> - (2)

on(r)

1) = [P 0] 0
e) [1 pt] Explain Why 2<6‘1M(£T)L} SN v)‘[n](ri)x‘\I/A[nD = 6n(r) [<\II/\ ‘ZZ LMY () ‘\I/A >}

N ] x| )) = s [ dro v nm)]| = mnl).

v=n

. De-

rv=n

duce that 2 <

on(r)

f) [1 pt] Conclude from Eq. (2) that v*[n](r) = SF2[n] - Deduce from b) that v}=Y[n](r) — v*=1[n](r) =

= on(r) -
611;27’(‘;;”]. Explain how the self-consistent KS equations can be recovered from the latter relation.

g) [2 pts] The exact density-functional exchange energy can be expressed in terms of the (doubly here, for
(r1)pi(r2)p;(r1)p;(ra)

simplicity) occupied KS orbitals as follows, Ex[n| = N/ 21 [ dry [ dro Pi | |
ry —1r

, where
n(r) = 23" N/ 12 ¢2(r). Is Ex[n] an explicit functional of the density? Is it possible to design density-
functional approximations to Ex[n]? Show that, in the particular case of two electrons (i.e., N = 2), the
exchange functional simply reads Fy[n]= — %EH [n], where Ey[n] = 1 [dry [ drgw is the Hartree

functional.
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