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The many-body problem
Many-Body Schroedinger equation

��| Ô |�⇥

Many-Body wavefunction and observables
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(NB: Born-Oppenheimer approximation)



Two different classes of ab initio theories 

Key quantity: Simpler physical 
quantity, e.g. the density

vVext v

= h |Ô| iObservable
Observable= F[⇢]

Veff

Wavefunction-based approaches Functional theories

Key quantity: many-body wavefunction
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Functional theories
Reduced quantities

density

1-body Green’s function 

current-density

1-body density matrix

...

⇢(r)

j(r)

�(r, r0)

Density Functional Theory

Current-Density Functional Theory

Reduced Density Matrix Functional Theory

Many-Body Perturbation theory G(r, r0; t� t0)



j(x1)

Functional theories

G(r, r0; t� t0) ⇢(r) = �(r, r)

 Functional to approximate:

�xc[G]

⌃xc[G]

Exc[�] Exc[⇢]

vxc[⇢]

     difficult                                     very difficult

MBPT                          RDMFT                               DFT

or or

moderate                                       light

 Observables:

Computationally heavy

“easy” (e.g., GW) to approximate

“easy” (e.g., PES) to get               difficult                                       very difficult
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Adapted from: Hardy Gross,  lecture on “RDMFT” (ETSF correlation meeting 2013)



RDMFT in a nutshell 

There is a one-to-one map                  (Gilbert 1975)

�(x1,x
0
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Z
dx2...dxN�⇤(x0

1,x2, ...xN )�(x1,x2, ...xN )

 0 $ �

Expectation values of any GS operator are functionals of �

O[�] = h 0[�]|Ô| 0[�]i

E[�] = Ekin[�] + Eext[�] + EH [�] + Exc[�]

Ground-state energy calculated by minimising  E[�]



Program of the lecture

Preliminaries 

Hohenberg-Kohn theorem for nonlocal potentials (Gilbert 1975) 

Energy functional approximations 

Energy minimisation 

Observables 

Some results
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 U—> 0 noninteracting limit 

weakly and strongly correlated regimes: 

U—>         (t—>0)  strongly correlated limit 

Hubbard dimer

1



Hubbard model

U

t
H = −t

∑

i,j=1,2
i !=j

∑

σ

c
†
iσcjσ +

U

2

∑

i=1,2

∑

σσ′

c
†
iσc

†
iσ′ciσ′ciσ + ε0

∑

σ,i=1,2

niσ + V0

U

t
✏0

Hubbard dimer

U
<latexit sha1_base64="3aLBAzhufLBlNWIA2Lz6TbnoQZU=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0mKqMeiF49V7Ae0oWy2m3bpZhN2J0Ip/QdePCji1X/kzX/jNu1BWx8MPN6bYWZemEph0PO+ncLa+sbmVnG7tLO7t3/gHh41TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSQxV7btmreDnIKvEXpFxzIUe95351+wnLYq6QSWpMx/dSDCZUo2CST0vdzPCUshEd8I6lisbcBJP80ik5s0qfRIm2pZDk6u+JCY2NGceh7YwpDs2yNxP/8zoZRtfBRKg0Q67YfFGUSYIJmb1N+kJzhnJsCWVa2FsJG1JNGdpwSjYEf/nlVdKsVvzLysW9TeNmngYU4QRO4Rx8uIIa3EEdGsAggmd4hTdn5Lw4787HvLXgLGaO4Q+czx+/dI2J</latexit>

2t

antibonding

bonding

✏0 ✏0

✏0 + t

✏0 � t

sites

 b(x) =
1p
2
[�1(x) + �2(x)]

 a(x) =
1p
2
[�1(x)� �2(x)]

 b(x)

 a(x)

'2(x)'1(x)

'2(x)'1(x)

Site vs bonding/antibonding basis

N=1 (1/4 filling) and N=2 (1/2 filling) in the ground state 
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Definitions

Non-local potential

Many-body hamiltonian
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Kinetic energy 

e-e interaction
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x = (r, s)
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n-body density matrix 

Definitions
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n-body density matrix 

Definitions

N-body density matrix
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n-body density matrix 

Definitions

N-body density matrix

2-body density matrix
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n-body density matrix 

Definitions

N-body density matrix

2-body density matrix

1-body density matrix
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n-body density matrix 

Definitions

N-body density matrix

2-body density matrix

1-body density matrix

NOTE:
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Definitions

Relations between density matrices

In particular for n=2:

n-body density matrix 
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Link to Green’s functions
n-body Green’s function (zero T, equilibrium, time-ordered)

In particular for n=1:
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<latexit sha1_base64="+4OEOFeC/gDtEBELQn+8+hXkOFk="></latexit>

 ̂†
H
(1) = eiĤt1  ̂†(x1)e

�iĤt1

<latexit sha1_base64="icqR+Vk59b/Jx9/RPNZG9cgtaPI="></latexit>

G(1, 10) = �i h 0|T [ ̂H(1) ̂†
H
(10)] | 0i

<latexit sha1_base64="QMJfjkNvg0m02yQMa0ugPQeDWDs="></latexit>

T [ ̂H(1) ̂†
H
(10)] =

⇢
 ̂H(1) ̂†

H
(10) for t1 > t10

� ̂†
H
(10) ̂H(1) for t10 > t1

<latexit sha1_base64="8ooCevuH+qGu5mPbjKXnJm2TxSk="></latexit>

G(1, 10) = �i✓(t1�t10) h 0|  ̂H(1) ̂†
H
(10) | 0i+i✓(t10�t1) h 0|  ̂†

H
(10) ̂H(1) | 0i
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Definitions



Total energy 
Definitions

The total energy can be expressed as a functional of the 2-RDM. One can minimise the total 
energy with respect to the 2-RDM. So, why don’t we formulate a 2-RDM functional theory?

1-RDM in terms of 2-RDM

diagonal part of the 2-RDM or pair density



Total energy 
Definitions

The total energy can be expressed as a functional of the 2-RDM. One can minimise the total 
energy with respect to the 2-RDM. So, why don’t we formulate a 2-RDM functional theory?

Some simple properties of the 2-RDM

Practical necessary and sufficient N-representable conditions are not known

<latexit sha1_base64="EHbNhd2d1SAsSDgODZaXN7a/9/4="></latexit>Z
dx2�

(2)(x1,x2,x
0
1,x2) = (N � 1)�(x1,x

0
1)

<latexit sha1_base64="lq9yiG3mADKVZtT6SKnhTuedToA=">AAACL3icdVDLSsNAFL3xWesr6tJNsAgtlJIUUZdFQV1WsA9oaplMJ+3QmSTOTMQS+kdu/JVuRBRx6184fSxqqwcGzpxzL/fe40WMSmXbb8bS8srq2npqI725tb2za+7tV2UYC0wqOGShqHtIEkYDUlFUMVKPBEHcY6Tm9S5Hfu2RCEnD4E71I9LkqBNQn2KktNQyr9xrxDm6T7LF3CDrcqS6np88DVpOfuZTzP/r5NwOebBbZsYu2GNYi8SZkkzJhDHKLXPotkMccxIozJCUDceOVDNBQlHMyCDtxpJECPdQhzQ0DRAnspmM7x1Yx1ppW34o9AuUNVZnOxLEpexzT1eONpXz3kj8y2vEyj9vJjSIYkUCPBnkx8xSoTUKz2pTQbBifU0QFlTvauEuEggrHXFah+DMn7xIqsWCc1o4udVpXEzSgBQcwhFkwYEzKMENlKECGJ5hCO/wYbwYr8an8TUpXTKmPQfwC8b3D+y+qaw=</latexit>

�(2)(x1,x2,x1,x2) � 0
<latexit sha1_base64="NObcf73Hlqa8x+wjjTF+n2qwCnc=">AAACJHichZDLSsNAFIZPvNZ6i7p0EyxCC1KSIiqIUHShywr2Am0tk+mkHTqThJmJWEIexo2v4saFF1y48VmctF1oK/jDwMd/zmHO+d2QUals+9OYm19YXFrOrGRX19Y3Ns2t7ZoMIoFJFQcsEA0XScKoT6qKKkYaoSCIu4zU3cFFWq/fESFp4N+oYUjaHPV86lGMlLY65mnrEnGObuN8qZDkWxypvuvF98nBf1g4sztmzi7aI1mz4EwgVzZhpErHfGt1Axxx4ivMkJRNxw5VO0ZCUcxIkm1FkoQID1CPNDX6iBPZjkdHJta+drqWFwj9fGWN3J8TMeJSDrmrO9Ml5XQtNf+qNSPlnbRj6oeRIj4ef+RFzFKBlSZmdakgWLGhBoQF1btauI8EwkrnmtUhONMnz0KtVHSOiofXOo3zcRqQgV3Ygzw4cAxluIIKVAHDAzzBC7waj8az8W58jFvnjMnMDvyS8fUN2weloA==</latexit>

�(2)(x,x,x,x) = 0
<latexit sha1_base64="2nrN+by3HyIThF+6unnEhCe+Yx4="></latexit>

�(2)(x1,x2,x1,x2) = �(2)(x2,x1,x2,x1)

are not sufficient

1-RDM in terms of 2-RDM

diagonal part of the 2-RDM or pair density



DFT

HK theorem for local potentials 
(HK 1964)

one-to-one mapping

HK

Hohenberg-Kohn theorem:
 A is invertible
 B is invertible 

<latexit sha1_base64="Aa70RMG0+mv2iHLWN1i6oLLePHs="></latexit>

v(r) $ ⇢0(r)

} F is invertible
<latexit sha1_base64="KItW9abv/Lx1SPBjbPQnEpsGHQY="></latexit>)



RDMFT 

HK theorem for nonlocal potentials 
(Gilbert 1975)

v(r,r’) g0(r,r’)

one-to-one mapping

<latexit sha1_base64="xTgvxyqI2fa3rpA15KAMuGACoZE="></latexit>

v(r, r0) $ �0(r, r
0)

<latexit sha1_base64="5nl0KfRv8dxUiB7WZBrmf5Jqv8o="></latexit>

 0 $ �0

Hohenberg-Kohn theorem:
 A is invertible???
 B is invertible 

HK

v(r,r’) g0(r,r’)



HK: proof                (reductio ad absurdum)

HK theorem for nonlocal potentials 
(Gilbert 1975)

g0—> Y0

Y0—>g0 Obvious (as in DFT)

Suppose      and       are the GS 1-RDM corresponding to           and         ,  respectively.       
Using the variational principle

<latexit sha1_base64="oKS1iaPKT8o+aYvSj9bDwdVs3Wo=">AAAB7XicbVDLSgNBEOz1GeNr1aOXwSB4Crsi6jHoxWME84BkCbOT2WTMPJaZWSEs+QcvHhTx6v9482+cbHLQxIKGoqqb7q445czYIPj2VlbX1jc2S1vl7Z3dvX3/4LBpVKYJbRDFlW7H2FDOJG1YZjltp5piEXPaike3U7/1RLVhSj7YcUojgQeSJYxg66Rmd4CFwD2/ElSDAmiZhHNSqflQoN7zv7p9RTJBpSUcG9MJg9RGOdaWEU4n5W5maIrJCA9ox1GJBTVRXlw7QadO6aNEaVfSokL9PZFjYcxYxK5TYDs0i95U/M/rZDa5jnIm08xSSWaLkowjq9D0ddRnmhLLx45gopm7FZEh1phYF1DZhRAuvrxMmufV8LJ6ce/SuJmlASU4hhM4gxCuoAZ3UIcGEHiEZ3iFN095L9679zFrXfHmM0fwB97nD/VJj2o=</latexit>

� <latexit sha1_base64="YcF6vT8piuPrDV3Yt7vqWYFsQDI=">AAAB9XicbVBNS8NAEJ3Ur1q/oh69BIvgqSQi6rHoxWMF+wFtLJvttl262YTdSbWE/A8vHhTx6n/x5r9xm/agrQ8GHu/NMDMviAXX6LrfVmFldW19o7hZ2tre2d2z9w8aOkoUZXUaiUi1AqKZ4JLVkaNgrVgxEgaCNYPRzdRvjpnSPJL3OImZH5KB5H1OCRrpYdxNO8ieMDWVZV277FbcHM4y8eakXLUhR61rf3V6EU1CJpEKonXbc2P0U6KQU8GyUifRLCZ0RAasbagkIdN+ml+dOSdG6Tn9SJmS6OTq74mUhFpPwsB0hgSHetGbiv957QT7V37KZZwgk3S2qJ8IByNnGoHT44pRFBNDCFXc3OrQIVGEogmqZELwFl9eJo2zindROb8zaVzP0oAiHMExnIIHl1CFW6hBHSgoeIZXeLMerRfr3fqYtRas+cwh/IH1+QMSTpOS</latexit>

vext
<latexit sha1_base64="GVmVWnnkfbv2zxUfRrV5tfLwPpg=">AAAB+HicbVBNS8NAEJ34WetHox69BIvoqSQi6rHoxWMF+wFtCJvtpl26+WB3Uqwhv8SLB0W8+lO8+W/cpj1o64OBx3szzMzzE8EV2va3sbK6tr6xWdoqb+/s7lXM/YOWilNJWZPGIpYdnygmeMSayFGwTiIZCX3B2v7oduq3x0wqHkcPOEmYG5JBxANOCWrJMyvjUy/rIXvETFeee2bVrtkFrGXizEm1bkKBhmd+9foxTUMWIRVEqa5jJ+hmRCKnguXlXqpYQuiIDFhX04iETLlZcXhunWilbwWx1BWhVai/JzISKjUJfd0ZEhyqRW8q/ud1Uwyu3YxHSYosorNFQSosjK1pClafS0ZRTDQhVHJ9q0WHRBKKOquyDsFZfHmZtM5rzmXt4l6ncTNLA0pwBMdwBg5cQR3uoAFNoJDCM7zCm/FkvBjvxsesdcWYzxzCHxifP+yOk/Q=</latexit>

v0ext
<latexit sha1_base64="z8PFqc+qxRju3AnSkAIgwX9QJ6k=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbRU0lE1GPRi8cK1hbaUCbbTbt0Nwm7G6GE/ggvHhTx6u/x5r9xm/agrQ8GHu/NMDMvTAXXxvO+ndLK6tr6RnmzsrW9s7vn7h886iRTlDVpIhLVDlEzwWPWNNwI1k4VQxkK1gpHt1O/9cSU5kn8YMYpCyQOYh5xisZKre4ApcTTnlv1al4Bskz8OanWXSjQ6Llf3X5CM8liQwVq3fG91AQ5KsOpYJNKN9MsRTrCAetYGqNkOsiLcyfkxCp9EiXKVmxIof6eyFFqPZah7ZRohnrRm4r/eZ3MRNdBzuM0Myyms0VRJohJyPR30ueKUSPGliBV3N5K6BAVUmMTqtgQ/MWXl8njec2/rF3c2zRuZmlAGY7gGM7Ahyuowx00oAkURvAMr/DmpM6L8+58zFpLznzmEP7A+fwBV8GPmw==</latexit>

�0

<latexit sha1_base64="zCJWIo6EtMqKKDfV0gz6MlGg3gs="></latexit>

E = h 0| Ĥ | 0i < h 0
0| Ĥ | 0

0i
<latexit sha1_base64="86lyThZpoi5I4VmxyTUnNJz2L8E="></latexit>

= h 0
0| Ĥ 0 | 0

0i+
Z

dxdx0[vext(x,x
0)� v

0
ext(x,x

0)]�0(x,x0)
<latexit sha1_base64="cNq4caO5KM7K2Bnv95bpF7cE4r0="></latexit>

= E0 +

Z
dxdx0[vext(x,x

0)� v0ext(x,x
0)]�0(x,x0)

<latexit sha1_base64="VPAfhbX6F9UVkUnlvYAft/XhV9c="></latexit>

E0 < E +

Z
dxdx0[v0ext(x,x

0)� vext(x,x
0)]�(x,x0)

<latexit sha1_base64="q2X2+a/I6yzoqvCkRfPoJmZMqZc="></latexit>Z
dxdx0[v0ext(x,x

0)� vext(x,x
0)][�0(x,x0)� �(x,x0)] < 0

Interchanging the roles of              and 
<latexit sha1_base64="YcF6vT8piuPrDV3Yt7vqWYFsQDI=">AAAB9XicbVBNS8NAEJ3Ur1q/oh69BIvgqSQi6rHoxWMF+wFtLJvttl262YTdSbWE/A8vHhTx6n/x5r9xm/agrQ8GHu/NMDMviAXX6LrfVmFldW19o7hZ2tre2d2z9w8aOkoUZXUaiUi1AqKZ4JLVkaNgrVgxEgaCNYPRzdRvjpnSPJL3OImZH5KB5H1OCRrpYdxNO8ieMDWVZV277FbcHM4y8eakXLUhR61rf3V6EU1CJpEKonXbc2P0U6KQU8GyUifRLCZ0RAasbagkIdN+ml+dOSdG6Tn9SJmS6OTq74mUhFpPwsB0hgSHetGbiv957QT7V37KZZwgk3S2qJ8IByNnGoHT44pRFBNDCFXc3OrQIVGEogmqZELwFl9eJo2zindROb8zaVzP0oAiHMExnIIHl1CFW6hBHSgoeIZXeLMerRfr3fqYtRas+cwh/IH1+QMSTpOS</latexit>

vext
<latexit sha1_base64="GVmVWnnkfbv2zxUfRrV5tfLwPpg=">AAAB+HicbVBNS8NAEJ34WetHox69BIvoqSQi6rHoxWMF+wFtCJvtpl26+WB3Uqwhv8SLB0W8+lO8+W/cpj1o64OBx3szzMzzE8EV2va3sbK6tr6xWdoqb+/s7lXM/YOWilNJWZPGIpYdnygmeMSayFGwTiIZCX3B2v7oduq3x0wqHkcPOEmYG5JBxANOCWrJMyvjUy/rIXvETFeee2bVrtkFrGXizEm1bkKBhmd+9foxTUMWIRVEqa5jJ+hmRCKnguXlXqpYQuiIDFhX04iETLlZcXhunWilbwWx1BWhVai/JzISKjUJfd0ZEhyqRW8q/ud1Uwyu3YxHSYosorNFQSosjK1pClafS0ZRTDQhVHJ9q0WHRBKKOquyDsFZfHmZtM5rzmXt4l6ncTNLA0pwBMdwBg5cQR3uoAFNoJDCM7zCm/FkvBjvxsesdcWYzxzCHxifP+yOk/Q=</latexit>

v0ext

Adding the two inequalities 



HK: proof                (reductio ad absurdum)

HK theorem for nonlocal potentials 
(Gilbert 1975)

g0—> Y0

Y0—>g0 Obvious (as in DFT)

Suppose      and       are the GS 1-RDM corresponding to           and         ,  respectively.       
Using the variational principle

<latexit sha1_base64="oKS1iaPKT8o+aYvSj9bDwdVs3Wo=">AAAB7XicbVDLSgNBEOz1GeNr1aOXwSB4Crsi6jHoxWME84BkCbOT2WTMPJaZWSEs+QcvHhTx6v9482+cbHLQxIKGoqqb7q445czYIPj2VlbX1jc2S1vl7Z3dvX3/4LBpVKYJbRDFlW7H2FDOJG1YZjltp5piEXPaike3U7/1RLVhSj7YcUojgQeSJYxg66Rmd4CFwD2/ElSDAmiZhHNSqflQoN7zv7p9RTJBpSUcG9MJg9RGOdaWEU4n5W5maIrJCA9ox1GJBTVRXlw7QadO6aNEaVfSokL9PZFjYcxYxK5TYDs0i95U/M/rZDa5jnIm08xSSWaLkowjq9D0ddRnmhLLx45gopm7FZEh1phYF1DZhRAuvrxMmufV8LJ6ce/SuJmlASU4hhM4gxCuoAZ3UIcGEHiEZ3iFN095L9679zFrXfHmM0fwB97nD/VJj2o=</latexit>

� <latexit sha1_base64="YcF6vT8piuPrDV3Yt7vqWYFsQDI=">AAAB9XicbVBNS8NAEJ3Ur1q/oh69BIvgqSQi6rHoxWMF+wFtLJvttl262YTdSbWE/A8vHhTx6n/x5r9xm/agrQ8GHu/NMDMviAXX6LrfVmFldW19o7hZ2tre2d2z9w8aOkoUZXUaiUi1AqKZ4JLVkaNgrVgxEgaCNYPRzdRvjpnSPJL3OImZH5KB5H1OCRrpYdxNO8ieMDWVZV277FbcHM4y8eakXLUhR61rf3V6EU1CJpEKonXbc2P0U6KQU8GyUifRLCZ0RAasbagkIdN+ml+dOSdG6Tn9SJmS6OTq74mUhFpPwsB0hgSHetGbiv957QT7V37KZZwgk3S2qJ8IByNnGoHT44pRFBNDCFXc3OrQIVGEogmqZELwFl9eJo2zindROb8zaVzP0oAiHMExnIIHl1CFW6hBHSgoeIZXeLMerRfr3fqYtRas+cwh/IH1+QMSTpOS</latexit>

vext
<latexit sha1_base64="GVmVWnnkfbv2zxUfRrV5tfLwPpg=">AAAB+HicbVBNS8NAEJ34WetHox69BIvoqSQi6rHoxWMF+wFtCJvtpl26+WB3Uqwhv8SLB0W8+lO8+W/cpj1o64OBx3szzMzzE8EV2va3sbK6tr6xWdoqb+/s7lXM/YOWilNJWZPGIpYdnygmeMSayFGwTiIZCX3B2v7oduq3x0wqHkcPOEmYG5JBxANOCWrJMyvjUy/rIXvETFeee2bVrtkFrGXizEm1bkKBhmd+9foxTUMWIRVEqa5jJ+hmRCKnguXlXqpYQuiIDFhX04iETLlZcXhunWilbwWx1BWhVai/JzISKjUJfd0ZEhyqRW8q/ud1Uwyu3YxHSYosorNFQSosjK1pClafS0ZRTDQhVHJ9q0WHRBKKOquyDsFZfHmZtM5rzmXt4l6ncTNLA0pwBMdwBg5cQR3uoAFNoJDCM7zCm/FkvBjvxsesdcWYzxzCHxifP+yOk/Q=</latexit>

v0ext
<latexit sha1_base64="z8PFqc+qxRju3AnSkAIgwX9QJ6k=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbRU0lE1GPRi8cK1hbaUCbbTbt0Nwm7G6GE/ggvHhTx6u/x5r9xm/agrQ8GHu/NMDMvTAXXxvO+ndLK6tr6RnmzsrW9s7vn7h886iRTlDVpIhLVDlEzwWPWNNwI1k4VQxkK1gpHt1O/9cSU5kn8YMYpCyQOYh5xisZKre4ApcTTnlv1al4Bskz8OanWXSjQ6Llf3X5CM8liQwVq3fG91AQ5KsOpYJNKN9MsRTrCAetYGqNkOsiLcyfkxCp9EiXKVmxIof6eyFFqPZah7ZRohnrRm4r/eZ3MRNdBzuM0Myyms0VRJohJyPR30ueKUSPGliBV3N5K6BAVUmMTqtgQ/MWXl8njec2/rF3c2zRuZmlAGY7gGM7Ahyuowx00oAkURvAMr/DmpM6L8+58zFpLznzmEP7A+fwBV8GPmw==</latexit>

�0

<latexit sha1_base64="zCJWIo6EtMqKKDfV0gz6MlGg3gs="></latexit>

E = h 0| Ĥ | 0i < h 0
0| Ĥ | 0

0i
<latexit sha1_base64="86lyThZpoi5I4VmxyTUnNJz2L8E="></latexit>

= h 0
0| Ĥ 0 | 0

0i+
Z

dxdx0[vext(x,x
0)� v

0
ext(x,x

0)]�0(x,x0)
<latexit sha1_base64="cNq4caO5KM7K2Bnv95bpF7cE4r0="></latexit>

= E0 +

Z
dxdx0[vext(x,x

0)� v0ext(x,x
0)]�0(x,x0)

<latexit sha1_base64="VPAfhbX6F9UVkUnlvYAft/XhV9c="></latexit>

E0 < E +

Z
dxdx0[v0ext(x,x

0)� vext(x,x
0)]�(x,x0)

<latexit sha1_base64="q2X2+a/I6yzoqvCkRfPoJmZMqZc="></latexit>Z
dxdx0[v0ext(x,x

0)� vext(x,x
0)][�0(x,x0)� �(x,x0)] < 0

Interchanging the roles of              and 
<latexit sha1_base64="YcF6vT8piuPrDV3Yt7vqWYFsQDI=">AAAB9XicbVBNS8NAEJ3Ur1q/oh69BIvgqSQi6rHoxWMF+wFtLJvttl262YTdSbWE/A8vHhTx6n/x5r9xm/agrQ8GHu/NMDMviAXX6LrfVmFldW19o7hZ2tre2d2z9w8aOkoUZXUaiUi1AqKZ4JLVkaNgrVgxEgaCNYPRzdRvjpnSPJL3OImZH5KB5H1OCRrpYdxNO8ieMDWVZV277FbcHM4y8eakXLUhR61rf3V6EU1CJpEKonXbc2P0U6KQU8GyUifRLCZ0RAasbagkIdN+ml+dOSdG6Tn9SJmS6OTq74mUhFpPwsB0hgSHetGbiv957QT7V37KZZwgk3S2qJ8IByNnGoHT44pRFBNDCFXc3OrQIVGEogmqZELwFl9eJo2zindROb8zaVzP0oAiHMExnIIHl1CFW6hBHSgoeIZXeLMerRfr3fqYtRas+cwh/IH1+QMSTpOS</latexit>

vext
<latexit sha1_base64="GVmVWnnkfbv2zxUfRrV5tfLwPpg=">AAAB+HicbVBNS8NAEJ34WetHox69BIvoqSQi6rHoxWMF+wFtCJvtpl26+WB3Uqwhv8SLB0W8+lO8+W/cpj1o64OBx3szzMzzE8EV2va3sbK6tr6xWdoqb+/s7lXM/YOWilNJWZPGIpYdnygmeMSayFGwTiIZCX3B2v7oduq3x0wqHkcPOEmYG5JBxANOCWrJMyvjUy/rIXvETFeee2bVrtkFrGXizEm1bkKBhmd+9foxTUMWIRVEqa5jJ+hmRCKnguXlXqpYQuiIDFhX04iETLlZcXhunWilbwWx1BWhVai/JzISKjUJfd0ZEhyqRW8q/ud1Uwyu3YxHSYosorNFQSosjK1pClafS0ZRTDQhVHJ9q0WHRBKKOquyDsFZfHmZtM5rzmXt4l6ncTNLA0pwBMdwBg5cQR3uoAFNoJDCM7zCm/FkvBjvxsesdcWYzxzCHxifP+yOk/Q=</latexit>

v0ext

Adding the two inequalities 

if                         
<latexit sha1_base64="mxjmVkEA0mociXiOaZLFiOLWqFI="></latexit>

� = �0 ) 0 < 0
contradiction!



Energy functional

1-RDM functional

FROM HK ===> expectation value of any GS operator as functional of 1-RDM

THE ADVANTAGE to use 1-RDM instead of the density is that the kinetic energy is a well-known 
functional of the 1-RDM

DFT

Ground-state observables as functional of 1-RDM

with

<latexit sha1_base64="Ww7ktQeHmDdmLbUqVxSSmd2KUWw="></latexit>

Ev[�] = h 0[�]|T̂ + V̂ + Ŵ | 0[�]i
<latexit sha1_base64="q0BsqNUugBGxmzMobKyVL5my5MU="></latexit>

=

Z
dxdx0h(x,x0)�(x,x0) + h 0[�]|Ŵ | 0[�]i| {z }

WHK[�]

<latexit sha1_base64="DQC4K65UG4RHlohM15KBwTQ6riI="></latexit>

h(x,x0) = �(x� x0)

✓
�r2

r

2

◆
+ vext(x,x

0)



The GS 1-RDM minimises the total energy

Variational principle

<latexit sha1_base64="nMh53TDirD0Zhaq18PcNEFNxP2c="></latexit>

Ev[�
0] = h 0[�

0]|T̂ + V̂ + Ŵ | 0[�
0]i

Suppose      and       are the GS 1-RDM corresponding to           and          ,     respectively. 
Using the variational principle

<latexit sha1_base64="oKS1iaPKT8o+aYvSj9bDwdVs3Wo=">AAAB7XicbVDLSgNBEOz1GeNr1aOXwSB4Crsi6jHoxWME84BkCbOT2WTMPJaZWSEs+QcvHhTx6v9482+cbHLQxIKGoqqb7q445czYIPj2VlbX1jc2S1vl7Z3dvX3/4LBpVKYJbRDFlW7H2FDOJG1YZjltp5piEXPaike3U7/1RLVhSj7YcUojgQeSJYxg66Rmd4CFwD2/ElSDAmiZhHNSqflQoN7zv7p9RTJBpSUcG9MJg9RGOdaWEU4n5W5maIrJCA9ox1GJBTVRXlw7QadO6aNEaVfSokL9PZFjYcxYxK5TYDs0i95U/M/rZDa5jnIm08xSSWaLkowjq9D0ddRnmhLLx45gopm7FZEh1phYF1DZhRAuvrxMmufV8LJ6ce/SuJmlASU4hhM4gxCuoAZ3UIcGEHiEZ3iFN095L9679zFrXfHmM0fwB97nD/VJj2o=</latexit>

� <latexit sha1_base64="YcF6vT8piuPrDV3Yt7vqWYFsQDI=">AAAB9XicbVBNS8NAEJ3Ur1q/oh69BIvgqSQi6rHoxWMF+wFtLJvttl262YTdSbWE/A8vHhTx6n/x5r9xm/agrQ8GHu/NMDMviAXX6LrfVmFldW19o7hZ2tre2d2z9w8aOkoUZXUaiUi1AqKZ4JLVkaNgrVgxEgaCNYPRzdRvjpnSPJL3OImZH5KB5H1OCRrpYdxNO8ieMDWVZV277FbcHM4y8eakXLUhR61rf3V6EU1CJpEKonXbc2P0U6KQU8GyUifRLCZ0RAasbagkIdN+ml+dOSdG6Tn9SJmS6OTq74mUhFpPwsB0hgSHetGbiv957QT7V37KZZwgk3S2qJ8IByNnGoHT44pRFBNDCFXc3OrQIVGEogmqZELwFl9eJo2zindROb8zaVzP0oAiHMExnIIHl1CFW6hBHSgoeIZXeLMerRfr3fqYtRas+cwh/IH1+QMSTpOS</latexit>

vext
<latexit sha1_base64="GVmVWnnkfbv2zxUfRrV5tfLwPpg=">AAAB+HicbVBNS8NAEJ34WetHox69BIvoqSQi6rHoxWMF+wFtCJvtpl26+WB3Uqwhv8SLB0W8+lO8+W/cpj1o64OBx3szzMzzE8EV2va3sbK6tr6xWdoqb+/s7lXM/YOWilNJWZPGIpYdnygmeMSayFGwTiIZCX3B2v7oduq3x0wqHkcPOEmYG5JBxANOCWrJMyvjUy/rIXvETFeee2bVrtkFrGXizEm1bkKBhmd+9foxTUMWIRVEqa5jJ+hmRCKnguXlXqpYQuiIDFhX04iETLlZcXhunWilbwWx1BWhVai/JzISKjUJfd0ZEhyqRW8q/ud1Uwyu3YxHSYosorNFQSosjK1pClafS0ZRTDQhVHJ9q0WHRBKKOquyDsFZfHmZtM5rzmXt4l6ncTNLA0pwBMdwBg5cQR3uoAFNoJDCM7zCm/FkvBjvxsesdcWYzxzCHxifP+yOk/Q=</latexit>

v0ext
<latexit sha1_base64="z8PFqc+qxRju3AnSkAIgwX9QJ6k=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbRU0lE1GPRi8cK1hbaUCbbTbt0Nwm7G6GE/ggvHhTx6u/x5r9xm/agrQ8GHu/NMDMvTAXXxvO+ndLK6tr6RnmzsrW9s7vn7h886iRTlDVpIhLVDlEzwWPWNNwI1k4VQxkK1gpHt1O/9cSU5kn8YMYpCyQOYh5xisZKre4ApcTTnlv1al4Bskz8OanWXSjQ6Llf3X5CM8liQwVq3fG91AQ5KsOpYJNKN9MsRTrCAetYGqNkOsiLcyfkxCp9EiXKVmxIof6eyFFqPZah7ZRohnrRm4r/eZ3MRNdBzuM0Myyms0VRJohJyPR30ueKUSPGliBV3N5K6BAVUmMTqtgQ/MWXl8njec2/rF3c2zRuZmlAGY7gGM7Ahyuowx00oAkURvAMr/DmpM6L8+58zFpLznzmEP7A+fwBV8GPmw==</latexit>

�0

<latexit sha1_base64="Yl2XGUnWNaAbYvHUvcPnuEtjRPs="></latexit>

� h 0[�]|T̂ + V̂ + Ŵ | 0[�]i = Ev[�]

The exact GS 1-RDM hence minimises the total energy functional           
The GS energy can be found as

defined for pure-state v-representable 1-RDMs

<latexit sha1_base64="UIVii4sSRZzA/GM1R20tqxkwegE="></latexit>

E0 = inf
�2v-rep

{h 0[�]|Ŵ | 0[�]i+
Z

dxdx0h(x,x0)�(x,x0)}

Levy, PNAS 76, 6062 (1979); Valone, JCP 73, 1344 (1980); JCP 73, 4653 (1980)



The GS 1-RDM minimises the total energy

Variational principle

Levy extended the domain of a density matrix functional to all pure-state N-representable 1-RDMs 
by defining the electron repulsion functional as
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Suppose      and       are the GS 1-RDM corresponding to           and          ,     respectively. 
Using the variational principle
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vext
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The exact GS 1-RDM hence minimises the total energy functional           
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defined for pure-state v-representable 1-RDMs
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Levy, PNAS 76, 6062 (1979); Valone, JCP 73, 1344 (1980); JCP 73, 4653 (1980)



The GS 1-RDM minimises the total energy

Variational principle

Levy extended the domain of a density matrix functional to all pure-state N-representable 1-RDMs 
by defining the electron repulsion functional as

<latexit sha1_base64="d+1cA8KspgFIvtzJoj+Fb1V7l/I="></latexit>
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ee[�] = min
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Levy’s constrained search definition has been further extended to ensemble N-representable 1-RDMs 
by Valone. A 1-RDM is ensemble N representable is a set of pure state          and weights                       
(                    ) exist such that

<latexit sha1_base64="0RQIlLkJQjXqWUF8f4ruMQEQwLE=">AAAB9XicbVBNS8NAEJ34WetX1KOXYBE8lUREPRa9eKxgP6CJZbOdtEs3m7C7UUrs//DiQRGv/hdv/hu3aQ/a+mDg8d4MM/PClDOlXffbWlpeWV1bL22UN7e2d3btvf2mSjJJsUETnsh2SBRyJrChmebYTiWSOOTYCofXE7/1gFKxRNzpUYpBTPqCRYwSbaT7J7+uWJf5kog+x65dcatuAWeReDNSqdlQoN61v/xeQrMYhaacKNXx3FQHOZGaUY7jsp8pTAkdkj52DBUkRhXkxdVj59goPSdKpCmhnUL9PZGTWKlRHJrOmOiBmvcm4n9eJ9PRZZAzkWYaBZ0uijLu6MSZROD0mESq+cgQQiUztzp0QCSh2gRVNiF48y8vkuZp1Tuvnt2aNK6maUAJDuEITsCDC6jBDdShARQkPMMrvFmP1ov1bn1MW5es2cwB/IH1+QMsDJL8</latexit>

| ii
<latexit sha1_base64="xgvuCpe1SAUj2e6JFg5d0bXf5A8=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE1GPRi8eK9gPaUDbbabt0swm7G6WE/gQvHhTx6i/y5r9xm/agrQ8GHu/NMDMvTATXxvO+ncLK6tr6RnGztLW9s7vn7h80dJwqhnUWi1i1QqpRcIl1w43AVqKQRqHAZji6mfrNR1Sax/LBjBMMIjqQvM8ZNVa6f+ryrlv2Kl4Oskz8OSlXXchR67pfnV7M0gilYYJq3fa9xAQZVYYzgZNSJ9WYUDaiA2xbKmmEOsjyUyfkxCo90o+VLWlIrv6eyGik9TgKbWdEzVAvelPxP6+dmv5VkHGZpAYlmy3qp4KYmEz/Jj2ukBkxtoQyxe2thA2poszYdEo2BH/x5WXSOKv4F5XzO5vG9SwNKMIRHMMp+HAJVbiFGtSBwQCe4RXeHOG8OO/Ox6y14MxnDuEPnM8fzWiOLA==</latexit>

wi<latexit sha1_base64="fp9wdOXx+jGQVqICa7Y+z0XMelQ=">AAAB8nicbVDLSsNAFL2pr1pfUZdugkVwVRIRdSMU3bisYB/QhjCZTtqh8wgzE6WEfoYbF4q49Wvc+TdO0y609cCFwzn3cu89ccqoNr7/7ZRWVtfWN8qbla3tnd09d/+gpWWmMGliyaTqxEgTRgVpGmoY6aSKIB4z0o5Ht1O//UiUplI8mHFKQo4GgiYUI2Olbk9nPKJPEb0OIrfq1/wC3jIJ5qRad6FAI3K/en2JM06EwQxp3Q381IQ5UoZiRiaVXqZJivAIDUjXUoE40WFenDzxTqzS9xKpbAnjFerviRxxrcc8tp0cmaFe9Kbif143M8lVmFORZoYIPFuUZMwz0pv+7/WpItiwsSUIK2pv9fAQKYSNTaliQwgWX14mrbNacFE7v7dp3MzSgDIcwTGcQgCXUIc7aEATMEh4hld4c4zz4rw7H7PWkjOfOYQ/cD5/AHCekWM=</latexit>X

i

wi = 1
<latexit sha1_base64="K0IFs+0srNB+jFJ8twJfjyhDlrU="></latexit>

�(x,x0) =
X

i

wih i| ̂†(x) ̂(x0)| ii

<latexit sha1_base64="nMh53TDirD0Zhaq18PcNEFNxP2c="></latexit>

Ev[�
0] = h 0[�

0]|T̂ + V̂ + Ŵ | 0[�
0]i

Suppose      and       are the GS 1-RDM corresponding to           and          ,     respectively. 
Using the variational principle

<latexit sha1_base64="oKS1iaPKT8o+aYvSj9bDwdVs3Wo=">AAAB7XicbVDLSgNBEOz1GeNr1aOXwSB4Crsi6jHoxWME84BkCbOT2WTMPJaZWSEs+QcvHhTx6v9482+cbHLQxIKGoqqb7q445czYIPj2VlbX1jc2S1vl7Z3dvX3/4LBpVKYJbRDFlW7H2FDOJG1YZjltp5piEXPaike3U7/1RLVhSj7YcUojgQeSJYxg66Rmd4CFwD2/ElSDAmiZhHNSqflQoN7zv7p9RTJBpSUcG9MJg9RGOdaWEU4n5W5maIrJCA9ox1GJBTVRXlw7QadO6aNEaVfSokL9PZFjYcxYxK5TYDs0i95U/M/rZDa5jnIm08xSSWaLkowjq9D0ddRnmhLLx45gopm7FZEh1phYF1DZhRAuvrxMmufV8LJ6ce/SuJmlASU4hhM4gxCuoAZ3UIcGEHiEZ3iFN095L9679zFrXfHmM0fwB97nD/VJj2o=</latexit>

� <latexit sha1_base64="YcF6vT8piuPrDV3Yt7vqWYFsQDI=">AAAB9XicbVBNS8NAEJ3Ur1q/oh69BIvgqSQi6rHoxWMF+wFtLJvttl262YTdSbWE/A8vHhTx6n/x5r9xm/agrQ8GHu/NMDMviAXX6LrfVmFldW19o7hZ2tre2d2z9w8aOkoUZXUaiUi1AqKZ4JLVkaNgrVgxEgaCNYPRzdRvjpnSPJL3OImZH5KB5H1OCRrpYdxNO8ieMDWVZV277FbcHM4y8eakXLUhR61rf3V6EU1CJpEKonXbc2P0U6KQU8GyUifRLCZ0RAasbagkIdN+ml+dOSdG6Tn9SJmS6OTq74mUhFpPwsB0hgSHetGbiv957QT7V37KZZwgk3S2qJ8IByNnGoHT44pRFBNDCFXc3OrQIVGEogmqZELwFl9eJo2zindROb8zaVzP0oAiHMExnIIHl1CFW6hBHSgoeIZXeLMerRfr3fqYtRas+cwh/IH1+QMSTpOS</latexit>

vext
<latexit sha1_base64="GVmVWnnkfbv2zxUfRrV5tfLwPpg=">AAAB+HicbVBNS8NAEJ34WetHox69BIvoqSQi6rHoxWMF+wFtCJvtpl26+WB3Uqwhv8SLB0W8+lO8+W/cpj1o64OBx3szzMzzE8EV2va3sbK6tr6xWdoqb+/s7lXM/YOWilNJWZPGIpYdnygmeMSayFGwTiIZCX3B2v7oduq3x0wqHkcPOEmYG5JBxANOCWrJMyvjUy/rIXvETFeee2bVrtkFrGXizEm1bkKBhmd+9foxTUMWIRVEqa5jJ+hmRCKnguXlXqpYQuiIDFhX04iETLlZcXhunWilbwWx1BWhVai/JzISKjUJfd0ZEhyqRW8q/ud1Uwyu3YxHSYosorNFQSosjK1pClafS0ZRTDQhVHJ9q0WHRBKKOquyDsFZfHmZtM5rzmXt4l6ncTNLA0pwBMdwBg5cQR3uoAFNoJDCM7zCm/FkvBjvxsesdcWYzxzCHxifP+yOk/Q=</latexit>

v0ext
<latexit sha1_base64="z8PFqc+qxRju3AnSkAIgwX9QJ6k=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbRU0lE1GPRi8cK1hbaUCbbTbt0Nwm7G6GE/ggvHhTx6u/x5r9xm/agrQ8GHu/NMDMvTAXXxvO+ndLK6tr6RnmzsrW9s7vn7h886iRTlDVpIhLVDlEzwWPWNNwI1k4VQxkK1gpHt1O/9cSU5kn8YMYpCyQOYh5xisZKre4ApcTTnlv1al4Bskz8OanWXSjQ6Llf3X5CM8liQwVq3fG91AQ5KsOpYJNKN9MsRTrCAetYGqNkOsiLcyfkxCp9EiXKVmxIof6eyFFqPZah7ZRohnrRm4r/eZ3MRNdBzuM0Myyms0VRJohJyPR30ueKUSPGliBV3N5K6BAVUmMTqtgQ/MWXl8njec2/rF3c2zRuZmlAGY7gGM7Ahyuowx00oAkURvAMr/DmpM6L8+58zFpLznzmEP7A+fwBV8GPmw==</latexit>

�0

<latexit sha1_base64="Yl2XGUnWNaAbYvHUvcPnuEtjRPs="></latexit>

� h 0[�]|T̂ + V̂ + Ŵ | 0[�]i = Ev[�]

defined for pure-state v-representable 1-RDMs

<latexit sha1_base64="UIVii4sSRZzA/GM1R20tqxkwegE="></latexit>

E0 = inf
�2v-rep

{h 0[�]|Ŵ | 0[�]i+
Z

dxdx0h(x,x0)�(x,x0)}

Levy, PNAS 76, 6062 (1979); Valone, JCP 73, 1344 (1980); JCP 73, 4653 (1980)

The exact GS 1-RDM hence minimises the total energy functional           
The GS energy can be found as



The GS 1-RDM minimises the total energy

Variational principle
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Suppose      and       are the GS 1-RDM corresponding to           and          ,     respectively. 
Using the variational principle

<latexit sha1_base64="oKS1iaPKT8o+aYvSj9bDwdVs3Wo=">AAAB7XicbVDLSgNBEOz1GeNr1aOXwSB4Crsi6jHoxWME84BkCbOT2WTMPJaZWSEs+QcvHhTx6v9482+cbHLQxIKGoqqb7q445czYIPj2VlbX1jc2S1vl7Z3dvX3/4LBpVKYJbRDFlW7H2FDOJG1YZjltp5piEXPaike3U7/1RLVhSj7YcUojgQeSJYxg66Rmd4CFwD2/ElSDAmiZhHNSqflQoN7zv7p9RTJBpSUcG9MJg9RGOdaWEU4n5W5maIrJCA9ox1GJBTVRXlw7QadO6aNEaVfSokL9PZFjYcxYxK5TYDs0i95U/M/rZDa5jnIm08xSSWaLkowjq9D0ddRnmhLLx45gopm7FZEh1phYF1DZhRAuvrxMmufV8LJ6ce/SuJmlASU4hhM4gxCuoAZ3UIcGEHiEZ3iFN095L9679zFrXfHmM0fwB97nD/VJj2o=</latexit>

� <latexit sha1_base64="YcF6vT8piuPrDV3Yt7vqWYFsQDI=">AAAB9XicbVBNS8NAEJ3Ur1q/oh69BIvgqSQi6rHoxWMF+wFtLJvttl262YTdSbWE/A8vHhTx6n/x5r9xm/agrQ8GHu/NMDMviAXX6LrfVmFldW19o7hZ2tre2d2z9w8aOkoUZXUaiUi1AqKZ4JLVkaNgrVgxEgaCNYPRzdRvjpnSPJL3OImZH5KB5H1OCRrpYdxNO8ieMDWVZV277FbcHM4y8eakXLUhR61rf3V6EU1CJpEKonXbc2P0U6KQU8GyUifRLCZ0RAasbagkIdN+ml+dOSdG6Tn9SJmS6OTq74mUhFpPwsB0hgSHetGbiv957QT7V37KZZwgk3S2qJ8IByNnGoHT44pRFBNDCFXc3OrQIVGEogmqZELwFl9eJo2zindROb8zaVzP0oAiHMExnIIHl1CFW6hBHSgoeIZXeLMerRfr3fqYtRas+cwh/IH1+QMSTpOS</latexit>

vext
<latexit sha1_base64="GVmVWnnkfbv2zxUfRrV5tfLwPpg=">AAAB+HicbVBNS8NAEJ34WetHox69BIvoqSQi6rHoxWMF+wFtCJvtpl26+WB3Uqwhv8SLB0W8+lO8+W/cpj1o64OBx3szzMzzE8EV2va3sbK6tr6xWdoqb+/s7lXM/YOWilNJWZPGIpYdnygmeMSayFGwTiIZCX3B2v7oduq3x0wqHkcPOEmYG5JBxANOCWrJMyvjUy/rIXvETFeee2bVrtkFrGXizEm1bkKBhmd+9foxTUMWIRVEqa5jJ+hmRCKnguXlXqpYQuiIDFhX04iETLlZcXhunWilbwWx1BWhVai/JzISKjUJfd0ZEhyqRW8q/ud1Uwyu3YxHSYosorNFQSosjK1pClafS0ZRTDQhVHJ9q0WHRBKKOquyDsFZfHmZtM5rzmXt4l6ncTNLA0pwBMdwBg5cQR3uoAFNoJDCM7zCm/FkvBjvxsesdcWYzxzCHxifP+yOk/Q=</latexit>
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The exact GS 1-RDM hence minimises the total energy functional           
The GS energy can be found as



N-representable conditions
Ensemble N-representable conditions (Coleman 1963)
The 1-RDM is a hermitian matrix, thus its eigenvalues are real. Its spectral representation reads

EC are sufficient to guarantee that the minimising 1-RDM corresponds to a pure state for non-
degenerate GS. There are also necessary for closed shell and spin compensated systems.

The 1-RDM is ensemble N-representable if
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Are there pure-state N-representable conditions?
Yes, that are the generalised Pauli Constraints for (N,M); N=number of electrons; M=size 
of the Hilbert space 

Recently a method to generate them for all pairs (N,M) 

Unfortunately their number explodes as N and M increase 

It has been shown that their application in RDMFT calculations for 3-electron systems 
improves the results for approximate 1-RDM functionals
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What about a KS system?



Occupation numbers and correlation
Many-body wavefunction as linear combination of Stater determinants built from the natural orbitals
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with                                                  1-RDM corresponding to the i-th Slater determinant
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What about a KS system?
The 1RDM for a Slater determinant is idempotent

Z
dy�(x, y)�(y, x0) = �(x, x0)

and therefore a system of noninteracting electrons cannot reproduce the 1RDM of the interacting system 
(at least at zero temperature)
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Energy functional approximations
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Energy functional approximations

} Using the fact that  

for a single Slater determinant we 
get back the usual HF equations 
for the total energy
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Energy functional approximations
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EH [�] =
1

2

Z
dxdx0vc(r, r

0)�(x,x)�(x0,x0)
<latexit sha1_base64="4cG2UIZNKd5Ia3tZv0I1CTQYMaw="></latexit>

Ex[�] =
1

2

Z
dxdx0vc(r, r

0)�(x,x0)�(x0,x)

JK functional
<latexit sha1_base64="f4awaa05wQlPm3BC0+gOjE1j9u8="></latexit>

Exc[{ni}, {�i}] = �1

2

X

jk

f(nj , nk)

Z
dxdx0�⇤

j (x)�
⇤
k(x

0)vc(r, r
0)�k(x)�j(x

0)

<latexit sha1_base64="3V9m9KYy5T9bOJPiGGzaPoDz844="></latexit>

EHF[{ni}, {�i}] =
1

2

X

jk

njnk

Z
dxdx0�⇤

j (x)�
⇤
k(x

0)vc(r, r
0)�j(x)�k(x

0)

<latexit sha1_base64="wwM4R0uRpDAD/3ob/N24Qz+7FS0="></latexit>

�1

2

X

jk

njnk

Z
dxdx0�⇤

j (x)�
⇤
k(x

0)vc(r, r
0)�k(x)�j(x

0)



Energy functional approximations
Müller functional

<latexit sha1_base64="RehftKCj1e4L3hzWPzSqj69yY7E="></latexit>

�(2)(x1,x2;x
0
1,x

0
2) = �(x1,x

0
1)�(x2,x

0
2)�

X

ij

n
1
2+p
i n

1
2�p
j �i(x1)�

⇤
i (x

0
2)�j(x2)�

⇤
j (x

0
1),

<latexit sha1_base64="B5uCwIitQqc2lXzAJokolUHtoBo=">AAACH3icbVBNS8QwEJ367fpV9egluAheXNtF1KPoxaOCq8K2LGl2qsEkrUmqLKW/RbzpL/EmXv0h3s12Pfg1EPLmvTfM8JJccGOD4N0bG5+YnJqemW3MzS8sLvnLK+cmKzTDDstEpi8TalBwhR3LrcDLXCOVicCL5OZoqF/coTY8U2d2kGMs6ZXiKWfUOqrnr26F2+1I4C3JSf25tuc3g1ZQF/kLwi/QPPChrpOe/xH1M1ZIVJYJakw3DHIbl1RbzgRWjagwmFN2Q6+w66CiEk1c1sdXZMMxfZJm2j1lSc1+nyipNGYgE+eU1F6b39qQ/E/rFjbdj0uu8sKiYqNFaSGIzcgwCdLnGpkVAwco09zdStg11ZRZl1ejESm8Z5mUVPXL6M45q24Yl9FwT5KWzbCqXE7h71T+gvN2K9xt7Zy6wA5HgcEMrME6bEIIe3AAx3ACHWAwgAd4gmfv0XvxXr23kXXM+5pZhR/lvX8CnA2hfQ==</latexit>

�1/2  p  1/2

p=0 minimizes the fact that                                      is negative 

<latexit sha1_base64="pD9bNMbpbrdR5y8F68qmiCwIlRU="></latexit>

fMüller(nj , nk) =
p
njnk

<latexit sha1_base64="j7+/dbSPM1ynN38CMfc76HtZJlE="></latexit>

�
1
2 (x1,x2) =

X

i

n
1
2
i �i(x1)�

⇤
i (x2)

<latexit sha1_base64="9zRbWqv7zKktbIF0/e4U03m2BIU="></latexit>

�(2)(x1,x2;x
0
1,x

0
2) = �(x1,x

0
1)�(x2,x

0
2)� �

1
2 (x2,x

0
1)�

1
2 (x1,x

0
2)

<latexit sha1_base64="+xeMqSQdvL33dO7n5/N0z25b0Ek="></latexit>

�(2)(x1,x2;x1,x2)



Energy functional approximations
Self-interaction correction Goedecker-Umrigar functional (1998)

<latexit sha1_base64="pHivvpJ0G5gt8Hiu1BcQBJlf3zQ="></latexit>

fGU(nj , nk) =
p
njnk � �jk(nj � n2

j )

Correction to Müller by explicitly removing all terms             
This functional is orbital self-interaction free 

<latexit sha1_base64="nEPQP2weoUJTYrxAeoCcgvVgfi4=">AAACDXicbVDLSsNAFL2pr1pfVZdugkVwVRIRdSMU3bisaB/QhDKZTtqxM5MwM6mUkE8Qd/ol7sSt3+CHuHeadqGtBwYO55zLvXOCmFGlHefLKiwtr6yuFddLG5tb2zvl3b2mihKJSQNHLJLtACnCqCANTTUj7VgSxANGWsHweuK3RkQqGol7PY6Jz1Ff0JBipI1093A57JYrTtXJYS8Sd0YqtTLkqHfL314vwgknQmOGlOq4Tqz9FElNMSNZyUsUiREeoj7pGCoQJ8pP81Mz+8goPTuMpHlC27n6eyJFXKkxD0ySIz1Q895E/M/rJDq88FMq4kQTgaeLwoTZOrIn/7Z7VBKs2dgQhCU1t9p4gCTC2rRTKnmCPOKIcyR6qTcyyazj+qk32ROEacXNMtOTO9/KImmeVN2z6umtKexqWhgU4QAO4RhcOIca3EAdGoChD0/wAq/Ws/VmvVsf02jBms3swx9Ynz+GP5xh</latexit>

j = k

Goedecker & Umrigar, PRL 81, 866 (1998)



Energy functional approximations
The BBC functionals

BBC1: sign change of    if both orbitals are weakly occupied
<latexit sha1_base64="PhVIzZNrYeo/3lF+0Lgo3TUZ6z4=">AAACC3icbVDLSsNAFL2p7/iKunQTLIKrkoioy6IblwrWCk2QyfSmHTozCTOTSgn5AnGnX+JO3PoRfoh7p4+FrwMDh3PO5d45Sc6ZNkHw4dTm5hcWl5ZX3NW19Y1Nb2v7RmeFotiiGc/UbUI0ciaxZZjheJsrJCLh2E4G52O/PUSlWSavzSjHWJCeZCmjxFjpKr3z6kEjmMD/S8IZqTc9mODyzvuMuhktBEpDOdG6Ewa5iUuiDKMcKzcqNOaEDkgPO5ZKIlDH5eTQyt+3StdPM2WfNP5E/T5REqH1SCQ2KYjp69/eWPzP6xQmPY1LJvPCoKTTRWnBfZP541/7XaaQGj6yhFDF7K0+7RNFqLHduG4k8Z5mQhDZLaOhTVadMC6j8Z4kLethVdmewt+t/CU3h43wuHF0ZQs7mxYGy7ALe3AAIZxAEy7gElpAAeEBnuDZeXRenFfnbRqtObOZHfgB5/0LHtuboQ==</latexit>

f

Gritsenko, Pernal & Baerends, JCP 122, 204102 (2005)

<latexit sha1_base64="yZ7RtgriWC/On5Piz+9D+d1NExY="></latexit>

fBBC1(ni, nj) =

(
�p

ninj i 6= j weakly occupied
p
ninj otherwise



Energy functional approximations
The BBC functionals

BBC1: sign change of    if both orbitals are weakly occupied
<latexit sha1_base64="PhVIzZNrYeo/3lF+0Lgo3TUZ6z4=">AAACC3icbVDLSsNAFL2p7/iKunQTLIKrkoioy6IblwrWCk2QyfSmHTozCTOTSgn5AnGnX+JO3PoRfoh7p4+FrwMDh3PO5d45Sc6ZNkHw4dTm5hcWl5ZX3NW19Y1Nb2v7RmeFotiiGc/UbUI0ciaxZZjheJsrJCLh2E4G52O/PUSlWSavzSjHWJCeZCmjxFjpKr3z6kEjmMD/S8IZqTc9mODyzvuMuhktBEpDOdG6Ewa5iUuiDKMcKzcqNOaEDkgPO5ZKIlDH5eTQyt+3StdPM2WfNP5E/T5REqH1SCQ2KYjp69/eWPzP6xQmPY1LJvPCoKTTRWnBfZP541/7XaaQGj6yhFDF7K0+7RNFqLHduG4k8Z5mQhDZLaOhTVadMC6j8Z4kLethVdmewt+t/CU3h43wuHF0ZQs7mxYGy7ALe3AAIZxAEy7gElpAAeEBnuDZeXRenFfnbRqtObOZHfgB5/0LHtuboQ==</latexit>

f

BBC2: Additionally, omission of square root for strongly occupied orbitals

Gritsenko, Pernal & Baerends, JCP 122, 204102 (2005)

<latexit sha1_base64="DUPgNM3onjG71WvZFv/Oze7vRbo="></latexit>

fBBC2(ni, nj) =

8
><

>:

�p
ninj for i 6=j weakly occupied

ninj for i 6=j strongly occupied
p
ninj otherwise

<latexit sha1_base64="yZ7RtgriWC/On5Piz+9D+d1NExY="></latexit>

fBBC1(ni, nj) =

(
�p

ninj i 6= j weakly occupied
p
ninj otherwise



Energy functional approximations
The BBC functionals

BBC1: sign change of    if both orbitals are weakly occupied
<latexit sha1_base64="PhVIzZNrYeo/3lF+0Lgo3TUZ6z4=">AAACC3icbVDLSsNAFL2p7/iKunQTLIKrkoioy6IblwrWCk2QyfSmHTozCTOTSgn5AnGnX+JO3PoRfoh7p4+FrwMDh3PO5d45Sc6ZNkHw4dTm5hcWl5ZX3NW19Y1Nb2v7RmeFotiiGc/UbUI0ciaxZZjheJsrJCLh2E4G52O/PUSlWSavzSjHWJCeZCmjxFjpKr3z6kEjmMD/S8IZqTc9mODyzvuMuhktBEpDOdG6Ewa5iUuiDKMcKzcqNOaEDkgPO5ZKIlDH5eTQyt+3StdPM2WfNP5E/T5REqH1SCQ2KYjp69/eWPzP6xQmPY1LJvPCoKTTRWnBfZP541/7XaaQGj6yhFDF7K0+7RNFqLHduG4k8Z5mQhDZLaOhTVadMC6j8Z4kLethVdmewt+t/CU3h43wuHF0ZQs7mxYGy7ALe3AAIZxAEy7gElpAAeEBnuDZeXRenFfnbRqtObOZHfgB5/0LHtuboQ==</latexit>

f

BBC2: Additionally, omission of square root for strongly occupied orbitals

BBC3: Inclusion of antibonding in the strongly occupied orbital list, unless 
it interacts with bonding. Removal of SI

Gritsenko, Pernal & Baerends, JCP 122, 204102 (2005)

<latexit sha1_base64="yh48OY1pipeoP6/FYKKKJCsOzmc="></latexit>

fBBC3(ni, nj) =

8
>>>>>><

>>>>>>:

�p
ninj for i 6=j weakly occupied

ninj

(
for i 6=j strongly occupied

for i (j) antibonding, j(i) not bonding

n2
i i=j not (anti)bonding

p
ninj otherwise

<latexit sha1_base64="DUPgNM3onjG71WvZFv/Oze7vRbo="></latexit>

fBBC2(ni, nj) =

8
><

>:

�p
ninj for i 6=j weakly occupied

ninj for i 6=j strongly occupied
p
ninj otherwise

<latexit sha1_base64="yZ7RtgriWC/On5Piz+9D+d1NExY="></latexit>

fBBC1(ni, nj) =

(
�p

ninj i 6= j weakly occupied
p
ninj otherwise



Energy functional approximations
The Power functional (molecules and solids)

<latexit sha1_base64="NLlVTewPHmh7+hkr4p/9RfSQxuw="></latexit>

fPower(nj , nk) = n↵
j n

↵
k

<latexit sha1_base64="KjjaqrAIHndl5TzylYSvQgjt6rM="></latexit>

1

2
 ↵  1

Optimal value for a

                     for stretched H2

                                for molecules at equilibrium

                      for HEG

                                 for solids

<latexit sha1_base64="Se5/19P5vDo05/beUjWly/MhpaU=">AAACFnicbVDLSsNAFL3xWesr6tJNsAiuSiJW3QiiG5cVbBWaIDfTSTs4MwkzE6WE/Ia40y9xJ27d+iHunT4Waj1w4XDOudzLiTPOtPH9T2dmdm5+YbGyVF1eWV1bdzc22zrNFaEtkvJU3cSoKWeStgwznN5kiqKIOb2O786H/vU9VZql8soMMhoJ7EmWMILGSmGIPOvjiV9v7Ddu3Zpf90fwpkkwIbVTF0Zo3rpfYTcluaDSEI5adwI/M1GByjDCaVkNc00zJHfYox1LJQqqo2L0c+ntWqXrJamyI403Un9uFCi0HojYJgWavv7rDcX/vE5ukuOoYDLLDZVkfCjJuWdSb1iA12WKEsMHliBRzP7qkT4qJMbWVK2Gkj6QVAiU3SK8t8myE0RFOLwTJ0UtKEvbU/C3lWnS3q8Hh/WDS1vY2bgwqMA27MAeBHAEp3ABTWgBgQwe4RlenCfn1Xlz3sfRGWeyswW/4Hx8AxeDn0I=</latexit>

↵ = 0.525
<latexit sha1_base64="KuyC0u/X/2HrNU8yllWQnKX6VSQ=">AAACFnicbVBNS8NAFHzxs9avqkcvwSJ4Komo9SIUvXisYFVogrxsN+3i7ibsbpQS8jfEm/4Sb+LVqz/Eu5u2B60OPBhm5vEeE6WcaeN5n87M7Nz8wmJlqbq8srq2XtvYvNJJpgjtkIQn6iZCTTmTtGOY4fQmVRRFxOl1dHdW+tf3VGmWyEszTGkosC9ZzAgaKwUB8nSAJ17jsHl8W6t7DW8E9y/xJ6TeqsEI7dvaV9BLSCaoNISj1l3fS02YozKMcFpUg0zTFMkd9mnXUomC6jAf/Vy4u1bpuXGi7EjjjtSfGzkKrYciskmBZqCnvVL8z+tmJj4OcybTzFBJxofijLsmccsC3B5TlBg+tASJYvZXlwxQITG2pmo1kPSBJEKg7OXBvU0WXT/Mg/JOFOd1vyhsT/50K3/J1X7DP2ocXNjCTseFQQW2YQf2wIcmtOAc2tABAik8wjO8OE/Oq/PmvI+jM85kZwt+wfn4BiTAn0o=</latexit>

↵ = 0.578
<latexit sha1_base64="d/1+7/8Ai/KUFwTebOBLPYZhQIM=">AAACFXicbVDLSsNAFL3xWeur6tJNsAiuSiJW3QiiG5cVrApJkJvpxA7OI8xMlBLyGeJOv8SduHXth7h32rrwdWDgcM653DsnzTkzNgjevYnJqemZ2dpcfX5hcWm5sbJ6blShCe0SxZW+TNFQziTtWmY5vcw1RZFyepHeHA/9i1uqDVPyzA5ymgi8lixjBK2Tohh53seDoNVuXzWaQSsYwf9Lwi/SPGzACJ2rxkfcU6QQVFrC0ZgoDHKblKgtI5xW9bgwNEdyg9c0clSioCYpRydX/qZTen6mtHvS+iP1+0SJwpiBSF1SoO2b395Q/M+LCpvtJyWTeWGpJONFWcF9q/zh//0e05RYPnAEiWbuVp/0USOxrqV6PZb0jighUPbK+NYlqyhMyni4J83KZlhVrqfwdyt/yfl2K9xt7Zy6wo7GhUEN1mEDtiCEPTiEE+hAFwgouIdHePIevGfvxXsdRye8r5k1+AHv7ROcV58G</latexit>

↵ = 0.55
<latexit sha1_base64="z/zlQt1Zjgi8kpv14pcQf/DYjQo="></latexit>

0.65  ↵  0.7



Energy functional approximations
Piris Natural Orbital Functionals (PNOF)

Functionals based on the reconstruction of the 2-RDM in terms of the 1-RDM
<latexit sha1_base64="9Ao36d+OR2IbUrxcLCxYnkun5Qs="></latexit>

�(2)
ijkl = ninj(�il�jk � �ik�jl) + �ijkl[�]

PNOFn, n=1,7   (     as functional of occupation numbers)

      not idempotent and 

 hermeticity 

antisymmetry 

sum rule 

only             ,             ,              integrals allowed

<latexit sha1_base64="Uxqy/+oxrU9EYU6+KZvSYpQZJAA=">AAACEHicbVDLSsNAFL2prxpfVZdugkVwVRIRdVl047KCfUATymQyacfOTMLMpFJC/kHc6Ze4E7f+gR/i3uljoa0HBg7nnMu9c8KUUaVd98sqrayurW+UN+2t7Z3dvcr+QUslmcSkiROWyE6IFGFUkKammpFOKgniISPtcHgz8dsjIhVNxL0epyTgqC9oTDHSRmr5fcQ56lWqbs2dwlkm3pxU6xWYotGrfPtRgjNOhMYMKdX13FQHOZKaYkYK288USREeoj7pGioQJyrIp9cWzolRIidOpHlCO1P190SOuFJjHpokR3qgFr2J+J/XzXR8FeRUpJkmAs8WxRlzdOJMvu5EVBKs2dgQhCU1tzp4gCTC2hRk274gjzgxdYgo90cmWXS9IPcne8I4r3pFYXryFltZJq2zmndRO78zhV3PCoMyHMExnIIHl1CHW2hAEzA8wBO8wKv1bL1Z79bHLFqy5jOH8AfW5w8gj53M</latexit>

� <latexit sha1_base64="x+LHbWkXyT3L7Kl6Dvq1ZPwZx94=">AAACF3icbZDLSsNAFIZPvNZ4q7p0M1gEVyURUZeiG5cV7AWaUCaTSR2cmaQzE6WEPIe40ydxJ25d+iDunbRdeDtw4Oc//+EcvijjTBvP+3Dm5hcWl5ZrK+7q2vrGZn1ru6PTXBHaJilPVS/CmnImadsww2kvUxSLiNNudHtRzbt3VGmWymszzmgo8FCyhBFsrBUG3EZjHEg6Qt6g3vCa3qTQX+HPROOsDpNqDeqfQZySXFBpCMda930vM2GBlWGE09INck0zTG7xkPatlFhQHRaTp0u0b50YJamyLQ2auN83Ciy0HovIJgU2N/r3rDL/m/Vzk5yGBZNZbqgk00NJzpFJUUUAxUxRYvjYCkwUs78icoMVJsZycl3L4p6kQmAZF8GdTZZ9PyyC6k6UFA2/LC0n/zeVv6Jz2PSPm0dXFtj5FBjUYBf24AB8OIEzuIQWtIHACB7gCZ6dR+fFeXXeptE5Z7azAz/Kef8CC+WgYA==</latexit>

� 6= 0

<latexit sha1_base64="/DDvARo6O+LA8a1t22nlemUfwl0=">AAACEXicbVDLSsNAFL3xWeOr6tJNsAiuSiKiLotuXFawD2hCmUwm7dCZSZiZVErIR4g7/RJ34tYv8EPcO0270NYDA4dzzuXeOWHKqNKu+2WtrK6tb2xWtuztnd29/erBYVslmcSkhROWyG6IFGFUkJammpFuKgniISOdcHQ79TtjIhVNxIOepCTgaCBoTDHSRur4zEQj1K/W3Lpbwlkm3pzUGlUo0exXv/0owRknQmOGlOp5bqqDHElNMSOF7WeKpAiP0ID0DBWIExXk5bmFc2qUyIkTaZ7QTqn+nsgRV2rCQ5PkSA/VojcV//N6mY6vg5yKNNNE4NmiOGOOTpzp352ISoI1mxiCsKTmVgcPkURYm4Zs2xfkESecIxHl/tgki54X5P50TxjnNa8oTE/eYivLpH1e9y7rF/emsJtZYVCBYziBM/DgChpwB01oAYYRPMELvFrP1pv1bn3MoivWfOYI/sD6/AHjV540</latexit>

�

<latexit sha1_base64="z/DOdIphfECLfSq6SOMMlVNLwcw="></latexit>

hii|jji
<latexit sha1_base64="hAE8ar6ILHKdOEIeD+7A7PVYxMs="></latexit>

hij|iji
<latexit sha1_base64="wu+0/Q563tpQXa/UdpwVwmOQT9M="></latexit>

hij|jii

<latexit sha1_base64="p69kBgFAtTeqYKfRnStEOB/VCA0="></latexit>

EPNOF
HXC [�] =

X

ij

ninj (2hij|iji � hij|jii)
<latexit sha1_base64="d71qnMOqCNWxZKOsp/nRh6nqdQ0="></latexit>

�
X

ij

h⇣
�↵↵

ij +�↵�
ij

⌘
hij|iji ��↵↵

ij hij|jii
i
+

X

ij

⇧ijhii|jji

<latexit sha1_base64="Y+g+XV4pVdmFYE+6vHz3mlOVeLw="></latexit>

�ijkl = �⇤
klij

<latexit sha1_base64="iTh1WQS1zgQPgpR04kg6pODF7QA="></latexit>

�ijkl = ��jikl = ��ijlk
<latexit sha1_base64="LVutQzinZLSJiyQSiTlCF9TMMNg="></latexit>X

j

�ijkj = (N � 1)ni�ik



Energy minimisation
Constraints 

   ensemble N-representable constraints:                          , 
   

 orthonormality constraint:  

<latexit sha1_base64="YrJEmr2Uh5RnxHnXeEvKFxdASho=">AAAB8nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE1ItQ9OJJKtgPSEPYbLft0s1u2N0IJfRnePGgiFd/jTf/jdu0B219MPB4b4aZeXHKmTae9+2UVlbX1jfKm5Wt7Z3dPXf/oKVlpghtEsml6sRYU84EbRpmOO2kiuIk5rQdj26nfvuJKs2keDTjlIYJHgjWZwQbKwVdnSURExG7vo/cqlfzCqBl4s9Jte5CgUbkfnV7kmQJFYZwrHXge6kJc6wMI5xOKt1M0xSTER7QwFKBE6rDvDh5gk6s0kN9qWwJgwr190SOE63HSWw7E2yGetGbiv95QWb6V2HORJoZKshsUT/jyEg0/R/1mKLE8LElmChmb0VkiBUmxqZUsSH4iy8vk9ZZzb+onT/YNG5maUAZjuAYTsGHS6jDHTSgCQQkPMMrvDnGeXHenY9Za8mZzxzCHzifP47KkXc=</latexit>X

i

ni = N
<latexit sha1_base64="V1FEc9MMYdxT+wJIXKEJWqtmomU=">AAAB+HicbVBNSwMxEJ31s9aPrnr0EiyCp7Iroh6LXjxWsB/QLks2nbah2eyaZIVa+ku8eFDEqz/Fm//GdNuDtj4Y5vHeDJm8KBVcG8/7dlZW19Y3Ngtbxe2d3b2Su3/Q0EmmGNZZIhLViqhGwSXWDTcCW6lCGkcCm9HwZuo3H1Fpnsh7M0oxiGlf8h5n1FgpdEteR+ADkSHPux+6Za/i5SDLxJ+TctWFHLXQ/ep0E5bFKA0TVOu276UmGFNlOBM4KXYyjSllQ9rHtqWSxqiDcX74hJxYpUt6ibIlDcnV3xtjGms9iiM7GVMz0IveVPzPa2emdxWMuUwzg5LNHuplgpiETFMgXa6QGTGyhDLF7a2EDaiizNisijYEf/HLy6RxVvEvKud3No3rWRpQgCM4hlPw4RKqcAs1qAODDJ7hFd6cJ+fFeXc+ZqMrznznEP7A+fwB8WWSqQ==</latexit>

0  ni  1

<latexit sha1_base64="YkrtGENcpJ67ZEQa6110flSG54Q=">AAACK3icbVDLSsNAFL2pr1pfUZdugkWoLkoiom6EUjcuK9gHNDVMJpN22smDmYlQQv/Hjb/iQhc+cOt/OGkL1tYDA4dz7mXOPW7MqJCm+aHllpZXVtfy64WNza3tHX13ryGihGNSxxGLeMtFgjAakrqkkpFWzAkKXEaa7uA685sPhAsahXdyGJNOgLoh9SlGUkmOXrVpKA077tH7E4eW7ADJnuunfHScaU5/VvF++ZXtESaRk9L+yNGLZtkcw1gk1pQUKzqMUXP0F9uLcBKQUGKGhGhbZiw7KeKSYkZGBTsRJEZ4gLqkrWiIAiI66fjWkXGkFM/wI66eSj5WZzdSFAgxDFw1maUV814m/ue1E+lfdlIaxokkIZ585CfMkJGRFWd4lBMs2VARhDlVWQ3cQxxhqeotqBKs+ZMXSeO0bJ2Xz25VG9VJG5CHAziEElhwARW4gRrUAcMjPMMbvGtP2qv2qX1NRnPadGcf/kD7/gF8FKkp</latexit>Z
�⇤
i (r)�j(r)dr = �ij

Enforced through Lagrange multipliers

}

Keep        explicitly between 0 and 1 in the numerical treatment}<latexit sha1_base64="wUmzlnLV0rgLGoEBHo/GUErfpBo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE1GPRi8eK1hbaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9xm/agrQ8GHu/NMDMvTKUw6HnfTmlldW19o7xZ2dre2d1z9w8eTZJpxpsskYluh9RwKRRvokDJ26nmNA4lb4Wjm6nfeuLaiEQ94DjlQUwHSkSCUbTSveqJnlv1al4Bskz8OanWXSjQ6Llf3X7CspgrZJIa0/G9FIOcahRM8kmlmxmeUjaiA96xVNGYmyAvTp2QE6v0SZRoWwpJof6eyGlszDgObWdMcWgWvan4n9fJMLoKcqHSDLlis0VRJgkmZPo36QvNGcqxJZRpYW8lbEg1ZWjTqdgQ/MWXl8njWc2/qJ3f2TSuZ2lAGY7gGE7Bh0uowy00oAkMBvAMr/DmSOfFeXc+Zq0lZz5zCH/gfP4Av7KOIw==</latexit>

ni



Energy minimisation
Constraints 

   ensemble N-representable constraints:                          , 
   

 orthonormality constraint:  

<latexit sha1_base64="YrJEmr2Uh5RnxHnXeEvKFxdASho=">AAAB8nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE1ItQ9OJJKtgPSEPYbLft0s1u2N0IJfRnePGgiFd/jTf/jdu0B219MPB4b4aZeXHKmTae9+2UVlbX1jfKm5Wt7Z3dPXf/oKVlpghtEsml6sRYU84EbRpmOO2kiuIk5rQdj26nfvuJKs2keDTjlIYJHgjWZwQbKwVdnSURExG7vo/cqlfzCqBl4s9Jte5CgUbkfnV7kmQJFYZwrHXge6kJc6wMI5xOKt1M0xSTER7QwFKBE6rDvDh5gk6s0kN9qWwJgwr190SOE63HSWw7E2yGetGbiv95QWb6V2HORJoZKshsUT/jyEg0/R/1mKLE8LElmChmb0VkiBUmxqZUsSH4iy8vk9ZZzb+onT/YNG5maUAZjuAYTsGHS6jDHTSgCQQkPMMrvDnGeXHenY9Za8mZzxzCHzifP47KkXc=</latexit>X

i

ni = N
<latexit sha1_base64="V1FEc9MMYdxT+wJIXKEJWqtmomU=">AAAB+HicbVBNSwMxEJ31s9aPrnr0EiyCp7Iroh6LXjxWsB/QLks2nbah2eyaZIVa+ku8eFDEqz/Fm//GdNuDtj4Y5vHeDJm8KBVcG8/7dlZW19Y3Ngtbxe2d3b2Su3/Q0EmmGNZZIhLViqhGwSXWDTcCW6lCGkcCm9HwZuo3H1Fpnsh7M0oxiGlf8h5n1FgpdEteR+ADkSHPux+6Za/i5SDLxJ+TctWFHLXQ/ep0E5bFKA0TVOu276UmGFNlOBM4KXYyjSllQ9rHtqWSxqiDcX74hJxYpUt6ibIlDcnV3xtjGms9iiM7GVMz0IveVPzPa2emdxWMuUwzg5LNHuplgpiETFMgXa6QGTGyhDLF7a2EDaiizNisijYEf/HLy6RxVvEvKud3No3rWRpQgCM4hlPw4RKqcAs1qAODDJ7hFd6cJ+fFeXc+ZqMrznznEP7A+fwB8WWSqQ==</latexit>

0  ni  1

<latexit sha1_base64="YkrtGENcpJ67ZEQa6110flSG54Q=">AAACK3icbVDLSsNAFL2pr1pfUZdugkWoLkoiom6EUjcuK9gHNDVMJpN22smDmYlQQv/Hjb/iQhc+cOt/OGkL1tYDA4dz7mXOPW7MqJCm+aHllpZXVtfy64WNza3tHX13ryGihGNSxxGLeMtFgjAakrqkkpFWzAkKXEaa7uA685sPhAsahXdyGJNOgLoh9SlGUkmOXrVpKA077tH7E4eW7ADJnuunfHScaU5/VvF++ZXtESaRk9L+yNGLZtkcw1gk1pQUKzqMUXP0F9uLcBKQUGKGhGhbZiw7KeKSYkZGBTsRJEZ4gLqkrWiIAiI66fjWkXGkFM/wI66eSj5WZzdSFAgxDFw1maUV814m/ue1E+lfdlIaxokkIZ585CfMkJGRFWd4lBMs2VARhDlVWQ3cQxxhqeotqBKs+ZMXSeO0bJ2Xz25VG9VJG5CHAziEElhwARW4gRrUAcMjPMMbvGtP2qv2qX1NRnPadGcf/kD7/gF8FKkp</latexit>Z
�⇤
i (r)�j(r)dr = �ij

Enforced through Lagrange multipliers

Functional to minimise 

}
<latexit sha1_base64="rKcWxy4e2pDLKLVqWIR2ZzAryOQ="></latexit>

⌦̃[{ni}, {�i}] = E[{ni}, {�i}]� µ

0

@
X

j

nj �N

1

A�
X

jk

�jk (h�j |�ki � �jk)

Keep        explicitly between 0 and 1 in the numerical treatment}<latexit sha1_base64="wUmzlnLV0rgLGoEBHo/GUErfpBo=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE1GPRi8eK1hbaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9xm/agrQ8GHu/NMDMvTKUw6HnfTmlldW19o7xZ2dre2d1z9w8eTZJpxpsskYluh9RwKRRvokDJ26nmNA4lb4Wjm6nfeuLaiEQ94DjlQUwHSkSCUbTSveqJnlv1al4Bskz8OanWXSjQ6Llf3X7CspgrZJIa0/G9FIOcahRM8kmlmxmeUjaiA96xVNGYmyAvTp2QE6v0SZRoWwpJof6eyGlszDgObWdMcWgWvan4n9fJMLoKcqHSDLlis0VRJgkmZPo36QvNGcqxJZRpYW8lbEg1ZWjTqdgQ/MWXl8njWc2/qJ3f2TSuZ2lAGY7gGE7Bh0uowy00oAkMBvAMr/DmSOfFeXc+Zq0lZz5zCH/gfP4Av7KOIw==</latexit>

ni

<latexit sha1_base64="V1FEc9MMYdxT+wJIXKEJWqtmomU=">AAAB+HicbVBNSwMxEJ31s9aPrnr0EiyCp7Iroh6LXjxWsB/QLks2nbah2eyaZIVa+ku8eFDEqz/Fm//GdNuDtj4Y5vHeDJm8KBVcG8/7dlZW19Y3Ngtbxe2d3b2Su3/Q0EmmGNZZIhLViqhGwSXWDTcCW6lCGkcCm9HwZuo3H1Fpnsh7M0oxiGlf8h5n1FgpdEteR+ADkSHPux+6Za/i5SDLxJ+TctWFHLXQ/ep0E5bFKA0TVOu276UmGFNlOBM4KXYyjSllQ9rHtqWSxqiDcX74hJxYpUt6ibIlDcnV3xtjGms9iiM7GVMz0IveVPzPa2emdxWMuUwzg5LNHuplgpiETFMgXa6QGTGyhDLF7a2EDaiizNisijYEf/HLy6RxVvEvKud3No3rWRpQgCM4hlPw4RKqcAs1qAODDJ7hFd6cJ+fFeXc+ZqMrznznEP7A+fwB8WWSqQ==</latexit>

0  ni  1 condition generally leads to border minima                        
  

Border minima (no variational principle) 

No                     (unlike DFT)                       
  

<latexit sha1_base64="H2SSgix38sB6U73IwlUMsjqsaFk=">AAACF3icbZDBShxBEIZrTKJmTXRMjrkMESGnZSYE9Sh68RYDrgo7y1LTU7M2dveM3TXCMsxbePFVvHhICF715tvYu6tgND80/PxVRXV9WaWk4zi+D+bevH03v7D4vrP04ePySrj66dCVtRXUE6Uq7XGGjpQ01GPJio4rS6gzRUfZ6e6kfnRO1snSHPC4ooHGkZGFFMg+GobdtLAomjQnxZiyVDk16U9NI2zbp3SEWmObGjqLh+Fa3I2nil6b5NGsbYcw1f4wvEvzUtSaDAuFzvWTuOJBg5alUNR20tpRheIUR9T31qAmN2imd7XRuk/yqCitf4ajafp8okHt3FhnvlMjn7iXtUn4v1q/5mJr0EhT1UxGzBYVtYq4jCaQolxaEqzG3qCw0v81EifoQbFH2fEQkpcnvzaH37vJRvfHL09jZ0YDFuELfIVvkMAmbMMe7EMPBFzAFfyGP8FlcB38DW5mrXPB48xn+EfB7QNjmaFa</latexit>

�⌦̃

��
6= 0

<latexit sha1_base64="8iN5LiA6Oe/4GThh3K5Ugyjyjy8="></latexit>

⌦̃(n1, n2)

Adapted from: Hardy Gross,  lecture on “RDMFT” (ETSF correlation meeting 2013)



Energy minimisation
Constraints 

   ensemble N-representable constraints:                          , 
   

 orthonormality constraint:  

<latexit sha1_base64="YrJEmr2Uh5RnxHnXeEvKFxdASho=">AAAB8nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE1ItQ9OJJKtgPSEPYbLft0s1u2N0IJfRnePGgiFd/jTf/jdu0B219MPB4b4aZeXHKmTae9+2UVlbX1jfKm5Wt7Z3dPXf/oKVlpghtEsml6sRYU84EbRpmOO2kiuIk5rQdj26nfvuJKs2keDTjlIYJHgjWZwQbKwVdnSURExG7vo/cqlfzCqBl4s9Jte5CgUbkfnV7kmQJFYZwrHXge6kJc6wMI5xOKt1M0xSTER7QwFKBE6rDvDh5gk6s0kN9qWwJgwr190SOE63HSWw7E2yGetGbiv95QWb6V2HORJoZKshsUT/jyEg0/R/1mKLE8LElmChmb0VkiBUmxqZUsSH4iy8vk9ZZzb+onT/YNG5maUAZjuAYTsGHS6jDHTSgCQQkPMMrvDnGeXHenY9Za8mZzxzCHzifP47KkXc=</latexit>X

i

ni = N
<latexit sha1_base64="V1FEc9MMYdxT+wJIXKEJWqtmomU=">AAAB+HicbVBNSwMxEJ31s9aPrnr0EiyCp7Iroh6LXjxWsB/QLks2nbah2eyaZIVa+ku8eFDEqz/Fm//GdNuDtj4Y5vHeDJm8KBVcG8/7dlZW19Y3Ngtbxe2d3b2Su3/Q0EmmGNZZIhLViqhGwSXWDTcCW6lCGkcCm9HwZuo3H1Fpnsh7M0oxiGlf8h5n1FgpdEteR+ADkSHPux+6Za/i5SDLxJ+TctWFHLXQ/ep0E5bFKA0TVOu276UmGFNlOBM4KXYyjSllQ9rHtqWSxqiDcX74hJxYpUt6ibIlDcnV3xtjGms9iiM7GVMz0IveVPzPa2emdxWMuUwzg5LNHuplgpiETFMgXa6QGTGyhDLF7a2EDaiizNisijYEf/HLy6RxVvEvKud3No3rWRpQgCM4hlPw4RKqcAs1qAODDJ7hFd6cJ+fFeXc+ZqMrznznEP7A+fwB8WWSqQ==</latexit>

0  ni  1

<latexit sha1_base64="YkrtGENcpJ67ZEQa6110flSG54Q=">AAACK3icbVDLSsNAFL2pr1pfUZdugkWoLkoiom6EUjcuK9gHNDVMJpN22smDmYlQQv/Hjb/iQhc+cOt/OGkL1tYDA4dz7mXOPW7MqJCm+aHllpZXVtfy64WNza3tHX13ryGihGNSxxGLeMtFgjAakrqkkpFWzAkKXEaa7uA685sPhAsahXdyGJNOgLoh9SlGUkmOXrVpKA077tH7E4eW7ADJnuunfHScaU5/VvF++ZXtESaRk9L+yNGLZtkcw1gk1pQUKzqMUXP0F9uLcBKQUGKGhGhbZiw7KeKSYkZGBTsRJEZ4gLqkrWiIAiI66fjWkXGkFM/wI66eSj5WZzdSFAgxDFw1maUV814m/ue1E+lfdlIaxokkIZ585CfMkJGRFWd4lBMs2VARhDlVWQ3cQxxhqeotqBKs+ZMXSeO0bJ2Xz25VG9VJG5CHAziEElhwARW4gRrUAcMjPMMbvGtP2qv2qX1NRnPadGcf/kD7/gF8FKkp</latexit>Z
�⇤
i (r)�j(r)dr = �ij

Functional to minimise 

} Enforced through 
Lagrange multipliers

<latexit sha1_base64="N3BI7RE4Z+K9ADcGC3CRDZRbZz0=">AAAB+3icbVBNS8NAEJ34WetXrEcvwSJ4KkkR9SIUvXisYD+giWGz3bZLN5uwOxFL6V/x4kERr/4Rb/4bt2kP2vpg4PHeDDPzolRwja77ba2srq1vbBa2its7u3v79kGpqZNMUdagiUhUOyKaCS5ZAzkK1k4VI3EkWCsa3kz91iNTmifyHkcpC2LSl7zHKUEjhXZJhvzKp4l+qPo4YEhCHtplt+LmcJaJNyflmg056qH95XcTmsVMIhVE647nphiMiUJOBZsU/UyzlNAh6bOOoZLETAfj/PaJc2KUrtNLlCmJTq7+nhiTWOtRHJnOmOBAL3pT8T+vk2HvMhhzmWbIJJ0t6mXCwcSZBuF0uWIUxcgQQhU3tzp0QBShaOIqmhC8xZeXSbNa8c4rZ3cmjetZGlCAIziGU/DgAmpwC3VoAIUneIZXeLMm1ov1bn3MWles+cwh/IH1+QMtyJSS</latexit>

ni = cos2 ✓i

<latexit sha1_base64="U/sNe+BWbhPPizCn6Jw7LkF0ESY="></latexit>

⌦[{✓i}, {�i}] = E[{ni(✓i)}, {�i}]�µ

0

@
X

j

cos2 ✓j �N

1

A�
X

jk

�jk (h�j |�ki � �jk)



Energy minimisation
Scaling 

 Scaling depends only on the Hilbert space size M (all orbitals are occupied)  

 Scaling M5 (vs  DFT, HF: M4; CI, CCSD(T), MP4: M7) 

 Orbital minimisation bottleneck



Performance of various functionals
Total energy of H2 molecule

thanks to fractional 
occupation numbers RDMFT 
can capture static correlation

Lathiotakis et al. PRA 79, 040501(R) (2009)



Performance of various functionals
Correlation energy of HEG 

Lathiotakis et al. PRA 79, 040501(R) (2009)



Properties: spectroscopy

Adapted from: Patrick Rinke,  Hands-on Tutorial on Ab Initio Molecular Simulations: Toward a First-Principles Understanding of 
Materials Properties and Functions

Direct Photoemission

N       N-1

Inverse Photoemission

N       N+1

EF EF

Evac Evac

Absorption

N       N*

EF

Evac



Properties: IPs and EAs
Extended Koopmans’ Theorem: IPs 

<latexit sha1_base64="2i44ireywNcKq+XxDEBkabd/AlY="></latexit>�� N�1
⌫

↵
= Ô⌫

�� N
0

↵
ansatz

<latexit sha1_base64="Hda1d33FZEoUWAqU43ovH5xNNKo="></latexit>

= �h N
0 |Ô†

⌫ [Ĥ, Ô⌫ ]| N
0 i

h N
0 |Ô†

⌫Ô⌫ | N
0 i

Stationarity with respect to the coefficient

<latexit sha1_base64="/JXfpAplUdUZYTEcgXg1mZNlpgg="></latexit>

V ⌫ , S⌫

from various framework (e.g, QMC, CI, RDMFT)

<latexit sha1_base64="CrfRwN5uqm8tXmCfZ+Ml8uxGpmw="></latexit>

✏
R
⌫ = E

N
0 � E

N�1
⌫ = h N

0 |Ĥ| N
0 i � h N�1

⌫ |Ĥ| N�1
⌫ i

Generalized eigenvalue problem

<latexit sha1_base64="/hWDHXV0UK23hhHt5z9WWd/Bcp8="></latexit>

= h N
0 |Ĥ| N

0 i � hÔv N
0 |Ĥ|Ôv N

0 i
h N

0 |Ô†
vÔv| N

0 i

<latexit sha1_base64="p0WyJuprtxSVCrWnTv4bMTo1nT4=">AAACEHicbVDLSsNAFL2p7/qKunQzKKKrkoioG6Hoxp0PrBWaGCbTaTt0MgnzEErIJ7jxV9y4UMStS3f+jdPUhVYPXDhzzr3MvSfOOFPa8z6dysTk1PTM7Fx1fmFxadldWb1WqZGENkjKU3kTY0U5E7Shmeb0JpMUJzGnzbh/MvSbd1QqloorPchomOCuYB1GsLZS5G4HPazzsyIKhDkKlEkihk5uL6PcvhErShcXEYvcTa/mlUB/if9NNusulDiP3I+gnRKTUKEJx0q1fC/TYY6lZoTTohoYRTNM+rhLW5YKnFAV5uVBBdqySht1UmlLaFSqPydynCg1SGLbmWDdU+PeUPzPaxndOQxzJjKjqSCjjzqGI52iYTqozSQlmg8swUQyuysiPSwx0TbDqg3BHz/5L7nerfn7tb0Lm8bxKA2YhXXYgB3w4QDqcArn0AAC9/AIz/DiPDhPzqvzNmqtON8za/ALzvsXpKedpg==</latexit>

Ô⌫ =
X

i

C
R
⌫iâi

Day et al., Int. J. Quantum Chem., Quantum Chem. Symp. 8, 501 (1974); Morrell et al., JCP. 62, 549 (1975)



Properties: IPs and EAs
Physical meaning of EKT

Quasiparticle-like ansatz for (N − 1)- and (N + 1)-particle wavefunctions: 
correlation is included, but no relaxation of the other orbitals



Properties: IPs and EAs
Extended Koopmans’ Theorem: IPs 

<latexit sha1_base64="2i44ireywNcKq+XxDEBkabd/AlY="></latexit>�� N�1
⌫

↵
= Ô⌫

�� N
0

↵
ansatz

<latexit sha1_base64="Hda1d33FZEoUWAqU43ovH5xNNKo="></latexit>

= �h N
0 |Ô†

⌫ [Ĥ, Ô⌫ ]| N
0 i

h N
0 |Ô†

⌫Ô⌫ | N
0 i

Stationarity with respect to the coefficient

<latexit sha1_base64="/JXfpAplUdUZYTEcgXg1mZNlpgg="></latexit>

V ⌫ , S⌫

from various framework (e.g, QMC, CI, RDMFT)

Generalized eigenvalue problem

<latexit sha1_base64="/hWDHXV0UK23hhHt5z9WWd/Bcp8="></latexit>

= h N
0 |Ĥ| N

0 i � hÔv N
0 |Ĥ|Ôv N

0 i
h N

0 |Ô†
vÔv| N

0 i

<latexit sha1_base64="p0WyJuprtxSVCrWnTv4bMTo1nT4=">AAACEHicbVDLSsNAFL2p7/qKunQzKKKrkoioG6Hoxp0PrBWaGCbTaTt0MgnzEErIJ7jxV9y4UMStS3f+jdPUhVYPXDhzzr3MvSfOOFPa8z6dysTk1PTM7Fx1fmFxadldWb1WqZGENkjKU3kTY0U5E7Shmeb0JpMUJzGnzbh/MvSbd1QqloorPchomOCuYB1GsLZS5G4HPazzsyIKhDkKlEkihk5uL6PcvhErShcXEYvcTa/mlUB/if9NNusulDiP3I+gnRKTUKEJx0q1fC/TYY6lZoTTohoYRTNM+rhLW5YKnFAV5uVBBdqySht1UmlLaFSqPydynCg1SGLbmWDdU+PeUPzPaxndOQxzJjKjqSCjjzqGI52iYTqozSQlmg8swUQyuysiPSwx0TbDqg3BHz/5L7nerfn7tb0Lm8bxKA2YhXXYgB3w4QDqcArn0AAC9/AIz/DiPDhPzqvzNmqtON8za/ALzvsXpKedpg==</latexit>

Ô⌫ =
X

i

C
R
⌫iâi

Day et al., Int. J. Quantum Chem., Quantum Chem. Symp. 8, 501 (1974); Morrell et al., JCP. 62, 549 (1975)

<latexit sha1_base64="CrfRwN5uqm8tXmCfZ+Ml8uxGpmw="></latexit>

✏
R
⌫ = E

N
0 � E

N�1
⌫ = h N

0 |Ĥ| N
0 i � h N�1

⌫ |Ĥ| N�1
⌫ i



Properties: IPs and EAs
Extended Koopmans’ Theorem: IPs 

<latexit sha1_base64="2i44ireywNcKq+XxDEBkabd/AlY="></latexit>�� N�1
⌫

↵
= Ô⌫

�� N
0

↵
ansatz

<latexit sha1_base64="Hda1d33FZEoUWAqU43ovH5xNNKo="></latexit>

= �h N
0 |Ô†

⌫ [Ĥ, Ô⌫ ]| N
0 i

h N
0 |Ô†

⌫Ô⌫ | N
0 i

Stationarity with respect to the coefficient

<latexit sha1_base64="/JXfpAplUdUZYTEcgXg1mZNlpgg="></latexit>

V ⌫ , S⌫

from various framework (e.g, QMC, CI, RDMFT)

Generalized eigenvalue problem

<latexit sha1_base64="/hWDHXV0UK23hhHt5z9WWd/Bcp8="></latexit>

= h N
0 |Ĥ| N

0 i � hÔv N
0 |Ĥ|Ôv N

0 i
h N

0 |Ô†
vÔv| N

0 i

<latexit sha1_base64="p0WyJuprtxSVCrWnTv4bMTo1nT4=">AAACEHicbVDLSsNAFL2p7/qKunQzKKKrkoioG6Hoxp0PrBWaGCbTaTt0MgnzEErIJ7jxV9y4UMStS3f+jdPUhVYPXDhzzr3MvSfOOFPa8z6dysTk1PTM7Fx1fmFxadldWb1WqZGENkjKU3kTY0U5E7Shmeb0JpMUJzGnzbh/MvSbd1QqloorPchomOCuYB1GsLZS5G4HPazzsyIKhDkKlEkihk5uL6PcvhErShcXEYvcTa/mlUB/if9NNusulDiP3I+gnRKTUKEJx0q1fC/TYY6lZoTTohoYRTNM+rhLW5YKnFAV5uVBBdqySht1UmlLaFSqPydynCg1SGLbmWDdU+PeUPzPaxndOQxzJjKjqSCjjzqGI52iYTqozSQlmg8swUQyuysiPSwx0TbDqg3BHz/5L7nerfn7tb0Lm8bxKA2YhXXYgB3w4QDqcArn0AAC9/AIz/DiPDhPzqvzNmqtON8za/ALzvsXpKedpg==</latexit>

Ô⌫ =
X

i

C
R
⌫iâi

working out the commutator, use 
natural orbitals basis

<latexit sha1_base64="ayzYfIiuEhQx8UEjANda2nf+qdc="></latexit>

Vjmkl =

Z
dxdx0�⇤

j (x)�
⇤
m(x0)vc(r, r

0)�k(x)�l(x
0)

<latexit sha1_base64="W9SWIytCnghJ6xdIUi++AEK23zY="></latexit>

�(2)klmi = h 0|ĉ†i ĉ
†
mĉlĉk| 0i

<latexit sha1_base64="7BVy4eLxHRwiTe/byVTchKUEap4="></latexit>

hij =

Z
dx�⇤

i (x)h(r)�j(x)

<latexit sha1_base64="9uV8SwT+Ahrj7vHa7HHoAnPN7CQ=">AAAB83icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE1GPRi8cq9gOaWDbbTbt0s1l2N0IJ/RtePCji1T/jzX/jNu1BWx8MPN6bYWZeJDnTxvO+ndLK6tr6RnmzsrW9s7vn7h+0dJopQpsk5anqRFhTzgRtGmY47UhFcRJx2o5GN1O//USVZql4MGNJwwQPBIsZwcZKQUClZjwVvdHjfc+tejWvAFom/pxU6y4UaPTcr6CfkiyhwhCOte76njRhjpVhhNNJJcg0lZiM8IB2LRU4oTrMi5sn6MQqfRSnypYwqFB/T+Q40XqcRLYzwWaoF72p+J/XzUx8FeZMyMxQQWaL4owjk6JpAKjPFCWGjy3BRDF7KyJDrDAxNqaKDcFffHmZtM5q/kXt/M6mcT1LA8pwBMdwCj5cQh1uoQFNICDhGV7hzcmcF+fd+Zi1lpz5zCH8gfP5A5vBkhc=</latexit>

✏Rk

<latexit sha1_base64="CrfRwN5uqm8tXmCfZ+Ml8uxGpmw="></latexit>

✏
R
⌫ = E

N
0 � E

N�1
⌫ = h N

0 |Ĥ| N
0 i � h N�1

⌫ |Ĥ| N�1
⌫ i

Di Sabatino et al. Front. Chem. 9, 819 (2021); Pernal & Cioslowski, Chem. Phys. Lett. 412, 71 (2005); Lee et al. JCTC 17, 6 (2021)



Properties: IPs and EAs
Extended Koopmans’ Theorem: EAs 

<latexit sha1_base64="9RZtIHpbVB0n4Iypvj/82OfGKQs="></latexit>

⇤A
ij =

1

(1� ni)

"
(1� ni)hji +

X

k

(Vjkik � Vjkki)nk �
X

klm

Vjmkl�
(2)
klmi

#
<latexit sha1_base64="FGXdYzUuch28aoEa1/V6vTto9uk=">AAAB83icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE1GPVi8cK9gOaWDbbTbt0s1l2N0IJ/RtePCji1T/jzX/jNu1BWx8MPN6bYWZeJDnTxvO+ndLK6tr6RnmzsrW9s7vn7h+0dJopQpsk5anqRFhTzgRtGmY47UhFcRJx2o5Gt1O//USVZql4MGNJwwQPBIsZwcZKQUClZjwVvdHjdc+tejWvAFom/pxU6y4UaPTcr6CfkiyhwhCOte76njRhjpVhhNNJJcg0lZiM8IB2LRU4oTrMi5sn6MQqfRSnypYwqFB/T+Q40XqcRLYzwWaoF72p+J/XzUx8FeZMyMxQQWaL4owjk6JpAKjPFCWGjy3BRDF7KyJDrDAxNqaKDcFffHmZtM5q/kXt/N6mcTNLA8pwBMdwCj5cQh3uoAFNICDhGV7hzcmcF+fd+Zi1lpz5zCH8gfP5A4H9kgY=</latexit>

✏Ak

Extended Koopmans’ Theorem: Spectral function 

<latexit sha1_base64="C6u5sLke2hJrGpydy2eCvjmWD20="></latexit>

A(!) ⇡
X

i

⇥
�ii�(! � ✏Ri ) + (1� �ii)�(! � ✏Ai )

⇤

Di Sabatino et al. Front. Chem. 9, 819 (2021)



DIF/DER method

DIF 

DER 

justified if the total energy is linear in the occupation number 
<latexit sha1_base64="Rx2rSE5G5vu8EWV/Rxri1Cq3b/g=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE1GPRi8eK1hbaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9xm/agrQ8GHu/NMDMvTAXXxvO+ndLK6tr6RnmzsrW9s7vn7h886iRTDJssEYlqh1Sj4BKbhhuB7VQhjUOBrXB0M/VbT6g0T+SDGacYxHQgecQZNVa6l71Rz616Na8AWSb+nFTrLhRo9Nyvbj9hWYzSMEG17vheaoKcKsOZwEmlm2lMKRvRAXYslTRGHeTFqRNyYpU+iRJlSxpSqL8nchprPY5D2xlTM9SL3lT8z+tkJroKci7TzKBks0VRJohJyPRv0ucKmRFjSyhT3N5K2JAqyoxNp2JD8BdfXiaPZzX/onZ+Z9O4nqUBZTiCYzgFHy6hDrfQgCYwGMAzvMKbI5wX5935mLWWnPnMIfyB8/kDwrqOJQ==</latexit>

nk

<latexit sha1_base64="Vs+IX5AmygABFVNm+BK4PBt5nFA=">AAAB7HicbVBNS8NAEJ31s9avqEcvi0XwVJMi6kUoevFYwbSFNpTNdtMu3WzC7kYoob/BiwdFvPqDvPlv3KY9aOuDgcd7M8zMC1PBtXHdb7Syura+sVnaKm/v7O7tOweHTZ1kijKfJiJR7ZBoJrhkvuFGsHaqGIlDwVrh6G7qt56Y0jyRj2acsiAmA8kjTomxki9vvPNaz6m4VbcAXibenFTqDhRo9Jyvbj+hWcykoYJo3fHc1AQ5UYZTwSblbqZZSuiIDFjHUklipoO8OHaCT63Sx1GibEmDC/X3RE5ircdxaDtjYoZ60ZuK/3mdzETXQc5lmhkm6WxRlAlsEjz9HPe5YtSIsSWEKm5vxXRIFKHG5lO2IXiLLy+TZq3qXVYvHmwat7M0oATHcAJn4MEV1OEeGuADBQ7P8ApvSKIX9I4+Zq0raD5zBH+APn8AFfSOPg==</latexit>

n = 1/2
<latexit sha1_base64="FS7oY3H+O6TdGIf5kq/PiRVvzpA="></latexit>

E(1) = E(1/2) + E0(1/2)�n+
1

2
E

00
(1/2)�n2 + ...(�n = 1/2)

<latexit sha1_base64="IZlkooh31I/H2qxENFLtAV1pkrE="></latexit>

E(0) = E(1/2) + E0(1/2)�n+
1

2
E

00
(1/2)�n2 + ...(�n = �1/2)

Idea: Taylor expansion around

<latexit sha1_base64="0CNguNZpywd8kf5JoTnco/W5Oxs=">AAACEXicbZDLSgMxFIbPeK31NurSTbCIM4h1poq6EYpScGcFq0I7lkyatqGZzJBkhFL6Cm58FTcuFHHrzp1vY9oqePsh8PGfczg5f5hwprTnvVtj4xOTU9OZmezs3PzCor20fKHiVBJaITGP5VWIFeVM0IpmmtOrRFIchZxehp3jQf3yhkrFYnGuuwkNItwSrMkI1saq207J8d2tkuO5h6UNx98uuLUG5RojgTZPnS++3nHrds7Le0Ohv+B/Qq5ow1Dluv1Wa8QkjajQhGOlqr6X6KCHpWaE0362liqaYNLBLVo1KHBEVdAbXtRH68ZpoGYszRMaDd3vEz0cKdWNQtMZYd1Wv2sD879aNdXNg6DHRJJqKshoUTPlSMdoEA9qMEmJ5l0DmEhm/opIG0tMtAkxa0Lwf5/8Fy4KeX8vv3tm0jgapQEZWIU1cMCHfSjCCZShAgRu4R4e4cm6sx6sZ+tl1Dpmfc6swA9Zrx+kEZk6</latexit>

E(1)� E(0) = E
0(1/2)�n+O(�n3)

<latexit sha1_base64="j42uA2aApVX6qtnu7Pkeys2DqiY="></latexit>

✏k =
@E(nk)

@nk

����
nk=1/2

Properties: IPs and EAs



Performance of EKT/DER

EKT@EX

EKT@Müller

EKT@EX

EKT@Müller

Spectral function 6-site Hubbard ring 
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EKT@EX

EKT@Müller

Spectral function 6-site Hubbard ring 



Beyond EKT
EKT-3

Photoemission is a three-particle process: consider 2p1h and 2h1p excitations!

<latexit sha1_base64="CcUoSQHDGl5ZqvL/ipSkUSZieeU="></latexit>

Ô⌫ =
X

ijk

C
R
⌫ijk ĉ

†
k ĉj ĉi

<latexit sha1_base64="rxBT6xv4Zc0nj/x5fhT/Q7KAzdw="></latexit>

Ô
†
⌫ =

X

ijk

C
A
⌫ijk ĉk ĉ

†
j ĉ

†
i

<latexit sha1_base64="i3YJx3ewe2vL/hZqJA70Ckmx62I=">AAAB83icbVDLSgNBEOz1GeNr1aOXwSDES9hVUY9BD3qMYB6QXcPsZDYZMjO7zMwKYclvePGgiFd/xpt/4+Rx0MSChqKqm+6uKOVMG8/7dpaWV1bX1gsbxc2t7Z1dd2+/oZNMEVonCU9UK8KaciZp3TDDaStVFIuI02Y0uBn7zSeqNEvkgxmmNBS4J1nMCDZWCoJbLAR+zMtnJ6OOW/Iq3gRokfgzUqq6MEGt434F3YRkgkpDONa67XupCXOsDCOcjopBpmmKyQD3aNtSiQXVYT65eYSOrdJFcaJsSYMm6u+JHAuthyKynQKbvp73xuJ/Xjsz8VWYM5lmhkoyXRRnHJkEjQNAXaYoMXxoCSaK2VsR6WOFibExFW0I/vzLi6RxWvEvKuf3No3raRpQgEM4gjL4cAlVuIMa1IFACs/wCm9O5rw4787HtHXJmc0cwB84nz+C4pFg</latexit>

�(3)
<latexit sha1_base64="JyH8e0JVJdAJsV9/fkbexWqTCAw=">AAAB83icbVDLSgNBEOz1GeNr1aOXwSDES9iVoB6DHvQYwTwgu4bZyWwyZGZ2mZkVwpLf8OJBEa/+jDf/xsnjoIkFDUVVN91dUcqZNp737aysrq1vbBa2its7u3v77sFhUyeZIrRBEp6odoQ15UzShmGG03aqKBYRp61oeDPxW09UaZbIBzNKaShwX7KYEWysFAS3WAj8mJerZ+OuW/Iq3hRomfhzUqq5MEW9634FvYRkgkpDONa643upCXOsDCOcjotBpmmKyRD3acdSiQXVYT69eYxOrdJDcaJsSYOm6u+JHAutRyKynQKbgV70JuJ/Xicz8VWYM5lmhkoyWxRnHJkETQJAPaYoMXxkCSaK2VsRGWCFibExFW0I/uLLy6R5XvEvKtV7m8b1LA0owDGcQBl8uIQa3EEdGkAghWd4hTcnc16cd+dj1rrizGeO4A+czx+EaJFh</latexit>

�(4)          and             enter 
into the equations!

satellite 
(interacting)

<latexit sha1_base64="CTDKQ/GTiE0FXRd761GAaQI5hFg="></latexit>

µ
<latexit sha1_base64="d+NJBYvQ00cznJz1hUUSySoVZcA="></latexit>

!

<latexit sha1_base64="b12ige9o6UkvQT3nFzSigPPF0H4="></latexit>

A(!)

quasiparticle  
(interacting)

quasiparticle  
(noninteracting)



Why don’t we use GF theory?
Spectral function from the 1-GF



Why don’t we use GF theory?
Spectral function from the 1-GF

Atomic limit 
remains a 
challenge!

Hubbard dimer at 1/2 
filling



Why don’t we use GF theory?
Spectral function from the 1-GF

Strongly correlated 
systems remain a 

challenge!

Experiment  

standard theory 

Realistic systems:bulk  PM NiO



Realistic systems:bulk  PM NiO
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Experiment

EKT
effective-EKT

EKT for realistic systems

Does EKT@RDMFT offer a path to PES of strongly 
correlated systems?



RDMFT in a nutshell 

There is a one-to-one map                  (Gilbert 1975)

�(x1,x
0
1) = N

Z
dx2...dxN�⇤(x0

1,x2, ...xN )�(x1,x2, ...xN )

 0 $ �

Expectation values of any GS operator are functionals of �

O[�] = h 0[�]|Ô| 0[�]i

E[�] = Ekin[�] + Eext[�] + EH [�] + Exc[�]

Ground-state energy calculated by minimising  E[�]


