REDUCED DENSITY MATRIX
FUNCTIONAL THEORY

ISTPC 2022
AUSSOIS

Pina Romaniello
Laboratoire de Physique Théorique, CNRS, Université de Toulouse



The many-body problem

¥ Many-Body Schroedinger equation
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HY(rq,...,rny) = EV(rq,...,ryN)
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(NB: Born-Oppenheimer approximation)

¥ Many-Body wavefunction and observables
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Two different classes of ab initio theories

¥ Wavefunction-based approaches *¥ Functional theories

Key quantity: many-body wavefunction Key quantity: Simpler physical
quantity, e.g. the density
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Functional theories

¥ Reduced quantities

density p(r) Density Functional Theory
current-density J(I') Current-Density Functional Theory
1-body density matrix fy(r, r’) Reduced Density Matrix Functional Theory

1-body Green’s function G(r,r’;¢ — t') Many-Body Perturbation theory



Functional theories

MBPT RDMET
G(r,r';t —t") v(r,v') = —iG(r,r’;t — tT)

P> Functional to approximate:

or
2e[G]
“easy” (e.g., GW) to approximate difficult
Computationally heavy moderate

P> Observables:
“‘easy” (e.g., PES) to get difficult

Adapted from: Hardy Gross, lecture on “RDMFT” (ETSF correlation meeting 2013)
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or

VUzc [:0]

very difficult

light
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RDMFT in a nutshell

¥ There is a one-to-one map ¥, «+ ~ (Gilbert 1975)

v(x1,x]) = N/dXQ...dXN\IJ*(X'l,Xg,...XN)\IJ(Xl,Xg,...XN)

¥ Expectation values of any GS operator are functionals of 7

O[] = (¥o[7]|OTo[4])
E[y] = Exin[¥] + Eext[v] + Er|v] + Ezc[Y]

%¥ Ground-state energy calculated by minimising F|7]



Program of the lecture

¥ Preliminaries

%¥ Hohenberg-Kohn theorem for nonlocal potentials (Gilbert 1975)
%¥ Energy functional approximations

¥ Energy minimisation

¥ Observables

¥ Some results



Hubbard model

¥ Hubbard dimer
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N=1 (1/4 filling) and N=2 (1/2 filling) in the ground state



Hubbard model

¥ Hubbard dimer

t
T‘& @ H=-t Y YCZGCJU + 5 Y ch Cig' Cio’ Cio + €0 Z nio + Vo

60 1,7=1,2 © 1=1,2 oo’ o,1=1,2
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N=1 (1/4 filling) and N=2 (1/2 filling) in the ground state

weakly and strongly correlated regimes:
2z U—> 0 noninteracting limit

zU—>00 (t—>0) strongly correlated limit



Hubbard model

¥ Hubbard dimer

t
U
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N=1 (1/4 filling) and N=2 (1/2 filling) in the ground state

¥ Site vs bonding/antibonding basis
€o + T antibonding

— Up(Xx) = 7 1 (x)+p2(x)]
€0 @ 9+ @C€Q sites .
v Va(X) = 7 [1(x)—p2(xX)]

€0 — %  bonding



Hubbard model

¥ Hubbard dimer
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Definitions

¥ Many-body hamiltonian
H|U) = E|T)

H=T+V+W

Kinetic energy T :/ng/A)T(x) (——r) @/A)(x),

Non-local potential V= / dxdx'w(x' Vsl X, X )z/)(x),

e-e interaction W = % / dx' dx" )t (%)t (x v (r, 2 (%) (%),

x = (r,s)



¥ n-body density matrix

n .
T N(X1,y oy X0 X, oo X,

/

)

Definitions

= (V97 (x7,)- T (x))(x0)- (%) [0)

N )
(N —n)! /dxn+1...dXN\I! (XY, ooy X Xy 1y e



Definitions

¥ n-body density matrix

DO (51 ey X X o) = (W] ()t (4 )b (361). () | 0)

N

* / /
— ' /dxn+1dXN\Ij*(X1, 9

(N —n)!
¥ N-body density matrix
DY (51, o, x5 X s Xy ) = (U] T (X)) T ()9 (1) b (v



Definitions

¥ n-body density matrix
DO (1, e X3 X e, x0,) = (W] T (x],) b (x))b(x1) b () | W)

N!
— (N_n)'/dxn+1...dXN\I!*(X’1,...,X;,xnﬂ,...,x]\;)\lf(xl,...,XN)

¥ N-body density matrix
TN (X1, o, XN XS s X)) = (U] T (X)) T (X)) (x1). b (xy) [T) = NTOH(X,, o, )T (Xq, e, XN

¥ 2-body density matrix
D) (1, %95 %7, %5) = (W] P7(x5) T (x))1h (1)) (x2) [ @)

= N(N — 1)/dX3...dXN\I!*(X’1,X/2,X3,...,XN)\I!(Xl,...,XN)



Definitions
¥ n-body density matrix

DO (51 ey X X o) = (W] ()t (4 )b (361). () | 0)

N!
— (N_n)'/dxn+1...dXN\I!*(X’1,...,X;,xnﬂ,...,x]\;)\lf(xl,...,XN)

¥ N-body density matrix
TN (X1, o, XN XS s X)) = (U] T (X)) T (X)) (x1). b (xy) [T) = NTOH(X,, o, )T (Xq, e, XN

¥ 2-body density matrix
D) (1, %95 %7, %5) = (W] P7(x5) T (x))1h (1)) (x2) [ @)

= N(N — 1)/dX3...dXN\I!*(X’1,X/2,X3,...,XN)\I!(Xl,...,XN)
¥ 1-body density matrix
(¢, x') = (UPT(x ) (x) )
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Definitions
¥ n-body density matrix

DO (51 ey X X o) = (W] ()t (4 )b (361). () | 0)

N
— (N_n)'/dxn+1...de\I!*(X’1,...,X;,anrl,...,xN)\I!(Xl,...,XN)

¥ N-body density matrix
P (xy, o x5 XY, X)) = (W] T (Xl ) T ()b (x0) o (3 ) (W) = NUWH (o, X)W (e X V)
¥ 2-body density matrix
D) (1, %9 %1, %5) = (U] 9T (x4)T (x) )1 (1) (x2) [ W)
= N(N - 1)/dX3...dXN\IJ*(X’1,X/2,X3,...,XN)\IJ(Xl,...,XN)
¥ 1-body density matrix
(%, %) = (U9 (X)d(x) [¥)

— N/dXQ...dXN\IJ*(X’,Xg,...,XN)\IJ(X,XQ,...,XN)
NOTE:

p(x) =v(x,x) = N/dXQ...dXN\IJ*(X,XQ,...,XN)\IJ(X,XQ,...,XN)_>TI-,Y(X’ X/) — /dX’y(X,X) — N



Definitions

¥ n-body density matrix
DO (1, e X3 X e, x0,) = (W] T (x],) b (x))b(x1) b () | W)

N!
— (N_n)'/dxn+1...dXN\I!*(X’1,...,X;,xnﬂ,...,x]\;)\lf(xl,...,XN)

*¥ Relations between density matrices

1
TP=D(xq, o X1 X, X ) = N_n_|_1/dxnr(")(xl,...,Xn_l,xn;x’l,...,X,’n_l,xn)
In particular for n=2:
1
’Y(lexll) — m/dXQF(z)(XhXQ;X/l?}Q)
1

- N1 /ng...dXNF(N)(X,X2---XN§X,7X2---XN)



Link to Green’s functions

*¥ n-body Green'’s function (zero T, equilibrium, time-ordered)

(Wo| T[ar (1) bm (n) ()bl (1)] [Wo)

G(1,2....n: 1.2 ...n) = (=i)"
( = (Wi}

In particular for n=1: Yu(1) =

G(1,1") = =i (Wo| T[m (1)} (1)) [ Wo)

/ { wH(l)T;}I(l') for t1 > ty/
— (1) (1) for t1r >

G(1,1') = —i0(ti—t1/) (To| Y (1)} (1) [Wo)+i0(t1 —t1) (Po| Y1 (1) pr (1) [To)

—’iG(Xltl, Xlltii_) 4)

7(X17 Xll) —



Definitions

¥ Total energy

2
E :/dx lim (—%) v(x,x) +/dxdx'vext(x,x’)7(x,x')

x/ —x

1
+§/dxdx’vc(r,r’)F(2)(x, X:%X)



Definitions

X¥ Total energy

; V:
E = / dx lim (— > / dXdX,vext(Xaxl 1-RDM in terms of 2-RDM
1
+ — [ dxdx'v.(r, 1’ ‘M’ . . .
2 | diagonal part of the 2-RDM or pair density

The total energy can be expressed as a functional of the 2-RDM. One can minimise the total
energy with respect to the 2-RDM. So, why don’t we formulate a 2-RDM functional theory?




Definitions

¥ Total energy

: V:
= [ ax i ()G | el XXEERTD 50w mtrms ot 20w
1
+ — [ dxdx'v.(r, 1’ 1@ . . .
2 diagonal part of the 2-RDM or pair density

The total energy can be expressed as a functional of the 2-RDM. One can minimise the total
energy with respect to the 2-RDM. So, why don’t we formulate a 2-RDM functional theory?

Practical necessary and sufficient N-representable conditions are not known

Some simple properties of the 2-RDM
/dXQF(Q) (X17 X2, X,la XQ) — (N o 1)7(X17 Xll)

I'?)(x1,%2,%1,X2) > 0 I (x,x,x,x) =0

P<2) (X17X27X17 X2) — F(Q) (X27 X1, X2, Xl)

are not sufficient



HK theorem for local potentials
(HK 1964)

¥ DFT

v(r) < po(r)
one-to-one mapping

Hohenberg-Kohn theorem:

2 Alis invertible o |
» Bis invertible} —F is invertible



HK theorem for nonlocal potentials
(Gilbert 1975)

¥ RDMFT

v(r,r') xfyo(r,r’)

Vo <> Yo
one-to-one mapping

Hohenberg-Kohn theorem:
2 AIs invertible???
2 B is invertible



HK theorem for nonlocal potentials
(Gilbert 1975)

¥ ¥o—>v0 Obvious (as in DFT)
¥ HK: proof v—>¥ (reductio ad absurdum)

Suppose “Yand ’y’ are the GS 1-RDM corresponding to Vext andvéxt , respectively.
Using the variational principle

B = (Wl W) < (W] 17 |9
— (W H ) + [ i [ (x,5) = ol o, ()

= B4 dxdx s () = g 3y o)
Interchanging the roles of Vext and Uéxt

E' < FE+ /dxdx’[véxt(x,xl) — Vext (%, X')]y(x, x")
Adding the two inequalities

/ e [os (%, X') — e (%, %)Y (3, %) — (%, %')] < 0



HK theorem for nonlocal potentials
(Gilbert 1975)

¥ ¥o—>v0 Obvious (as in DFT)
¥ HK: proof v—>¥ (reductio ad absurdum)

Suppose “Yand ’y’ are the GS 1-RDM corresponding to Vext andvéxt , respectively.
Using the variational principle

B = (Wl W) < (W] 17 |9
— (W H ) + [ i [ (x,5) = ol o, ()

= B4 dxdx s () = g 3y o)
Interchanging the roles of Vext and Uéxt

E' < FE+ /dxdx’[véxt(x,xl) — Vext (%, X')]y(x, x")
Adding the two inequalities

if y=+"=0< 0
contradiction!



1-RDM functional

¥ Ground-state observables as functional of 1-RDM

FROM HK ===> expectation value of any GS operator as functional of 1-RDM
Oly] = (Yo [7]| O [Wo[7])

%¥ Energy functional

Ey[y] = (UoY)|T + V + W[ [4])

— /dxdx’h(x,x')v(x, x') +S‘I’O[V]|W‘\IJO[V]Z

Whak [7]
with

o) = 8 ) (=57 ) (%)

THE ADVANTAGE to use 1-RDM instead of the density is that the kinetic energy is a well-known
functional of the 1-RDM

oFT Elel = Fuxlpl+ [ drowp) = Tislol + Eulpl + Exclp) + [ drofe)po)



Variational principle

¥ The GS 1-RDM minimises the total energy

/
Suppose 7Y and”Y are the GS 1-RDM corresponding to Vext and Uéxt ,  respectively.
Using the variational principle

E,[y'] = (To[y]|T + V + W[¥o[y'])
> (Uo[Y]|T + V + W|To[y]) = E,[]

The exact GS 1-RDM hence minimises the total energy functional
The GS energy can be found as

Eo= inf {{To}]|W[Tolr)) + / dxdx’h(x, x')y(x, x')}

YyeEv-rep

defined for pure-state v-representable 1-RDMs

Levy, PNAS 76, 6062 (1979); Valone, JCP 73, 1344 (1980); JCP 73, 4653 (1980)
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/
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defined for pure-state v-representable 1-RDMs

2 Levy extended the domain of a density matrix functional to all pure-state N-representable 1-RDMs
by defining the electron repulsion functional as

Eg.[y] = min (¥|W|¥)

n
W —sy

Levy, PNAS 76, 6062 (1979); Valone, JCP 73, 1344 (1980); JCP 73, 4653 (1980)



Variational principle

¥ The GS 1-RDM minimises the total energy

/
Suppose 7Y and”Y are the GS 1-RDM corresponding to Vext and Uéxt ,  respectively.
Using the variational principle

E,[y'] = (To[y]|T + V + W[¥o[y'])
> (Uo[Y]|T + V + W|To[y]) = E,[]

The exact GS 1-RDM hence minimises the total energy functional
The GS energy can be found as

Eo= inf {{To}]|W[Tolr)) + / dxdx’h(x, x')y(x, x')}

YyeEv-rep

defined for pure-state v-representable 1-RDMs

2 Levy extended the domain of a density matrix functional to all pure-state N-representable 1-RDMs
by defining the electron repulsion functional as

Eg.[y] = min (¥|W|¥)

n
W —sy

2 Levy'’s constrained search definition has been further extended to ensemble N-representable 1-RDMs
by Valone. A 1-RDM is ensemble N representable is a set of pure state |V, )and weights Wi
( sz = 1) exist such that

z- 106,x) = 3 wn (Wl (b ) )

Levy, PNAS 76, 6062 (1979); Valone, JCP 73, 1344 (1980); JCP 73, 4653 (1980)



Variational principle

¥ The GS 1-RDM minimises the total energy

/
Suppose 7Y and”Y are the GS 1-RDM corresponding to Vext and Uéxt ,  respectively.
Using the variational principle

E,[y'] = (To[y]|T + V + W[¥o[y'])
> (Uo[Y]|T + V + W|To[y]) = E,[]

The exact GS 1-RDM hence minimises the total energy functional
The GS energy can be found as

Eo= inf {(Wof)IW|Tofr]) + / dxdx'h(x, x')y(x, x')}

vyEN-rep

The infimum is search over ensemble N-representabilty density



N-representable conditions

¥ Ensemble N-representable conditions (Coleman 1963)

The 1-RDM is a hermitian matrix, thus its eigenvalues are real. Its spectral representation reads
V(X)) =) nigi(x)6; (X))
i
The 1-RDM is ensemble N-representable if

EC are sufficient to guarantee that the minimising 1-RDM corresponds to a pure state for non-
degenerate GS. There are also necessary for closed shell and spin compensated systems.



N-representable conditions

¥ Ensemble N-representable conditions (Coleman 1963)

The 1-RDM is a hermitian matrix, thus its eigenvalues are real. Its spectral representation reads
V(X)) =) nigi(x)6; (X))
i
The 1-RDM is ensemble N-representable if

EC are sufficient to guarantee that the minimising 1-RDM corresponds to a pure state for non-
degenerate GS. There are also necessary for closed shell and spin compensated systems.

X¥ Are there pure-state N-representable conditions?

2 Yes, that are the generalised Pauli Constraints for (N,M); N=number of electrons; M=size
of the Hilbert space

L\

Recently a method to generate them for all pairs (N,M)

L\

Unfortunately their number explodes as N and M increase

2 It has been shown that their application in RDMFT calculations for 3-electron systems
improves the results for approximate 1-RDM functionals



What about a KS system?



Occupation numbers and correlation

Many-body wavefunction as linear combination of Stater determinants built from the natural orbitals

0(X1..XN) ZC ®;(x1...xN)
v(x,x") = NZ/ng...dXNC;ijCI)f(X’,X2...XN)<I>;'T(X, X9.. . XN) = Z Ci P ;(x, x)

with Vi (X, x') Z ¢k ) 1-RDM corresponding to the i-th Slater determinant



Occupation numbers and correlation
%¥ Hubbard dimer at 1/2 filling

singlet wavefunction Ty(x;,x2) Z C;®;(x1,%X2)
1=1,2

_(—i“ﬁ_
N n
M
A O
(e =49 U/t #0

Wo) = Vb T, 1) — Vnala T,a )



Occupation numbers and correlation
% Hubbard dimer at 1/2 filling

singlet wavefunction Wo(xi,x2) = Y  Ci®i(x1,x2)
i=1,2

density matrix =C1]* Y di(x)e;(x) +1Cal* D di(x)¢r(x)
1=b1T,bl 1=aT,al

= > midi(x); (x)

1=bT,bl,aT,al

gy
N ¥
\_Hf
A O
[lfe =@ U/t #0

Wo) = v/molb 1,b 1) — v/iiala ta 1)



Occupation numbers and correlation
% Hubbard dimer at 1/2 filling

singlet wavefunction Wo(xi,x2) = Y  Ci®i(x1,x2)
i=1,2

density matrix  y(xx) = [C1]> Y ¢i(x)d; (x') +[Co> > ¢i(x)¢; (x)
i=bT,b4 i=at,al

= Y 6 {””T”“Cl

’ 2

e o 2
i=btbl,at,al Nat = Nl = |Gy
Ch 2+ |Cof? =1

— >
o +b

U/t =0 U/t #0

Wo) = v/molb 1,b 1) — v/iiala ta 1)



Occupation numbers and correlation
% Hubbard dimer at 1/2 filling

singlet wavefunction Wo(xi,x2) = Y  Ci®i(x1,x2)
i=1,2

density matrix  y(x,x) =[C1]> Y ¢i(x)er(x) +]C2l> D $i(x)e] (X))
1=bT,bl i=at,al
nie = np = |Cq]?
= Y msen) [
i=b1b),at.al Nat = Nay = |C2]
ICh]? +|Cal? =1

10 /71— 7+ 77

0.8

a -
4 H Tipt, Tih)
‘:\j 0.6 |-
f&\ I
04

. T
b 0.2 |

U/t =0 U/t #0 il T R T e

Wo) = Vgl 1,b 1) — Viala t.a 1)



What about a KS system?

The 1RDM for a Slater determinant is idempotent

/dyv(:v,y)v(y,af’) =v(z,2') <©Vin, =0V n =1

and therefore a system of noninteracting electrons cannot reproduce the 1RDM of the interacting system
(at least at zero temperature)



Energy functional approximations

2 1
Ey] = /dx lim (—%) fy(x,x’)—l—/ dxXdX Vext (X, X' )y(X, X,)—|—§/dXdX/?)C(I',I‘,)F(Q)[’y](X,X/;X,X/)

x' —=x

Iy (x, x";x, %) = v(x, x)7(x", x") — v(x, x)7(x', x) + TP [](x, x"; x, x')



Energy functional approximations

V; 1
Elv] = /dx lim (——r> ’Y(X,X’)—I—/ dxdx’vext(x,x’)y(x,x')—l—i/dxdx'vc(r,r')F(Q)h](X,X’;X,X')

x'—x 2

I (x,x:x, %) = v(x, x)7(x, x") — v(x, x)v(x", x) + TP [y](x,x"; x, x")

¥ HF
. Using the fact that
Euly] = 5 /dxdx’vc(r,r’)fy(x, x)vy(x', x") } Y(w,2') =" ¢i(x)d; ()

1 for a singleiSIater determinant we

E.[v] = = /dxdx’vc(r,r’)w(x,x’)’y(x’,x)

5 get back the usual HF equations

for the total energy

Buel{ni}. (6] = 5 3 nymy / X' 7 (x) 67 (X Yo, 1)y (%) o1 (X')
ik

1 % . [/ / /
~5 Do [ dxdx 65 ()< ) ()5 ()



Energy functional approximations

2 1
Elv] = /dx lim (—&> ’Y(X,X,)—I—/ dxdx"vext (%, x")y(x, X’)—I—i/dXdX/?}c(I',I',)F(Q)[’y](X,X/;X,X/)

x'—x 2

I (x,x:x, %) = v(x, x)7(x, x") — v(x, x)v(x", x) + TP [y](x,x"; x, x")

¥ HF
. Using the fact that
Euly] = 5 /dxdx’vc(r,r’)fy(x, x)vy(x', x") } Y(@.a') =Y pi(x)}(x)

1 for a singleiSIater determinant we

E.[v] = = /dxdx’vc(r,r’)w(x,x’)’y(x’,x)

5 get back the usual HF equations

for the total energy

Buel{ni}. (6] = 5 3 nymy / X' 7 (x) 67 (X Yo, 1)y (%) o1 (X')
ik

5 S [ dxdx' 5 (007Dl 1) (00 ()
ik
X¥ two-electron system (Lowdin-Shull functional)

[To) =D cpldp, $5)—> EL5[y] = %prfqm@qlqm fp = %1

Shull & Lowdin, JCP 25, 1035 (1956)



Energy functional approximations

V; 1
Ely] = /dx lim (—71') ’Y(X,X’)—I—/ dXdX’erXt(X,X/)’}/(X,X,)—I—§/dXdX’?}c(I',I',)F(Q)[’y](X,X/;X,X/)

x' —=x

I (x,x:x, %) = v(x, x)7(x, x") — v(x, x)v(x", x) + TP [y](x,x"; x, x")

¥ HF

| Using the fact that
Eul] =5 / dxdx've(r, ')y (x, %) (', x') W) = 3 o) @)

1 for a singlezSIater determinant we
E.lv] == /dxdx’vc(r, r')y(x, x")y(x', x) get back the usual HF equations

2 for the total energy

1 ! ok * / / /
Eur[{ni},{¢i}] = B annk / dxdx’ ¢} (x) ¢y (X )ve(r, ') d; (%) i (X')
ik

—%annk/dXdX,¢;(X)¢Z(X,)Uc(r7r/)¢k(x>¢j(x/)
ik
*¥ JK functional

Beol{ni} {631 = —5 3 flnjme) / dxdx' 67 (x) 0 (X' Yo (1, 7)) b1 (%) 5 ()



Energy functional approximations

3 Mdller functional

T® (x1, %2 %, %5) = (31, X))y (x2,%5)— Y _n? " "n? Poi(x1) 8] (xh) ¢ (x2) 87 (x])
7

—1/2<p<1/2

<‘p=0 minimizes the fact that I'? (x1, Xo; X1, X2) is negative

1 1
F(2) (Xla X253 Xll? X/Q) — V(Xh Xll)fY(X% X/Q) — Y2 (X27 X1)72 (Xla X,Z)

LV%(XhXﬂ = Zn@%@(xﬂﬁbf(?@)
LfMﬁller (nj, nk) = /T



Energy functional approximations

*¥ Self-interaction correction Goedecker-Umrigar functional (1998)

FEY (g, ni) = /e — du(n; — n3)

Correction to Mdiller by explicitly removing all terms j = &
This functional is orbital self-interaction free

Goedecker & Umrigar, PRL 81, 866 (1998)



Energy functional approximations

3 The BBC functionals

?BBC1: sign change of f if both orbitals are weakly occupied

—/min; 1 # j weakly occupied
g /T otherwise

f

Gritsenko, Pernal & Baerends, JCP 122, 204102 (2005)



Energy functional approximations

3 The BBC functionals

?BBC1: sign change of f if both orbitals are weakly occupied

fBBCl(

ni,nj) =

(

—/min; 1 # j weakly occupied
g /T otherwise

? BBC2: Additionally, omission of square root for strongly occupied orbitals

fBBCQ(n’iv nj) = <

Gritsenko, Pernal & Baerends, JCP 122, 204102 (2005)

(. /m;n; for i#j weakly occupied
1N j for i##4 strongly occupied

/T otherwise



Energy functional approximations

3 The BBC functionals

?BBC1: sign change of f if both orbitals are weakly occupied

—/Tin; 1 # j weakly occupied
/il otherwise
? BBC2: Additionally, omission of square root for strongly occupied orbitals
( —/niny; for i#j weakly occupied
N, Mj) = § NN, for i£7 strongly occupied
i otherwise

? BBC3: Inclusion of antibonding in the strongly occupied orbital list, unless
it interacts with bonding. Removal of SI

(

fBBCl(niv nj) = 9

fBBCQ(

(. /m;n; for 1#j weakly occupied

for =7 strongly occupied
fFBBCS( U

NiyMj) = < for ¢ (j) antibonding, j(¢) not bonding

nz i=j not (anti)bonding

/T otherwise

Gritsenko, Pernal & Baerends, JCP 122, 204102 (2005)




Energy functional approximations

¥ The Power functional (molecules and solids)

[
Q

VAN
p—

fPower (nj7 nk) _ n?ng

N | —

Optimal value for o

? o = 0.525 for stretched H»

? o = 0.578 for molecules at equilibrium

2 o= 0.5 for HEG
2 0.650 <a<0.7 forsolids



Energy functional approximations

%¥ Piris Natural Orbital Functionals (PNOF)

Functionals based on the reconstruction of the 2-RDM in terms of the 1-RDM
2
Fz(-jzd = n;in; (01105 — 0ik0j1) + Nijri|7]
PNOFn, n=1,7 () as functional of occupation numbers)

7Y not idempotent and \ # 0

? hermeticity I'iji = Iy,

Pantisymmetry T;n = —Tjin = —Tijin

Zsum rule Zrijk]‘ = (N — 1)n;di

Zonly (ij|ij) 2{i7|j),(1i]jj) integrals allowed

EEREY Y] ang (i5)i) — (if]53))

_ Z [(Agja + Aif) (ij]if) — A;?‘ja<ij|ji>} +y Iy (idl )

tJ



Energy minimisation

Keep 7! explicitly between 0 and 1 in the numerical treatment

¥ Constraints

? ensemble N-representable constraints: (0 <n,; < 1, an — N

? orthonormality constraint:/gbj(r)gbj(r)dr = &;J
Enforced through Lagrange multipliers



Energy minimisation

Keep 7! explicitly between 0 and 1 in the numerical treatment

¥ Constraints

? ensemble N-representable constraints: () <n, < 1, an — N

? orthonormality constraint:/gb;*(r)gbj(r)dr = 5id
Enforced through Lagrange multipliers

¥ Functional to minimise

Ql{ni}. {ei}] = Bl{ni}. {¢:}] Z nj —

%¥ Border minima (no variational principle)

0 < n; <1 condition generally leads to border minima

No 5Q 75 o (unlike DFT)

Adapted from: Hardy Gross, lecture on “RDMFT” (ETSF correlation meeting 2013)



Energy minimisation

Nn; = COS 9

¥ Constraints

? ensemble N-representable constraints: () <n, < 1, an — N
> : : Enforced through
orthonormality constraint: / ¢; (r)p,(r)dr = d;; Lagrange multipliers

¥ Functional to minimise

Q{0:},{¢i}] = E[{ni(0:)},{¢:}]— (2300829 - ) > Nk ((@51n) — 0j)
ik



Energy minimisation

%¥ Scaling

4 Scaling depends only on the Hilbert space size M (all orbitals are occupied)
4 Scaling M? (vs DFT, HF: M4; Cl, CCSD(T), MP4: M7)

2 Qrbital minimisation bottleneck



Performance of various functionals

%¥ Total energy of H2 molecule

09

E,. (Ha)

11k

—i—N

. —
. — 7 ¥ .
S 4

*—o—6—9

Lathiotakis ef al. PRA 79, 040501(R) (2009)

H-H distance (A)

thanks to fractional
occupation numbers RDMFT
can capture static correlation



Performance of various functionals

¥ Correlation energy of HEG

Ol:-_r._-'““'-!i-"‘_ T T T T g
it N e >
\.\ ”’?-’”"’”‘ -~
Iy
w—.L,,.«-?MO‘" > ~ .
— ,6/*‘;' “ﬁ - -
’(-U\ -0.05F - " & a7 & * _
\I./ Trrr,z,a- - X \\-
S /X ——-""’———-___‘*~;k
GC.) // /.’ \-A\\.*
C : -
S . -7 ) :
ﬁ 0.1 // D & ____
o - — o
. ’, . p—> PNOF and BBCH
O P % — -x BBC3 and BBC2
e ®- - -® Mller
i ¥ - =% CHF
-0.15p  ® m— Power, 0=0.55 |
= w—m Power, =0.6
r ] | | | N -
0.25 0.5 ; s - s
r. (au.)

Lathiotakis ef al. PRA 79, 040501(R) (2009)



Properties: spectroscopy

Direct Photoemission Inverse Photoemission Absorption

N —>N-1

Adapted from: Patrick Rinke, Hands-on Tutorial on Ab Initio Molecular Simulations: Toward a First-Principles Understanding of
Materials Properties and Functions



Properties: |IPs and EAs

¥ Extended Koopmans’ Theorem: IPs
ansatz |00 1) =0, vy O,=) Cla

el = BY — BN = (W H W) — (N WYY = (U | H W) -

(w8’ |OF[H, 0,]| %)
l (T 010, [T

Stationarity with respect to the coefficient

Generalized eigenvalue problem (VY — €,SV)C, =0

Vo= (BN QAL Gy S = vy = (Bl Al VY, SV
from various framework (e.g, QMC, Cl, RDMFT)

Day et al., Int. J. Quantum Chem., Quantum Chem. Symp. 8, 501 (1974); Morrell et al., JCP. 62, 549 (1975)



Properties: |IPs and EAs

X¥ Physical meaning of EKT

Quasiparticle-like ansatz for (N — 1)- and (N + 1)-particle wavefunctions:
correlation is included, but no relaxation of the other orbitals




Properties: |IPs and EAs

¥ Extended Koopmans’ Theorem: IPs
ansatz |00 1) =0, vy O,=) Cla

el = BY — BN = (W H W) — (N WYY = (U | H W) -

(w8’ |OF[H, 0,]| %)
l (T 010, [T

Stationarity with respect to the coefficient

Generalized eigenvalue problem (VY — €,SV)C, =0

Vo= (BN QAL Gy S = vy = (Bl Al VY, SV
from various framework (e.g, QMC, Cl, RDMFT)

Day et al., Int. J. Quantum Chem., Quantum Chem. Symp. 8, 501 (1974); Morrell et al., JCP. 62, 549 (1975)



Properties: |IPs and EAs

¥ Extended Koopmans’ Theorem: IPs
ansatz |00 1) =0, vy O,=) Cla

R EN _ ENU (@ o) — (N AN L | o) — &

(w8’ |OF[H, 0,]| %)
l (T 010, [T

Stationarity with respect to the coefficient

Generalized eigenvalue problem (VY — €,SV)C, =0

V5= (PN (aN[A,a11PY) Sy = v = (B o VY, SV

iJ
. from various framework (e.g, QMC, Cl, RDMFT)
working out the commutator, usel

natural orbitals basis

| R
J \/nz_nj l J ];[m‘ J kimi
D) = (Wolel el &6, 0o) vy = / dxdx' ¢ (x) 6%, (X Yve (r, ') i (x) iy (X) hij = / dx¢; (x)h(r)p;(x)

Di Sabatino et al. Front. Chem. 9, 819 (2021); Pernal & Cioslowski, Chem. Phys. Lett. 412, 71 (2005); Lee et al. JCTC 17, 6 (2021)



Properties: |IPs and EAs

¥ Extended Koopmans’ Theorem: EAs

1

AL —
(1 —ny)

2 A
{(1 — 1) hyji + z}; (Vikik = Vikki) ik — gﬂ; Vimklrl(clem} —> €}

¥ Extended Koopmans’ Theorem: Spectral function

Alw) =Y [riib(w =€) + (1 = 7i)0(w — €]

1

Di Sabatino et al. Front. Chem. 9, 819 (2021)



Properties: |IPs and EAs
%¥ DIF/DER method

DIF e, = —€p = e = E[{ni}, {6}, -1 — El{ni}, {6}, =0

DERQEH"& iy — Elinid A9i}lln=o g—i 12

justified if the total eﬁergy IS linear in the occupation number 7.

|dea: Taylor expansion around n = 1/2

E(1) = E(1/2) + E'(1/2)6n + %E/’(1/2)5n2 (G =1/2)

E(0) = E(1/2) + E'(1/2)6n + %E”(l/2)5n2 +...(0n=—-1/2)

OE(ng)
E(1) — E(0) = E'(1/2)én+ O(6n°) —> k=

ony, np=1/2



Spectral function [arb. units]

Performance of EKT/DER

%¥ Spectral function 6-site Hubbard ring

U=4 n=1/2
t — 0
DER

EKT@Miiller

EKT@jKi( N

Spectral function [arb. units]




Spectral function [arb. units]

Performance of EKT/DER

%¥ Spectral function 6-site Hubbard ring

U=4 n=1/2
t — 0
DER

EKT@Miiller

EKT@jKi( N

Spectral function [arb. units]




A(w) quasiparticle

Beyond EKT

¥ EKT-3

Photoemission is a three-particle process: consider 2p1h and 2h1p excitations!

) _E: R afa s
O, = ClijrCrCiCi

— (3) (4)
ijk I and I’ enter
/V‘ ) ., (s |:> into the equations!
O = E :C 3y hel

(noninteracting) —

quasiparticle
(interacting) ™.

satellite
(interacting)




Why don't we use GF theory?

X¥ Spectral function from the 1-GF

S = I [Z Ly i

n—0+ EntT'—ENY+in 4 EY —EY Y iy

\ 9n(X) = <\D’]’Y—1| ‘ﬁ(x)l‘l’@
Ax,x;w) = lsign(p, — w)ImG(x, x';w)

m

] Fm(%) = (U |ih(x) |ENFLY.



Why don't we use GF theory?

X¥ Spectral function from the 1-GF

o

G(x,x;w) = lim
n—0+

Spectral function

filling

fm (%) frm (X)

Ent —EY)

\ A(X,XIQW) =

Hubbard dimer at 1/2

gn(X) g7 (x')

+i77+;

—sign(p — w) Im G(x, x'; w)

w— (BN —BY Y — iy

fm(x) = <\I'OIJ”(X) |‘IJT]\7[L+1> '

gn(x) = (T3 ¥ (%) To)

Atomic limit
remains a
challenge!



Why don't we use GF theory?

X¥ Spectral function from the 1-GF

G(x,x;w) = lim [Z (fm(x)f,",‘l(x’) — +Z In(X)g5(X')
Gt 17 -

0+ B _ B w—(EY —EY™) —in

\i gn () = (TN 1] ()] To)
Ax,x;w) = lsign(p, — w)ImG(x, x';w)

w

] fm(%) = (Lold(x) [T )

| ! |
Experiment 400

standard theory ——

Strongly correlated

systems remain a
challenge!

[arb. units]

Spectral function

Energy (E — EF) [eV]



EKT for realistic systems

Realistic systems:bulk PM NiO

Experiment AOO

EKT ——
effective-EKT ——

Spectral function [arb. units]

Energy (£ — EF) [eV]

Does EKT@RDMFT offer a path to PES of strongly
correlated systems?



RDMFT in a nutshell

¥ There is a one-to-one map ¥, «+ ~ (Gilbert 1975)

v(x1,x]) = N/dXQ...dXN\IJ*(X'l,Xg,...XN)\IJ(Xl,Xg,...XN)

¥ Expectation values of any GS operator are functionals of 7

O] = (o [1]|OTo[4])
E[y] = Exin|V] + Eext|V] + Ex[y] + Ere[]

¥ Ground-state energy calculated by minimising FE/[~]



