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The DMFT Loop

DMFT Loop

Compute lattice Green’s function G| (iw,)
Gi(iwn) = [iwn — e — B(iw,)] ™"

A

Y
Compute local Green’s function G;; (iwy,)
Compute Hybridization function A (iw,,)

Y

Compute Green'’s function n
[ Compute Self-energy (i, ) }(—'Impurny Solver (CTQMC)
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Occupations as a function of time (for two orbitals only)

Méthode — Ejpicractions e/e
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No interaction  Fy, | .
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Hartree Fock  U(ng) (i) ou
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DMFT (atomic) U{(nt)(ny) et
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T |

DMFT (CTQMC) U(n4ny)
(Dynamique)

DMFT: Dynamical Mean Field Theory
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Dynamical Mean Field Theory: the Hubbard model
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Phase diagram of the Hubbard model in DMFT and experimental phase
diagram of cerium.

COMMISSARIAT A L'ENERGIE ATOMIQUE ET AUX ENERGIES ALTERNATIVES _



Dynamical Mean Field Theory: the Hubbard model
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Dynamical Mean Field Theory: the Hubbard model
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Phase diagram of the Hubbard model in DMFT and experimental phase
diagram of cerium.
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Comparison of photoemission spectra in cerium to the Hubbard model

Hubbard bands: high energy is required to add or remove an electron
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. [ E. Weschke, et al Phys. Rev. B 44, 8304 (1991)

[G.Kotliar et al Phys. Today, AIP, 57, 53-59 (2004)] M. Grioni, et al Phys. Rev. B 55, 2056 (1997)]
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Short summary of second quantization (1): the isolated atom

Hatom = Z codl do + Unyny = :Ud;dT + EDdIdV +Unqyng

o

Possible states are:

|0) = |00)
1) = |10)
[$) = |o1)
T4y = 111
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Short summary of second quantization (1): the isolated atom

Hatom = Y _ 0d}dy + Ungny = eodldy + cod]dy + Unqny

o

Possible states are: d+ suppress an electron 1, thus
|0) = |00) d;]00) =0
IT) = |10) d;|10) = |00)
[1y=o1) dijo1y =0
[t = [11) d+|11) = |o1)
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Short summary of second quantization (1): the isolated atom

Hatom = Z EO(iLdn +Unqsny = E()d;dT + E()dIdv +Unsny
.
Possible states are: d; suppress an electron 1, thus le creates an electron 7, thus
|0y = |00) d+[00) =0 dljooy =10
}T))z }10§ d+]10) = |00) %llo) =0
b=l d|o1) =0 arjony =11
T4 = [11) d+|11) = |o1) 101) I11)

(&Hl) =0
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Short summary of second quantization (1): the isolated atom

Hatom = Z codlds + Unpny = Eod;dT + EodIdv +Unqyng

o

.
Possible states are: d: suppress an electron 4, thus 11T creates an electron 7, thus

[0y =" ]00) 4100y =0 1100y =10

}T>>: }mi d|10) = [00) (ﬂiIlO) =0

b= o dplony =0 dtjo1y =11
= |11 1+|11) = |01 B

[t4) |11) dy|11) |01) ﬁlll) o
ny = d}d; gives the number of electron

(00[n1|00) = <00|{ﬁTdT|oo) =0

(10|n4]10) = (10]d}d¢|10) = (10[d1]00) = (10[10) =1

(01|n4+|01) = <01|r1%dT|01) =

(1|na11) = (11fdlde[11) = (11]d}jo1) = (11]11) =1
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Short summary of second quantization (1): the isolated atom

Hatom = Z aodzdn +Unqsny = E()d;dT + El)dIdv + Unqny

o

d} creates an electron 1, thus

Possible states are: d+ suppress an electron 1, thus
[0y =" ]00) 4100y =0 1100y =10
m: }éoi d|10) = [00) d‘I‘HO) =0
= o dr|on) =0 dtjo1y =11
V= |11 111) =01 B
T4 1) dr[11) l01) (&m) —0
n+ = dld; gives the number of electron 1:
(00[n1|00) = <00|{ﬁTdT|oo) =0
(10|n4]10) = (10]d}d¢|10) = (10[d1]00) = (10[10) =1
(01|n4+|01) = <01|r1%dT|01) =0
(1|na11) = (11fdlde[11) = (11]d}jo1) = (11]11) =1

nn+ = 1if one electron is present in T and one in |

(00|n;n4|00) =0
(10|nyn4|10) = (10|n |00) = (10]01) =0
(01|n n4j01) =0
(11|nyn4|11) = (11|n |01) = (11]11) =1

(cf Lecture by Emmanuel Fromager on second quantization)
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Short summary of second quantization (2)

Anticommutation relation, because of the antisymmetry of wavefunction

Ity =—-141) = didljoo)y =-dldljooy = dld] =-dld]
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Isolated atom: exact solution

One can compute the energy as a function of the number of electrons:

Configuration ‘ — + % ﬁ

Energy ‘ 0 €0 20+ U
1—2 eo+U
One needs an energy e to go from 0 to 1 electron.
One needs an energy o + U to go from 1 to 2 electron.
= Spectral function for the d-electron are formed by Hubbard v
bands
0—1 €0
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The Anderson Hamiltonian

Hoq

Hop
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The Anderson Hamiltonian

Hoq

Hop

HAnderson = Zskczacl;a + Z Eod:;d(, + UTLT"J,
ko o

Hoq Hop
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The Anderson Hamiltonian

Hoq

Hop

HaAnderson = Z z—:k(:zac;m + Z Eod,tdq + Unsny + Z <ch-,[,adg +Vr dj,z;;m)
ko o ko

Hoa Hop Hyyy,
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Anderson model: uncorrelated limit U = 0

HAnderson = Z Ekczg“’ka + Z Egdj,d(,JrU’n,Tn/i + Z (Vk(:}iad{, + Vk* (12(11‘.(,)
ko o ko
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Anderson model: uncorrelated limit U = 0

Handerson = Z Ekczg“’ka + Z eod! do + Z (Vk(:}iad{, +Vr 112(1;‘.(,)
ko o ko
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Anderson model: uncorrelated limit U = 0

HAnderson = Zskc;{gcka + Z E(de,d,g + Z (Vk(".]io-dn + V]:(]jr(:k‘(f)
ko o ko
€0 1% Vo Vk Vn
Vi o oer 0 0 0
Vo 0 go ... 0 0
Vk 0 0 €k 0

Vo O 0 .. 0 .. en
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The Anderson Hamiltonian (solved by CTQMC)

—eo+ U

—E&0

Hoq Hoyp



The Anderson Hamiltonian (solved by CTQMC)

—eo+ U

Vi

Hoq Hyyw  Hop



The Anderson Hamiltonian (solved by CTQMC)

—eo+ U

Vi

Hoa Hyyw  Hop

HAnderson = Zek(:z‘ﬂ(';‘.a + Z 5()(](‘;(],7 + Unqny +Z (Vk(:;ﬂd,7 + Vk* (]l(';\.a)
ko o ko

Hoaq Hoy Hpyb
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The Anderson Hamiltonian (solved by CTQMC)

—eo+ U

Vi

Hoq Hyyw  Hop

HAnderson = Z gk(:z-,n('l\‘f’ + Z 5()(]1;(],7 + l}’!l,/\’lli + Z (Vk(lﬂd,7 + V;(]j;v;‘.ﬂ)
ko o ko

Hog, Hop Hyyb
The main idea is that the atomic problem can be solved exactly and the bath problem can be

solved exactly.

Continuous Time Quantum Monte Carlo: Expansion as a function of Hy,y,
[P. Werner, A. Comanac, L. de medici, M. Troyer and A. J. Millis Phys. Rev. Lett. 97, 076405 (2006)]
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The Anderson impurity model.

Ham = Z odldo (Energy of the correlated level)
o
+Unyny (Interaction between up and dn orbitals)
+ Z 81&1,,%0 (levels of the Bath)
ko
+3 (chznda T Vk*d;(%)(: Higp) (Hybridization )
ko
Hy = Y eodlds +Uning+>  excl, cro
o ko
Hy H.
Hyyy, = Z <chz,ad” + Vk*(lj,ckC,)

ko
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The partition function can be written as

Z =Tr [efBH]
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The partition function can be written as
Z =Tr [efBH]

One can write directly (because e ~#HoetAHo = 1)

Z=Tr [efﬂH"eﬂaHOe*ﬂH]
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The partition function can be written as
Z =Tr [efBH]
One can write directly (because e ~#HoetAHo = 1)

7 =Tr [e—ﬂHoe+ﬁHoe—ﬂH]
Let's define A(3) = ePHoe=FH

Z =T [0 A(p)]
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The partition function can be written as

Z =Tr [efBH]

One can write directly (because e ~#HoetAHo — 1)
Z=Tr [efﬂH"eﬂaHOe*ﬂH]

Let's define A(3) = ePHoe=FH

Z=Tr [e—ﬁHO A(B)]

One can calculate A(B) as

dA(B)
dp

HoeﬁHOe_BH _PHo e Pl
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The partition function can be written as

Z =Tr [efBH]

One can write directly (because e ~#HoetAHo — 1)
Z=Tr [efﬂH"eﬂaHoe*ﬂH]

Let's define A(3) = ePHoe=FH

Z=Tr [e—"HO A(B)]

One can calculate A(B) as

dA(B)
dp

HoeﬁHOe_BH _PHo e Pl

—ePHo (H — Ho)e_BH
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The partition function can be written as

Z =Tr [efBH]

One can write directly (because e ~#HoetAHo — 1)
Z=Tr [efﬂH"eﬂaHoe*ﬂH]

Let's define A(3) = ePHoe=FH

Z=Tr [e—"HO A(B)]

One can calculate A(B) as

dA(B)
dp

HoeﬁHOe_BH _PHo e Pl

—ePHo (H — Ho)e_BH
7eﬁH0 (thb)e_BH
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The partition function can be written as

Z =Tr [efBH]

One can write directly (because e ~#HoetAHo — 1)
Z=Tr [efﬂH"eﬂaHoe*ﬂH]

Let's define A(3) = ePHoe=FH

Z=Tr [e—"HO A(B)]

One can calculate A(B) as

dA(B) HoePHoo=BH _ (BHO po—BH
ag
= —ePHo (H — Ho)e_BH
= 7eﬁH0 (thb)e_BH

= —ePHo (thb)e_BHO x ePHo—BH
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The partition function can be written as

Z =Tr [efBH]

One can write directly (because e ~#HoetAHo — 1)
Z=Tr [efﬂH"eﬂaHoe*ﬂH]

Let's define A(3) = ePHoe=FH

Z=Tr [e—"HO A(B)]

One can calculate A(B) as

dA(B) HoePHoo=BH _ (BHO po—BH
ag
= —ePHo (H — Ho)e_BH
= 7eﬁH0 (thb)e_BH

_ePHo (thb)e_BHO x ePHo—BH

(et

COMMISSARIAT A L'ENERGIE ATOMIQUE ET AUX ENERGIES ALTERNATIVES



The partition function can be written as

Z =Tr [efBH]

One can write directly (because e ~#HoetAHo — 1)
Z=Tr [efﬂH"eﬂaHoe*ﬂH]

Let's define A(3) = ePHoe=FH

Z=Tr [e—"HO A(B)]

One can calculate A(B) as

dA(B) HoePHoo=BH _ (BHO po—BH
ag
= —ePHo (H — Ho)e_BH
= 7eﬁH0 (thb)e_BH
_ePHo (thb)e_BHO x ePHo—BH

- [ g
= = [Huy(B]AB)
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The partition function can be written as

Z =Tr [efBH]

One can write directly (because e ~#HoetAHo — 1)
Z=Tr [efﬂH"eﬂaHoe*ﬂH]

Let's define A(3) = ePHoe=FH

Z=Tr [e—"HO A(B)]

One can calculate A(B) as

dA(B)  _ HoePHoo=BH _ (BHO po—BH
ag
—  _PHo (H — Ho)e_BH
= =0 (Hyy)e P
_&BHo (thb)e—BHO « oPHO—BH
= - {eJrBHOthbefﬂHo] A(B)
= —[Huys(B)] A(B) (Heisenberg representation (cf lecture par X. Blase) but for imaginary time)

This differential equation, where the variable is 3, can be solved, taking into account that A and H are operators.
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Let’s first remind the solution for a similar equation for a simple function

df(z) ) Flx
e V(z)f(x)
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Let’s first remind the solution for a similar equation for a simple function

df (z)

—— = —V(z)f(z)
dx

We thus have:

@) = f@o)+ [T~V f@de
ko)
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Let’s first remind the solution for a similar equation for a simple function

df (z)

—— = —V(z)f(z)
dx

We thus have:

@) = f@o)+ [T~V f@de
ko)

Using this expression inside the integral, we have

1@ = 1)+ [T —vier) [f(zo) + [ —V(@a)f(e2)des | daoy
Jxo Jxo
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Let’s first remind the solution for a similar equation for a simple function

df (z)

—— = —V(z)f(z)
dx

We thus have:

@) = f@o)+ [T~V f@de
0
Using this expression inside the integral, we have
1@ = 1)+ [T —vier) [f(zo) + [ —v<zz>f<z2>dzz] day
Jzg Jxg
So that:

1@ = f@o)+ [* =vens@o) + (02 [T v [T Vi) faa)derde,
v w0 v
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Let’s first remind the solution for a similar equation for a simple function

df (z)

—— = —V(z)f(z)
dx

We thus have:

@) = f@o)+ [T~V f@de
ko)

Using this expression inside the integral, we have

1@ = 1)+ [T —vier) [f(zo) + [ —v<zz>f<z2>dzz] day
Jxo Jxo
So that:
F@) = @)+ [ =VEt@o) + (-2 [ V) [ Ve f@)dzrde
0 /zo 1 0 /:):0 1 LO 2 2 1 2
At order three:

1@ = 1) + [T =venf@) +(1? [T [T VeV feo)derdes + (-0)* [T [T [T
w0 S w0 Jao Jeo

Ed
z0o
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At order three:

) = f(ro)+/:) —V(@1)f(w0) + (—1)2/10 /m1 V(@1)V (w3) f (w0)da +<—1)3/: /01 [

0 zQ
In this last equation, zo < x1. As the integrand of the term is symmetric in =1 and x2, it can be rewritten as

x — 2 x x x
$@ = s+ [ venseo + T8 [T [T venve feodeden + (-0° [
zg Jxq x

zo o’zo Jxo

8

xq xo

where in this case =1 and =2 are not related.
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At order three:

z 5 [T [T1 5 [T [Tl [@2

1@ = 1o+ [T =venf@o) + (12 [ [ vie)Viea)f(wo)derdes + (1) [
Ede) xg Jxg xg Jxg xQ

In this last equation, zo < 1. As the integrand of the term is symmetric in 1 and z 2, it can be rewritten as

s@ = 1o+ [T venseo + S5 [0 [T veovenseodeds + -0 [0 [T

x( 0 /xo o 0 0o
where in this case =1 and x5 are not related.

/ V@)V (@) f@o)derdaa= [* [* V@)V (@2) fw0)dnrdes
zg Jag xg Jaq
T2 2
xT x
La —“
V(zp)V(za))
do commute !
| V(zq)V (xp)

2 |
z0 [1 z0
0o T T oy, T
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At order three:

z 5 [T [T1 5 [T [Tl [@2

1@ = 1o+ [T =venf@o) + (12 [ [ vie)Viea)f(wo)derdes + (1) [
Ede) xg Jxg xg Jxg xQ

In this last equation, zo < 1. As the integrand of the term is symmetric in 1 and z 2, it can be rewritten as

s@ = 1o+ [T venseo + S5 [0 [T veovenseodeds + -0 [0 [T

x( 0 /xo o 0 0o
where in this case =1 and x5 are not related.

T V@)V (@2) F (@) dwr daa—
/xo 0 1 2 0] 1 2 /

x

[ vV feo)derdes
z]

xq

T2 2

T T

Ta |
Vi(zy)V(za))
do commute !
| — V(zq)V(zp)

T |
oy AT -

z0 Tam #1 zory * 1 We end with an infinite summation such as:

k
(=1)

f@) = fao) + S * oy [ de V(@) V(o) f(z0) = F(z0) ex ['I—w )d}
x zQ kgl o /:0 1 /zo x V(zy zp) f(zo z() exp /IO z)dx
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Hybridization expansion

This demonstration can be generalized to the case of matrices

dA(B)

B —Hyuy, (B)A(B)
We call + an arbitrary value of 8: A(r) = e~ "Hoe=TH
dA(T)
——— = —Huyp(1)A(7)

dr

COMMISSARIAT A L'ENERGIE ATOMIQUE ET AUX ENERGIES ALTERNATIVES



Hybridization expansion

This demonstration can be generalized to the case of matrices

dA(B)
B —Hyuy, (B)A(B)
We call + an arbitrary value of 8: A(r) = e~ "Hoe=TH
dA
LD (A7)
dr

3 8 rr
AB) = A<o>+/0[ — Hyyn, (1) A(0) + (—1>2/0 /0 Y Hiyt, (1) Higty (72) A(0)drydrz + (—1)%...
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Hybridization expansion

This demonstration can be generalized to the case of matrices

dA(B)
B —Hyuy, (B)A(B)
We call + an arbitrary value of 8: A(r) = e~ "Hoe=TH
dA(T)
——— = —Hpyp (1) A(T)
dr

8 8 rr
AB) = A<o>+/0 — Hyyn, (1) A(0) + (—1>2/0 /0 Y Hiyt, (1) Higty (72) A(0)drydrz + (—1)%...

F(@) = f(wo) + /l aV (1) f(wo) + a> /” /”1 V(@1)V(22) f (z0)dz1dzs + 0.
o w0 Jao
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Hybridization expansion

This demonstration can be generalized to the case of matrices

dA(B)
B —Hyuy, (B)A(B)
We call + an arbitrary value of 8: A(r) = e~ "Hoe=TH
dA(T)
——— = —Hpyp (1) A(T)
dr

3 8 rr
AB) = A<o>+/0[ — Hyyn, (1) A(0) + (—1>2/0 /0 Y Hiyt, (1) Higty (72) A(0)drydrz + (—1)%...

-8 —1)2 /B /B
AB#A©) + [ —Hyyn(r0) A + T2 gty (1) Higty (72) A(0)dry dra + (—1)°...
0 2 o Jo

COMMISSARIAT A L'ENERGIE ATOMIQUE ET AUX ENERGIES ALTERNATIVES



Hybridization expansion

This demonstration can be generalized to the case of matrices

dA(B)
B —Hyuy, (B)A(B)
We call + an arbitrary value of 8: A(r) = e~ "Hoe=TH
dA(T)
——— = —Hpyp (1) A(T)
dr

3 8 rr
AB) = A<o>+/0[ — Hyyn, (1) A(0) + (—1>2/0 /0 Y Hiyt, (1) Higty (72) A(0)drydrz + (—1)%...

-8 —1)2 /B /B
AB#A©) + [ —Hyyn(r0) A + T2 gty (1) Higty (72) A(0)dry dra + (—1)°...
0 2 o Jo

B T B B8
./o dTl/O ! dTQ[thb(Tl)thb(Tz)#/o dry /71 dro[Hyyy (71) Huyb (72)]
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Hybridization expansion

This demonstration can be generalized to the case of matrices

dA(B)
B —Hyuy, (B)A(B)
We call + an arbitrary value of 8: A(r) = e~ "Hoe=TH
dA(T)
——— = —Hpyp (1) A(T)
dr

8 8 rr
AB) = A<o>+/0 — Hyyn, (1) A(0) + (—1)2/0 /0 Y Hiyt, (1) Higty (72) A(0)drydrz + (—1)%...

5 12 8 B
4@#£40) + [ ~Hu 040 + S5 [7 [ gy () Hig (r2) A©arara + (-1)%...

B T B B8
./o dTl/(; ! dTQ[thb(Tl)thb(‘Fz)]#/O dry /71 dro[Hyyy (71) Huyb (72)]

T2 T2

B B

B T B T
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Hybridization expansion

This demonstration can be generalized to the case of matrices

dA(B)
B —Hyuy, (B)A(B)
We call + an arbitrary value of 8: A(r) = e~ "Hoe=TH
dA(T)
——— = —Hpyp (1) A(T)
dr

8 8 rr
AB) = A<o>+/0 — Hyyn, (1) A(0) + (—1)2/0 /0 Y Hiyt, (1) Higty (72) A(0)drydrz + (—1)%...

5 12 8 B
4@#£40) + [ ~Hu 040 + S5 [7 [ gy () Hig (r2) A©arara + (-1)%...

B T B B8
./o dTl/(; ! dTQ[thb(Tl)thb(‘Fz)]#/O dry /71 dro[Hyyy (71) Huyb (72)]

T2 T2

8 B

TaB T1 Th B T
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Hybridization expansion

This demonstration can be generalized to the case of matrices

dA(B)
B —Hyuy, (B)A(B)
We call + an arbitrary value of 8: A(r) = e~ "Hoe=TH
dA(T)
——— = —Hpyp (1) A(T)
dr

8 8 rr
AB) = A<o>+/0 — Hyyn, (1) A(0) + (—1)2/0 /0 Y Hiyt, (1) Higty (72) A(0)drydrz + (—1)%...

5 12 8 B
4@#£40) + [ ~Hu 040 + S5 [7 [ gy () Hig (r2) A©arara + (-1)%...

B T B B8
./o dTl/(; ! dTQ[thb(Tl)thb(‘Fz)]#/O dry /71 dro[Hyyy (71) Huyb (72)]

T2 T2
B B
Ta |54
Hiuyb (76) Hhyb (Ta)

/({ | — Hpyb (7a)Huyb (75)
)

[

TaB T1 Th B T1
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Hybridization expansion

This demonstration can be generalized to the case of matrices

dA(B)
B —Hyuy, (B)A(B)
We call + an arbitrary value of 8: A(r) = e~ "Hoe=TH
dA(T)
——— = —Hpyp (1) A(T)
dr

8 8 rr
AB) = A<o>+/0 — Hyyn, (1) A(0) + (—1)2/0 /0 Y Hiyt, (1) Higty (72) A(0)drydrz + (—1)%...

5 12 8 B
4@#£40) + [ ~Hu 040 + S5 [7 [ gy () Hig (r2) A©arara + (-1)%...

B T B B8
./o dTl/(; ! dTQ[thb(Tl)thb(‘Fz)]#/O dry /71 dro[Hyyy (71) Huyb (72)]

T2 T2
B B
Ta |54
Hiuyb (76) Hhyb (Ta)
do not commute !
| — Hpyb (7a)Huyb (75)
b
[
Taf T1 Th B T1
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Hybridization expansion and time ordering

B (-1)2 B rB
A@#AO) + [ ~Hg(m) A0 + = [ [ i () i () A + (1)
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Hybridization expansion and time ordering

B (-1)2 B rB
A@#AO) + [ ~Hg(m) A0 + = [ [ i () i () A + (1)

Because

B 1 B B
/0 dTl/() dTQ[thb(Tl)thb('T?)]?é/O dri /rl dra[Hyyn (71) Hiyb (72)]
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Hybridization expansion and time ordering

B (-1)2 B rB
A@#AO) + [ ~Hg(m) A0 + = [ [ i () i () A + (1)

Because
B T1 B B
/() dry / dTQ[thb(Tl)thb('TQ)]?é/ dri / dra[Hyyn (71) Hiyb (72)]
0 0 1
Let’s define the time ordering operator 7 such that:

T [Huyb (11) Hoyb (12)] = Huyb (71) Hpyb (12) 72 <71

T[Huyb (11)Huyb(12)] = Hpyb (72) Huyp(11) 72 > 71
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Hybridization expansion and time ordering

B —1)2 B B
ABAAO) + [ ~ur)A© + S5 [T [ () Hig(72) A+ (1.

Because
B T1 B B
/ dr1 / dra[Hunyp (1) Hiyb (Tz)]#/ dry / dra[Hyyn (71) Hiyb (72)]
0 0 0 T1
Let’s define the time ordering operator 7 such that:

T [Huyb (11) Hoyb (12)] = Huyb (71) Hpyb (12) 72 <71

T[Huyb (11)Huyb(12)] = Hpyb (72) Huyp(11) 72 > 71
It solves the commutation issue and thus:

8 - 8 8
/ dT1/ deT[thb(Tl)thb(T2)]:/ dﬁ/ dra T [Huyb (71) Hiyt (T2)]
0 0 0 T1
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Hybridization expansion and time ordering

(-1)?
2

B8 B rB 5
A(B)£A(0) + /0 — iy (1) A(0) + /0 [ Hug (70) g (72) A s + (<1)°..

Because
B 1 B B
/ dr1 / dra[Hunyp (1) Hiyb (Tz)]#/ dry / dra[Hyyn (71) Hiyb (72)]
0 0 0 T1

Let’s define the time ordering operator 7 such that:

T [Huyb (11) Hoyb (12)] = Huyb (71) Hpyb (12) 72 <71

T[Huyb (11)Huyb(12)] = Hpyb (72) Huyp(11) 72 > 71
It solves the commutation issue and thus:

B T1 B B8
/ dT1/ deT[thb(Tl)thb(T2)]:/ dﬁ/ dra T [Huyb (71) Hiyt (T2)]
0 0 0 T1

One can thus write the whole serie as

X (=1)F B B B
A(B) = Z ( kl') /0 dTl..A/‘O diTthb(T1)~~~thb(Tk) = 'Texp |:—/0 thb(T)dT:|

k=0
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Hybridization hamiltonian

Hyy, is defined by:

Hyyr = tz (r:llnd,, + diuk(,)
ko
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Hybridization hamiltonian

Hyy, is defined by:
Hpy, = tz ((i)‘;nd” + d,j;(:k(,)
ko

and we have defined Hyy, (7) by:

thb (T) = eTHO thbeiTHO
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Hybridization hamiltonian

Hyy, is defined by:
Hyyy = tz (r:)‘;nd” + dj;(:,m)
ko

and we have defined Hyy, (7) by:
thb (T) = eTHO thbeiTHO
Hence, we can define for all creation and annihilation operators:

Cro(T) = e Ho (t;‘,.aefTHo
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Hybridization hamiltonian

Hyy, is defined by:
Hyyp = tz (r:)‘;ﬂd” + dj',(:;m)
ko

and we have defined Hyy, (7) by:

Hyyp (1) = e™Ho thbt377—H0

Hence, we can define for all creation and annihilation operators:
Cro(T) = e Ho (t,\,.aefTHo

Thus, straighforwardly

Hq 1 —rH Hq 4t —rH
Hyy, (1) =t E (eT Oc;”d(,e THO 4 o7 Och;”,e T 0)
ko
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Hybridization hamiltonian

Hyy, is defined by:
Hyyp = tz (r:)‘;ﬂd” + dj',(:;w)
ko
and we have defined Hyy, (7) by:
Hyyp (1) = e™Ho thbt377—H0
Hence, we can define for all creation and annihilation operators:
o () = e"H0c) e HO

Thus, straighforwardly
Hyyy, (1) = tz (eTHO c;”d‘,efTHO 4 emHo dic;\,(,efTH0>
ko

SO

H —7Hy TH —TH Ho f —7Hy 7H —rH
thb(T)=tE (eT Orzzne TH0eTH0G,eT 70 4 TR0l eT 70T 0y T T 0)

ko
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Hybridization hamiltonian

Hyy, is defined by:
Hyyp = tz (r:)‘;ﬂd” + dj',(:;w)
ko
and we have defined Hyy, (7) by:
Hyyp (1) = e™Ho thbt377—H0
Hence, we can define for all creation and annihilation operators:
o () = e"H0c) e HO

Thus, straighforwardly

Ho —rH, Ho i —rH,
Hyyn (1) =t E (eT Oc, dee” 770 4e770d! cppe™ " 0)
ko

SO

Hyyn (1) = tz (eTHO(:ZaefTHoeTHO(I”efTHO + eTHO(];efTHOeTHOdeefTHO)
ko

thus

Huyo(r) =t (el (Mda (1) + dl (D)ers (7))
ko
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Hybridization hamiltonian

Hyy, is defined by:
Hyyp = tz (r:)‘;ﬂd” + dj',(:;w)
ko
and we have defined Hyy, (7) by:
Hyyp (1) = e™Ho thbt377—H0
Hence, we can define for all creation and annihilation operators:
o () = e"H0c) e HO

Thus, straighforwardly

Hq 1 —rH Hq 4t —rH
Hyy, (1) =t E (eT Oc;”d(,e THO 4 o7 Och;”,e T 0)
ko

S0

Hyyn (1) = tz (eTHO(:ZaefTHoeTHO(I”efTHO + eTHO(];efTHOeTHOdeefTHO)
ko

thus

Huyo(r) =t (el (Mda (1) + dl (D)ers (7))
ko

Let’s denote the two terms by

Huyo(7) = H] (7) + Hi(7)
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Evolution equation for wave function: U (¢, ")

Let’s define the time evolution operator as the operator U(¢,t') such that

W (1)) = U(t, to) ¥ (to))
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Evolution equation for wave function: U (¢, ")

Let’s define the time evolution operator as the operator U(¢,t') such that
[W(t)) = Ut to)| ¥ (to))
The Schrédinger equation is

o) -
ih=— = = H|¥ (1))
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Evolution equation for wave function: U (¢, ")

Let’s define the time evolution operator as the operator U(¢,t') such that
[W(t)) = Ut to)| ¥ (to))

The Schrédinger equation is

FOV@®) _ A

L 10)

So that

20010 g 10)) = 101 ) (10)) = RO — i, 10)
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Evolution equation for wave function: U (¢, ")

Let’s define the time evolution operator as the operator U(¢,t') such that
[W(t)) = Ut to)| ¥ (to))

The Schrédinger equation is

FOV@®) _ A

L 10)

So that

20010 g 10)) = 101 ) (10)) = RO — i, 10)

Thus, for a time independant Hamiltonian

Ul(t, to) = exp [f : H(t — to)}

=i
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Evolution equation for wave function: U (¢, ")

Let’s define the time evolution operator as the operator U(¢,t') such that
[W(t)) = Ut to)| ¥ (to))

The Schrédinger equation is

FOV@®) _ A

L 10)

So that

20010 g 10)) = 101 ) (10)) = RO — i, 10)

Thus, for a time independant Hamiltonian

<.

Ul(t,to) = exp [7ff1(t - to)}

>

If U(to) is an eigenstate of H and that the eigenvalue is Ey, then
W (1)) = el Fo =P w (1))

Thus e~ 7 can be seen as an evolution operator with an imaginary time.
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Hybridization expansion for Z

The partition function thus writes:

B _8H, ) _ [es] (—l)k B B
z = T[ePHoa(g)] with A(B)_kgo - /Odn.“/o o T Higyy (1) Hygty (72)
S (=DF s ] _
zZ = Z o /0 dTlm./o drTr [Tc BHOthb(rl)...thb(Tk)]

k=0
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Hybridization expansion for Z

The partition function thus writes:

— —BHg : _ (- l)k
zZ = T [e A(,B)} with A(B) = Z / dry / dri, T Hyyo (71) .- Higp, (71)
k=0
> (=nk 8 8
zZ = Z ( k!) /0 dTlm./o drTr [T075H0thb(rl)...thb(Tk)]

k=0

Let’s define HT and Hy,

thbmftz( oly (Mdo (1) + dL (D)ero (1)) = HE (1) + Hy(r)

We must have the same number of operator Hy, and HE in order for the trace to be non zero. So that k = 2n.
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Hybridization expansion for Z

The partition function thus writes:

— —BHg : _ (- l)k
zZ = T [e A(,B)} with A(B) = Z / dry / dri, T Hyyo (71) .- Higp, (71)
k=0
> (=nk 8 8
zZ = Z ( k!) /0 dTlm./o drTr [T075H0thb(rl)...thb(Tk)]

k=0

Let’s define HT and Hy,

thbmftz( oly (Mdo (1) + dL (D)ero (1)) = HE (1) + Hy(r)

We must have the same number of operator Hy, and HE in order for the trace to be non zero. So that k = 2n.
sl 1

Z:nzo (2n)‘/ / dTZ'nTr ﬁHOthb(Tl)“-thb(7'2n)}
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Hybridization expansion for Z

The partition function thus writes:

— —BHg : _ (- l)k
zZ = T [e A(,B)} with A(B) = Z / dry / dri, T Hyyo (71) .- Higp, (71)
k=0
> (=nk 8 8
zZ = Z ( k!) /0 dTlm./o drTr [T075H0thb(rl)...thb(Tk)]

k=0
Let’s define HT and Hy,

Hyyn, (1) = tZ( oly (Mdo (1) + dL (D)ero (1)) = HE (1) + Hy(r)
We must have the same number of operator Hy, and HE in order for the trace to be non zero. So that k = 2n.

< 1 B 8
_ —BHg
7 = ;mo: o /0 dn“./o drapTr [Te Higy (11) - Higy (72|

Let’s focus on the term for n=1 to explicit the derivation:

21 =3 [P an % arat [rem o (r) + (O (72) + B (72)]
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Hybridization expansion for Z

The partition function thus writes:

— —BHg : _ (- l)k
zZ = T [e A(,B)} with A(B) = Z / dry / dri, T Hyyo (71) .- Higp, (71)
k=0
> (=nk 8 8
zZ = Z ( k!) /0 dTlm./o drTr [T075H0thb(rl)...thb(Tk)]

k=0
Let’s define HT and Hy,

thbmftz( oly (Mdo (1) + dL (D)ero (1)) = HE (1) + Hy(r)

We must have the same number of operator Hy, and HE in order for the trace to be non zero. So that k = 2n.

© 1 8 8
_ —BHg
7 = ngo o /0 dn“./o drapTr [Te Higy (11) - Higy (72|
Let’s focus on the term for n=1 to explicit the derivation:
1
21 =3 [P an % arat [rem o (r) + (O (72) + B (72)]
1 _
Zy = 5/0 d‘r1/0 draTr [Te™ PHO [y, (o b Cra) + Hyy (r1) H (2) + H{(r1) Hy (72) + i o507
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Hybridization expansion for Z

The partition function thus writes:

— —BHg : _ (- l)k
zZ = T [e A(,B)} with A(B) = Z / dry / dri, T Hyyo (71) .- Higp, (71)
k=0
> (=nk 8 8
zZ = Z ( k!) /0 dTlm./o drTr [T075H0thb(rl)...thb(Tk)]

k=0
Let’s define HT and Hy,

Hyyn, (1) = tZ( oly (Mdo (1) + dL (D)ero (1)) = HE (1) + Hy(r)

We must have the same number of operator Hy, and HE in order for the trace to be non zero. So that k = 2n.
Z = i L/j dn“./f dronTr [Te*‘*HOthb(rl)“.thb(mn)}

=0 (2n)!

Let’s focus on the term for n=1 to explicit the derivation:

21 =3 [P an % arat [rem o (r) + (O (72) + B (72)]
1

Zy = 5/0 d‘r1/0 draTr [Te™ PHO [y, (o b Cra) + Hyy (r1) H (2) + H{(r1) Hy (72) + i o507
1 /B B

z1 =5 [ ar [ drsTe [Te 00ty () H (r2) + ] (m) Hu(72)]]
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Hybridization expansion for Z

The partition function thus writes:

— —BHg : _ (- l)k
zZ = T [e A(,B)} with A(B) = Z / dry / dri, T Hyyo (71) .- Higp, (71)
k=0
> (=nk 8 8
zZ = Z ( k!) /0 dTlm./o drTr [T075H0thb(rl)...thb(Tk)]

k=0
Let’s define HT and Hy,

thbmftz( oly (Mdo (1) + dL (D)ero (1)) = HE (1) + Hy(r)

We must have the same number of operator Hy, and HE in order for the trace to be non zero. So that k = 2n.

< 1 B 8
_ —BHg
7 = ;mo: o /0 dn“./o drapTr [Te Higy (11) - Higy (72|

Let’s focus on the term for n=1 to explicit the derivation:

21 =3 [P an % arat [rem o (r) + (O (72) + B (72)]
1

Zy = 5/0 d‘r1/0 draTr [Te™ PHO [y, (o b Cra) + Hyy (r1) H (2) + H{(r1) Hy (72) + i o507
1 /B B

z1 =5 [ ar [ drsTe [Te 00ty () H (r2) + ] (m) Hu(72)]]

2 1B B _ : : t

Z1 = 7./0 dTl/o a7 Tr [Te BH(q [Hh(-rl)H}T)(ﬁ)]] V\éhgrewe have renamed time for H}, as 71 and time for H}|
1
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Hybridization expansion for 7,

2 8 5 _ .
2= [Tan [7anT [Te P, () a] (7]
2 Jo 0
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Hybridization expansion for 7,

2 8 5 B .
7 = 5/0 dn/o dmy T [Te™ PHO [y, (r) ] (71)]

We can generalize this to all case. Because of the time ordering operator, all the terms with the different ordering of the operator are
equivalent, the ordering is fixed by the ordering of time. So we can use only one ordering and we can show that the number of term is
(2n)!

(n!)?2

> 1
>
n=0

B B B B _
drye [Cdra [Cdr [ dra T [Tem PHO By (r) HY (R Hy (7o) HY ()]
(n)2 Jo 0 0 0
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Hybridization expansion for 7,

2 8 5 B .
7 = 5/0 dn/o dmy T [Te™ PHO [y, (r) ] (71)]

We can generalize this to all case. Because of the time ordering operator, all the terms with the different ordering of the operator are
equivalent, the ordering is fixed by the ordering of time. So we can use only one ordering and we can show that the number of term is
(2n)!

(n)2

e 1

B B B B _
z=3 — 2/ dn.../ dfn/ d‘T—l.”/ drTr [Te™ P10 iy, (r) HY (1) Hyy (rn) HY (7))
n=0 (nh) 0 0 0 0

We can now use Hy, (1) = V& 3. ((-2(7)4”(7)) and H (7) = V* Spr 0 ((1;(%)(-L.(;>) and insert it into e.g. Z1 .
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Hybridization expansion for 7,

2 8 5 B .
7 = 5/0 dn/o dmy T [Te™ PHO [y, (r) ] (71)]

We can generalize this to all case. Because of the time ordering operator, all the terms with the different ordering of the operator are

equivalent, the ordering is fixed by the ordering of time. So we can use only one ordering and we can show that the number of term is
(2n)!

(n)2

e 1

B B B B _
z=3 — 2/ dn.../ dfn/ d‘T—l.”/ drTr [Te™ P10 iy, (r) HY (1) Hyy (rn) HY (7))
n=0 (nh) 0 0 0 0

We can now use Hy, (1) = V& 3. ((-2(7)4”(7)) and H (7) = V* Spr 0 ((1;(%)(-L.(;>) and insert it into e.g. Z1 .

8 8 )
Zy = / dry / dﬂvljll V{; 1 |:,Te—/fHo { Z Z Cl‘l (T)doy (-r)dj71 (7’—)6;‘,1 ('7')]:|
0 0

ky.,kp 91,01
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Hybridization expansion for 7,

2 8 8 _ .
== [Tan [ anT [Te M0, (r) 7))
2Jo 0

We can generalize this to all case. Because of the time ordering operator, all the terms with the different ordering of the operator are
equivalent, the ordering is fixed by the ordering of time. So we can use only one ordering and we can show that the number of term is
(2n)!

(n!)?2

o0
z=3
n

1 B B B B
(n')2/0 d‘rl.../o dTn/O d‘rl.”/o a7y, Tr [Te
=0 (7

TAHO Fy (r) H (R Hy (70) HY ()
We can now use Hy, (1) = V,J > ((-2(7)4,,(7)) and Hﬁ(%) =V Yot ((ﬁ (F)ey (%)) and insert itinto e.g. Z1

Z1 :/ d‘rl/ dnv"lv"l*Tr |:'Te_ﬁH0{ S oY .
0

ky,kp ©1:01

1 (o, ()l ﬁ)c,:.l(ﬂ]]

B 8 5 5
[P arr [P ar [P am. dfnv"lvi’l*m.v"nv:’n*Tr Te PHo
0 0 k1 "k kn “kn

- Z (Tn)dzr” (Tn)d* (Tn)‘fﬁn (7_'n>~~

on
n O1::0n,01-.0n

(7'1)'1(71(7'1)(1’ (Fr)er, (7‘1)]
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Separation of Trace over bath and impurity

B B 5 . .
Zy = / dry / drTr V:ll V{ll* Te PHo Z Z (.;‘”1 (T)doy (T)d;—,l (?)r:k1 (7)
0 0 ki,kq 0191

The Trace over quantum states can be done of tensorial product of bath and impurity states so that the trace can be separated in two
groups.

B B 5 + ;
7z = /0 dry /0 dTy Z Z Tr Vkall V{ll*Tr c [e_BHC7—r;l"_'1 (T>Ck1 (7")} Trg [e_BHd Tdoy (T)zl(‘,l (7")]
01:01 kq,kq

Idem for Z,,
Let’s now focus on the Bath part:

Tre [e_[”—l‘”‘7—(tl_'1 (-r)uhl (7")}

What is a trace ?
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What is a trace

For an hamiltonian in second quantization, the basis is made of state empty or filled.
@ For a one particle hamiltonian

Tr A = (0] A[0) + (1] AJ1)

@ For a two particle hamiltonian

Tr A = (00| A|00) 4 (01|A|01) + (10| A|10) + (11|A|11)
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Separation of Trace over bath and impurity

B B _B8H 5 + v _

2= ["an [Tanm 7o S S VIVICL (e, (0], (e, ()
ky,k1 91,91

The Trace over quantum states can be done of tensorial product of bath and impurity states so that the trace can be separated in two
groups (the anticommutation rules give no change).

B B & _B8H + _ _8H .o
21:/0 dT1/O a3 3 WV T [P HeT (m)ey (7)) T [ PHAT s, (r)dl, (7)]

91,91 kq,ky

Idem for Z,,
Let’s now focus on the Bath part:

—BH ,
Tre {e B C'Tczl (7—)6@1(7—)}
and we just start with

_ e _ Te _ . _ T
Tre [ ?Me] = e | TTem P oheh | = [T e e Rohck = T](0le™ K7k K]0) 4 (1e™ R k% 1))
3 k k
N +

o Berchen _ s (=Bekcpcr)™

1
o n!
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Separation of Trace over bath and impurity

8 B _8H 5 + o _
zlz/ dn/ an T [Te™PHo S ST VIVl (7)o, (1], (Peg, (7)
0 0 ky.,kq 91,01

The Trace over quantum states can be done of tensorial product of bath and impurity states so that the trace can be separated in two
groups (the anticommutation rules give no change).

] 8 5 . .
7 :/0 dn/o dr >0 3D WYLV [e™PHeTe] (Deg, (D] Tra [e?HdTd, (ndl, (7)]
01:01 kq,kq

Idem for Z,,
Let’s now focus on the Bath part:

—BH ,
Tre {e B C'Tczl(‘r)ckl(r)}
and we just start with

_ e _ Te _ . _ Te
Tre [ ?Me] = e | TTem P oheh | = [T e e Rohck = T](0le™ K7k K]0) 4 (1e™ R k% 1))
[ k K

B +

e—ﬂekvl“tck, - (—Begc)cp)™

1
o n!

Let’s see how to apply the operator ci_ck on |0) and |1).

1]0) = 10) (n=0)
Berclcrl0) =0 (n=1)

—pepel
e FRLR0) = J0)
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Separation of Trace over bath and impurity

8 B 5 + +
_ _ —BH 01,51 % N =
Zy = /0 dry -/0 d71Tr |Te 0 Z Z Vk1 VE1 C;Cl (m)dey (‘r)d('71 (T)Ckl (7)
ky,k1 91,91
The Trace over quantum states can be done of tensorial product of bath and impurity states so that the trace can be separated in two
groups (the anticommutation rules give no change).

] 8 5 . .
7 :/0 dn/o dr >0 3D WYLV [e™PHeTe] (Deg, (D] Tra [e?HdTd, (ndl, (7)]
01:01 kq,kq

Idem for Z,,
Let’s now focus on the Bath part:

Tre [e_ﬁHcTczl (T>CK1 (7")}

and we just start with

Tre[emPHe] =T [Te Pkckenr | = []Tre e Pherh = [J((0le™ Pk k ko) + (1]~ PhChCRk 1))
k k ) k
e—ﬂekr}tck, - (—Bere)cp)™

1
o n!

Let’s see how to apply the operator ci_ck on |0) and |1).

10y = [0) (n=0) Bexclerll) = Begll)
Bercferl0) =0 (n=1) BZerclenclenll) = B2
X R _B\nn
e_ﬂgk(‘)‘?r""l(J) =10 eiﬂek{'k(""\l) _ Z ( ﬁ”z' ‘K 1) = eiBEkH)

n
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Separation of Trace over bath and impurity

8 B 5 + +
_ _ —BH 01,51 % N =
Zy = /0 dry -/0 d71Tr |Te 0 Z Z Vk1 VE1 C;Cl (m)dey (‘r)d('71 (T)Ckl (7)
ky,k1 91,91
The Trace over quantum states can be done of tensorial product of bath and impurity states so that the trace can be separated in two
groups (the anticommutation rules give no change).

] 8 5 . .
7 :/0 dn/o dr >0 3D WYLV [e™PHeTe] (Deg, (D] Tra [e?HdTd, (ndl, (7)]
01:01 kq,kq

Idem for Z,,
Let’s now focus on the Bath part:

Tre [e_ﬁHcTczl (T>CK1 (7")}

and we just start with

Tre[emPHe] =T [Te Pkckenr | = []Tre e Pherh = [J((0le™ Pk k ko) + (1]~ PhChCRk 1))
k k ) k
e—ﬂekr}tck, - (—Bere)cp)™

1
o n!

Let’s see how to apply the operator ci_ck on |0) and |1).

10y = [0) (n=0) Bexclerll) = Begll)
EekacMO) =0 (n=1) ﬁzeiczck:ulztul) = ﬂ2ei|1) Zhath = H(l+e_ﬁek‘)
k
& Tt _g\n.n
e_ﬂgk(‘)‘?r""l(J) =10 e—Bekr,k«,A. 1) = Z ( ﬁ”z' ‘K 1) = eiBEkH)

n
COMMISSARIAT A L'ENERGIE ATOMIQUE ET AUX ENERGIES ALTERNATIVES _



Trace over bath

Now we study the term that appears in Z; in the case 7 < 7 (and k1 and k1 should be equal)

T —Beg, el e, s
Tre [ 7BHC7‘(L1(T cx, T)] H Tre, [C—Bekr,knk} Tl'r,ﬁ |:C Beky e Cky C’l’vl(T)(i’“l (7)

k#£kq

COMMISSARIAT A L'ENERGIE ATOMIQUE ET AUX ENERGIES ALTERNATIVES _



Trace over bath

Now we study the term that appears in Z; in the case 7 < 7 (and k1 and k1 should be equal)

e —Bep el en, o+
Tr. [ 7BHCT<L1(T Cry T)] H Tr(L [cfﬂek“k“k} Tr%1 |:c Beky k1 k1 cL,l(T)(ikl (’F)] =

k#£kq

T T
— -8B el Cp, + _ ] c) ¢ _
[TT e P800, 5y {<0\c KL (e, (D)I0) + (1 "1 “cI.1<r>cm<r>u>}
k#kq
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Trace over bath

Now we study the term that appears in Z; in the case 7 < 7 (and k1 and k1 should be equal)

e —Bep el en, o+
Tre [ 7BHCT‘A1(T k1 T)] IT ™, [Ciﬂ%('k%] ek, {C T klci’l(f)“kl(ﬂ] -

k#kq
T T
— -8B el Cp, + _ ] cl ¢ _
[TT e P800, 5y {<0\c KL (e, (D)I0) + (1 "1 “cI.1<r>cm<r>u>}
k#kq
Ziatn (= [T, (1 + e 7))
(1+4e Pk

—Beg. el ep 4 _ —Beg, el cp, 4 _
Oy g [<0|e LSRRl (e, (P)]0) + (1le "Rk ’l(tiq(T)c;l(Tnﬁ}
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Trace over bath

Now we study the term that appears in Z; in the case 7 < 7 (and k1 and k1 should be equal)

e —Bep el en, o+
Tre [ 7BHCT‘A1(T k1 T)] IT ™, [Ciﬂ%('k%] ek, {C T klci’l(f)“kl(ﬂ] -

k#kq
T T
— -8B el Cp, + _ ] cl ¢ _
[TT e P800, 5y {<0\c KL (e, (D)I0) + (1 "1 “cI.1<r>cm<r>u>}
k#kq
Ziatn (= [T, (1 + e 7))
(1+4e Pk

—Beg. el ep 4 _ —Beg, el cp, 4 _
Oy g [<0|e LSRRl (e, (P)]0) + (1le "Rk ’l(tiq(T)c;l(Tnﬁ}

We remind that ¢(7) = e™ e e "He
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Trace over bath

Now we study the term that appears in Z; in the case 7 < 7 (and k1 and k1 should be equal)

T —Bep, el e+
Tr. [ 7BHC7-<A1(T Cry T)] H Tre, [cfﬂek('k“k} Tr%1 |:c Beky k1 cL,l(T)(ikl (’F)] =

k#kq
T T
— -8B el Cp, + _ ] cl ¢ _
[TT e P800, 5y {<0\c KL (e, (D)I0) + (1 "1 “cI.1<r>cm<r>u>}
k#kq
Zoan (= [T, (1 + e P%))
(1+4e Pk

—Beg. el ep 4 _ —Beg, el cp, 4 _
Oy g [<0|e LSRRl (e, (P)]0) + (1le "Rk ’l(tiq(T)c;l(Tnﬁ}

We remind that ¢(7) = e™ e e "He

.
—B 3 cL X
TPl (1) e, (7)]0)
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Trace over bath

Now we study the term that appears in Z; in the case 7 < 7 (and k1 and k1 should be equal)

e —Bep el en, o+
Tre [ 7BHCT<L1(T k1 T)] IT ™, [Ciﬂ%('k%] ek, {C T klci’l(f)“kl(ﬂ] -

k#kq
T T
_ -8 el Cp, + _ -8 el ep _
[TT e P800, 5y {<0\c KL (e, (D)I0) + (1 "1 “cI.1<r>cm<r>u>}
k#kq
Ziatn (= [T, (1 + e 7))
(1+e ")

—Beg. el ep 4 _ —Beg, el cp, 4 _
Oy g [<0|e LSRRl (e, (P)]0) + (1le "Rk ’1(=Ll<f>czl<7>|1>}

We remind that ¢(7) = e™ e e "He
—pPe C.“ CrL. +
o TPk ok, k) el (m) cx, (7)]0)

(—Beg. el er) o o n — —
e k1 %k Tk el C)(:,Lle( THe) o7 Cep, (F)e” 77 |0)
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Trace over bath

Now we study the term that appears in Z; in the case 7 < 7 (and k1 and k1 should be equal)

e —Bep el en, o+
Tre [ 7BHCT<L1(T k1 T)] IT ™, [Ciﬂ%('k%] ek, {C T klci’l(f)“kl(ﬂ] -

k#kq
T T
_ -8 el Cp, + _ -8 el ep _
[TT e P800, 5y {<0\c KL (e, (D)I0) + (1 "1 “cI.1<r>cm<r>u>}
k#kq
Ziatn (= [T, (1 + e 7))
(1+e ")

—Beg. el ep 4 _ —Beg, el cp, 4 _
Oy g [<0|e LSRRl (e, (P)]0) + (1le "Rk ’1(=Ll<f>czl<7>|1>}

We remind that ¢(7) = e™ e e "He

T e
Pk ok, ory)

ok, () e, (7)]0)
(—Be e ) H "o T
e k1 %k Tk elTHe) oI o(=THe) e ey, (Fle” e |0)
Ky 1
B " K e T ~ T I
o TPk ey Chy) e(“klrkl%i)cljle< Tk Chy k1) e(“klrk1(l"1)ckle( Tk Chy k1) 0)
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Trace over bath

Now we study the term that appears in Z; in the case 7 < 7 (and k1 and k1 should be equal)

T —Bep, el e+
Tr. [ 7BHC7-<,‘1(T Cry T)] H Tre, [cfﬂek('k“k} TI'%1 |:c Beky k1 C,L,l ('r)(ik1 (’F)] =

k#kq
T T
— -8B el Cp, + _ ] cl ¢ _
[TT e P800, 5y {<0\c KL (e, (D)I0) + (1 "1 “cI.1<r>cm<r>u>}
k#kq
Ziatn (= [T, (1 + e 7))
(1+e ")

—Beg. el ep 4 _ —Beg, el cp, 4 _
Oy g [<0|e LSRRl (e, (P)]0) + (1le "Rk ’1(=Ll<f>czl<7>|1>}

We remind that ¢(7) = e™ e e "He

T e
Pk ok, ory)

ok, () e, (7)]0)
(—Bepy b cny) (rHe) (—rHo) H N _TH.
e 1k R e e ¢ e ey, (Te ¢ 10)
A

— ’ . ' . - — ' . TE (‘I C L. —TE€ {" ClL.
e( Beky F"'IW"T) e(ﬂklrkl(‘l"i)ﬁl-,e< Tk rk’l(‘l"1> (Teky 7*‘1(}"1)%18( k1 %k k1) |0)

B + R _ o) X 7 ke
e( ﬁ€k1cl~'|pl“i) e(Tekl("'l(‘k'1>L’Lle< Teklrkw”‘ﬂ) (7-5;“(‘}'_'1 ql)(‘«kl|0> —0
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Trace over bath

Now we study the term that appears in Z; in the case 7 < 7 (and k1 and k1 should be equal)

T —Bep, el e+
Tr. [ 7BHC7-<A1(T Cry T)] H Tre, [cfﬂek('k“k} Tr%1 |:c Beky k1 cL,l(T)(ikl (’F)] =

k#kq
T T
— -8B el Cp, + _ ] cl ¢ _
[TT e P800, 5y {<0\c KL (e, (D)I0) + (1 "1 “cI.1<r>cm<r>u>}
k#kq
Zoan (= [T, (1 + e P%))
(1+4e Pk

—Beg. el ep 4 _ —Beg, el cp, 4 _
Oy g [<0|e LSRRl (e, (P)]0) + (1le "Rk ’l(tiq(T)c;l(Tnﬁ}

We remind that ¢(7) = e™ e e "He

1 1 t rer of rer of
— 2 C L. C > o + —_ C > Lo TEL C C L. —TE > C L.
o Bekl(kl‘kl)c(“h‘kl(’q)oilc( Teky oy O ol kl{kl(kl)cklc( k1(k1‘k1)‘1>
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Trace over bath

Now we study the term that appears in Z; in the case 7 < 7 (and k1 and k1 should be equal)

fo —Bep. el ep 4
T [ —BHCT(M(T ck, T)] H Tr., [Cfﬂek«k««k} Tr%1 {C Beky Chy klckl(f)nkl(ﬂ] =

k#kq
T T
_ -8B el cp. o+ _ —Bep, el cp _
[TT e P800, 5y {<0\c KL (e, (D)I0) + (1 "1 “cI.1<r><vM<r>u>}
k#kq

Zbatn (= 14+e Pk —Bep el e o B —Bep, el en s B
) th((l Pkfﬁeln) ))51‘711}1 |:<0|e k1o /\l(‘ll‘q (T)"E1(7)|0> + (1]e R }l(tkl (T)‘5ﬁ1(7)|1>
e

We remind that ¢(7) = e™ e e "He

T . T . T = e Fer ol e
C( Bekl("“1(41"1)9(761"1(4’“1("“l)o’ylc( rsklgkl(,k,l)c(ﬂ'eklf;Ll“h)cklc( kl{’“l(kl)u)
TPk hy k) (Teky ek ehy) i (STeky e k) (Teklfhckl)(ﬂkl‘1> (—7epy)

COMMISSARIAT A L'ENERGIE ATOMIQUE ET AUX ENERGIES ALTERNATIVES



Trace over bath

Now we study the term that appears in Z; in the case 7 < 7 (and k1 and k1 should be equal)

fo —Bep. el ep 4
T [ —BHCT(M(T ck, T)] H Tr., [Cfﬂek«k««k} Tr%1 {C Beky Chy klckl(f)nkl(ﬂ] =

k#kq
T T
— -8B el Cp, + _ ] cl ¢ _
[TT e P800, 5y {<0\c KL (e, (D)I0) + (1 "1 “cI.1<r><vm<r>u>}
k#kq
Zoan (= [T, (1 + e P%))
(1+4e Pk

—Beg. el ep 4 B —Beg, el cp, 4 B
51‘:1]}1 |:<0|e k1% Al(";»‘l (T)"El(7)|0>+<1|e k1% }l(t;cl(T)‘ilzl(T)|1>:|

We remind that ¢(7) = e™ e e "He

i i - T - T
(=Bepcl e ) (rep el e )+ (—rep el cp ) (Fegy el ep) (—Fep. cl ep)
e k1 ky “k17 g k1 Ry k1 "'ilc k1 kg k17 o\ Tk “ky R e k1% k17 1)y

T T T = 1 =
Beg cr cp Tep Cp Cp + Tep Cp Cp T, CL Ch -
e( k1 kg ]">e( k1 %k M)C)qe( k1 kg ]"")e( k1 kg A'l)(’k-,lH)e( "Ekl)

_ T T . . _ T . - T . =
e( Beklckl("”)e(ﬁkl(""lckl)(:;1e< Tekl"kl‘kl)e(TEkl‘kl‘kl)‘0>e(*76k1)
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Trace over bath

Now we study the term that appears in Z; in the case 7 < 7 (and k1 and k1 should be equal)

Te —Bep. el ep 4
T [ —BHCT(M(T ck, T)] H Tr., [CfﬁEknknk} Tr%1 {C Beky Chy kchj(q—)ckl(i—)] =

k#kq
T T
— -8B el Cp, + _ ] cl ¢ _
[TT e P800, 5y {<0\c KL (e, (D)I0) + (1 "1 “cL(r)cmﬂuJ
k#kq
Zoan (= [T, (1 + e P%))
(1+4e Pk

—Beg. el ep s B —Beg, el cp, 4 B
51‘:1]}1 |:<0|e k1% Alclv‘l (T)(',;}l(T)|O>+(1|e k1% }l(t;cl(T)‘:lzl(T)|1>:|

We remind that ¢(7) = e™Hece™"He

T . T . _ e = T
c(756k1('kl“"'l)c(“kl“h{"“I)CI ok ey k) Tk ok ok )
o1

-7 ‘,T Cl.
eryel TRk

T T T = 1 =
Beg cr cp Tep Cp Cp + Tep Cp Cp T, CL Ch -
e( k1 kg ]">e( k1 %k M)C)qe( k1 kg ]"")e( k1 kg A'I)Ck-,lH)e( "Ekl)

_ T T . . _ T . - T . =
e( Bﬁkl"kl"%al)e(Tekl";,l‘kl)(tz e( Tekl"kl‘kl)e(TEkl‘kl"l\vl)‘0>e(*75k1)
o1

_ T T . . _
o TPk ey Ie1) (7 kn ke Oy )CZ»,I |0>e(_"’€1>
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Trace over bath

Now we study the term that appears in Z; in the case 7 < 7 (and k1 and k1 should be equal)

Te —Bep. el ep 4
T [ —BHCT(M(T ck, T)] H Tr., [CfﬁEknknk} Tr%1 {C Beky Chy kchj(q—)ckl(i—)] =

k#kq
T T
— -8B el Cp, + _ ] cl ¢ _
[TT e P800, 5y {<0\c KL (e, (D)I0) + (1 "1 “cL(r)cmﬂuJ
k#kq
Zoan (= [T, (1 + e P%))
(1+4e Pk

—Beg. el ep s B —Beg, el cp, 4 B
51‘:1]}1 |:<0|e k1% Alclv‘l (T)(',;}l(T)|O>+(1|e k1% }l(t;cl(T)‘:lzl(T)|1>:|

We remind that ¢(7) = e™Hece™"He

R A )Czlc(fﬁkl oy k1) Tk ok F)o TR “hy k1) 1)
o Bem oy R Tk ok ok )Ci,le(f"’“lcz‘l 1) o7k ok, ep, [1yel TR
e(fﬁekl “Ll Cky >e(76k1 "ivl Ck1 )";1‘3(77%1 "lil Ck1 )e(?ekl "Ll Cky) ‘0>e(**5k1>

o TPk CI‘] k1 )e(”kl”iw k1 )CZ»,, [0)e T k1)

T . T . _ _ _
oAk %k ) TRk ) 1y o (TeRy) L 1)k ) Tk (" TeRy) L [1)e(—eky (B (T=T))
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Trace over bath 7 < 7

Now we study this term for 7 > 7:

Te - el e ;
Tre [CiBHCT‘A (T)er, T)] =— H Tre, [c(fﬁekck(‘k)} Tl'rk1 |:c( Peky ey "1)(;1\‘1(?)<:‘,;:,1(T):| =

k#k

Zba —Bep, el cp —Bep, el cp B
T 3o {w kD e (el (D10) + (1ol R R e (el (D))
+e "%

We remind that ¢(7) = e™Hece™7He, Only the term acting on |0) will be non zero, the same calculation gives

i
—Beg el cp B s
(0\6( k1 %k kl)(tkl(‘fi)c;L1 (1)10) =R (777
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Hybridization function F’

Let’s gather the terms.

s 8 & - i - _
7 :/ dn/ LED DI DI AR [e BHCTC;‘,l(n)%(ﬁ)} Tra [e PHaT, (T)d;l(f)]
0 0

01:91 ky,kq

Foy51 (F1—71)
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Hybridization function F’

Let’s gather the terms.

Zy —/ dT1/ d7y Z Z ngllV;llTrc [efﬁHCTCZ,l (Tl)(ﬂkl(?l)} Tra I:efﬁHdT(l,.” (T)(I:E,l(?):l

71,51 ky,kp

Foi5,(F1—71)
151

and
—€p, (F—7) .
e ifr—7>0
o11,61 +e
Foyoy (T = 7) = Zpatn Z VitV
—epy (BHGE-T)
e —  —— fFr—7<0

1+e Pek
This is simply the coupling of non interacting electrons which are evoluting at the frequency of their eigenvalues.
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Hybridization function F’

Let’s gather the terms.

Zy —/ dT1/ d7y Z Z ngllV;llTrc [efﬁHCTCZ,l (Tl)(ﬂkl(?l)} Tra I:efﬁHdT(l,.” (T)(I:E,l(?):l

71,51 ky,kp

Foi5,(F1—71)
151

and
—€p, (F—7) .
e ifr—7>0
o11,61 +e
Foyoy (T = 7) = Zpatn Z VitV
—epy (BHGE-T)
e —  —— fFr—7<0

1+e Pek

This is simply the coupling of non interacting electrons which are evoluting at the frequency of their eigenvalues.
So that

Zy 7/ dn/ dr Z Foro, (71 —71)Trg [e_ﬁHde(T (r)dL (-T—)]

01,01
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Bath for more operators

We recall that

B B = .
Zy = / dry / dTy Z Z ngll Vl;llTrc I:e*ﬁHc T(;Ll (Tl)(:,‘,l (77'1)} Try I:e*BHde(TI (7')(1:;1 (?):I
0 0

91,71 ky,ky
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Bath for more operators

We recall that
B B o ke — . T _ — —
Z1 :/ d'rl/ d71 Z Z Vkll VEllTrC [e BHLTC}\JI (Tl)(lkl(Tl)} Tryg [e BHdem (7')(1:;1 (7’)]
0 0 01,51 kq,kq
and we have
B B A B 1y, %11,/921,92
Zo :/ dn/ dﬂ/ de/ dra Z Z Vi Vkl Vs VJEQ
0 70 0 0 ky.ko,ky,ko 71,01,92,52

Tte [Te PH el (D)er, (el (New, (1) Ta [Te P HDd, (n)dl, (F)do, ()], (7)]
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Bath for more operators

We recall that
B B =~ .
_ ~ o115 —BHe i . —BH toon
Z _/0 dTl/(; dm Z Z Vkll VEIITrC [e T(’)v'l (Tl)(‘kl(Tl)} Tra [e AT dg, (r)ds, (7’)]
01,51 kq,kq
and we have
B 8 8 B 011,511,021,
Zy = / dry / dTy / dTa / dra Z Z Vkll Vkll Vk;V/};
0 70 0 0 ky,ko,ky,kg 01:51,02,02
Tre [Tefﬁ(Hc)(,zl (7_)(%1 (7—_)(:1‘2 (T)‘*'Ez (7—_)] Tra {Tefﬁ(Hd)(],,l (T)(l:;] (7)do (T)(I;Z (‘T’)]

Let's compute

_ _ CsH. L B
Z V’;lvl?il V:;V;;?Tr [Te B °‘51L1 (Tl)(l,",,l(Tl)(fLQ(TQ)(lLZ(TQ)]
k1,k2,k1,ka
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Bath for more operators

We recall that
B B = .
- o1y,5 —BHeo i (= —BH t (s
2 :/0 dn/o YYD VIV [e T(l)v'l(Tl)("‘"l(Tl)} Tra [e AT dg, (r)d], (T)]
01,51 ky,ky
and we have
B 8 8 B 011,51 1,0 Go
Zo :/ dn/ dﬂ/ de/ dra Z Z Vi Vkl Vk;VRQ
0 70 0 0 ky.ko,ky,ko 71,01,92,52
Tre [Te*ﬁ(Hc)(,Ll(T)(%l (7—_)(:1‘2 ()er, (7—_)] Tra {Tefﬁ(Hd)(],,l (T)(l:;] (7)do (T)(I;Z (‘T’)]

Let's compute

o & o I —BHc t N | —
Z ) Vkll VE11 Vk; VE;Tr [Te B {"1‘»‘1 (Tl)(l,",,l(Tl)(ﬁLQ(TQ)(l;b_z (7'2)]
ky.,ko,ky ko
We can use anticommutation relation between operator (or use Wick’s theorem) to show that:
4 G —BHc T = —BHc T -
Z V,:ll V{II V]:; V;;Tr [Te A c}‘.l(n)c;l(ﬁ)] Tr [Te s C,",/2 (t2)cr, (7'2)]

k1,ko,k1,ko

=T [Te P Hec] (m)er, (7)) T [Te™?Hec] (ra)er, (71)]
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Bath for more operators

We recall that
B B =~ .
_ ~ o1y —BHe . (= —BH t o=
7 _/0 dn/O a0 S0 VIV [Tl (e, ()] Tra [T AT dy ()L, (7)]
01,51 ky,ky
and we have
B B 8 B o e o &
Zo :/ dn/ dﬂ/ de/ dra Z Z Vkll V;;;Vk;V/;;
0 70 0 0 ky,ko,ky,kg 01:51,02,02
Tte [Te PH el (D)er, (el (New, (1) Ta [Te P HDd, (n)dl, (F)do, ()], (7)]

Let's compute

o & o I —BHc t N | —
Z ) Vkll VE11 Vk; VE;Tr [Te B {"1‘»‘1 (Tl)(l,",,l(Tl)(ﬁLQ(TQ)(l;b_z (7'2)]
ki1,k2,k1,k2
We can use anticommutation relation between operator (or use Wick’s theorem) to show that:
4 G —BHc T = —BHc T -
Z ) V,:ll V{II V]:; V];; Tr [Te B C}M (Tl)c,;l (7‘1)] Tr [Te B C,",/2 (‘1'2)(?;;2 (7'2)]
k1.k2.ky ko

=T [Te P Hec] (m)er, (7)) T [Te™?Hec] (ra)er, (71)]

It comes from the fact that eg. when an electron is annihilated at 74, it can be the one that was created at 71 or 7.
Forget the details: it is just a consequence of the antisymmetry of the true wavefunction.

COMMISSARIAT A L'ENERGIE ATOMIQUE ET AUX ENERGIES ALTERNATIVES _



Bath for more operators (2)

From

011,511,021 ,5 —BH _ - t _
Z . Vkll VlEll Vk22 VIE; [TI' ['Te £ “Cry (T1)er, (7'1)] Tr [Te ﬁHch.Z (2)cr, (7'2)]
k1,ko,k1,ko

=T [Te el (m)er, (72)| T [Tem#ec] (ma)er, (71)] |
and using definition of F', we have
[Foy5,(F1 — T1) Foysy (T2 — T2)

—Fo 55 (T2 — T1) Foyz, (T1 — 72))]
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Bath for more operators (2)

From

011,511,021 ,5 —BH _ —BH¢ t -
Z . Vkll VlEll Vk22 VIEQZ [TI' ['Te £ CCLT (T1)er, (7'1)] Tr [Te A Cc,:.z (r2)cr, (7'2)]
k1,ko,k1,ko

=T [Te el (m)er, (72)| T [Tem#ec] (ma)er, (71)] |
and using definition of F', we have
[Foy5,(F1 — T1) Foysy (T2 — T2)
—Fo 55 (T2 — T1) Foyz, (T1 — 72))]
So that:
8 8 B 8 . N
Zs :zbath/ dn/ dﬁ/ drz/ s >, Tra [Te*ﬁmd)dgl(T)d‘nl(f)daz(r)dj,z(f)]
0 0 0 0 01:01,02,02

[For6,(F1 = T1)Foypsy (T2 — T2) = Foy5y (T2 — T1) Foys, (71 — 72))]
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Bath for more operators (2)

From

o o o o —BH — —BH, T —
Z . V,CllVlfclle;VI;Q2 [TI' ['Te £ CCLT (71)6;1(7'1)] Tr [Te B 002.2(7'2)0;2 (7'2)]
k1,ko,k1,ko
=T [Te el (m)er, (72)| T [Tem#ec] (ma)er, (71)] |
and using definition of F', we have
[Foy5,(F1 — T1) Foysy (T2 — T2)
—Foyo5 (T2 — T1)Foyoy (F1 — 72))]
So that:
8 8 B 8 . N
Zs :zbath/ dn/ dﬁ/ drz/ s >, Tra [Te*ﬁmd)dgl(T)d‘nl(f)daz(r)dj,z(f)]
0 0 0 0 01,01,02,02
[Foyo,(F1 = T1) Fogoy (T2 — 72) — Foyo, (T2 — T1) Foys, (71 — 72))]
So the full partition functions writes as:
B 8 ] B
Z:Zbach/ dn.‘./ drn/ dﬁ.../ d7n >
o Jo 0 0 0

01..0n,51..5n

Ta [Te™ PH0d,, (1)}, (Fa).do, (r)d], (71)|det[F (7 = 7))

1
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Integration over bath states general case

In the equation:

Z= Zbathz |2/ dry.. /dTn/ dr1.. /dTn

o1- 571’471 -On

Tra [Tem A dy (r0)d] (7a)...doy ()], ()| det[F(7 = 7))
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Integration over bath states general case

In the equation:

Z= Zbathz |2/ dry.. /dTn/ dr.. /dTn

Trd[Te*(BHd)d,,”(T) (Fn)edory (r1)d] (7'1)]det[F(7"—T)]

o1- 571’471 -On

The F are easy to compute because the V' are known. Let’s rewrite the equation as:

Z = Zbathz / dri.. / drn, / dm .. / d7n,

T [TeCHDd,, (ra)dl (7a)...do, (r1)dh, (71)|det[F(7 — 7))

o1- Unval On

With this formulation we have 71 < 2 < ... < T, and 71 < T2 < ... < Tn.
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If the bath does not mix spins ...

B B B B
Z:Zbach/ dn.../ dTn/ dﬁ.../ drn >
n 0 Trn—1 0 Tr—1

01..0n,01..0n

Teg [Te™ ) dy, (ra)dl (7)o, (m1)dE, (71) | det[F(7 = 7)]
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If the bath does not mix spins ...

Z = Zbach/ dry.. / dTn/ dry.. /
o1- Unval On

Try [Te*de)d,,“ (rn)d, (Fn)edoy (r1)d), (ﬁ)} det[F (7 — 7))

We can separate spins and have spin dependant indices if F' is a matrix that does not couple spins.

B B B B
11 Z/ dﬁ"‘../ drg/ d%{"../ d7g || x
o Ng 0 7—70;—1 0 77—:—1

Tra [Te<5Hd) [T do () db(F)-do ()b (77 } (Hdet Fy r—f)])

Z = Zpath

everything depends on spin, but spin are separated
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Let’s forget spin and try to understand the Tr 4

Wehave 11 < 12 < ... < 1p @and 71 < T2 < ... < Tp. Let’s now focus on

Teq [Te™CHady, (ra)d], (7). doy (1), (71)]
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Let’s forget spin and try to understand the Tr 4

Wehave 11 < 12 < ... < 1p @and 71 < T2 < ... < Tp. Let’s now focus on
Teq [Te™CHady, (ra)d], (7). doy (1), (71)]

Let's startwithn = 1 with 8 <7 <7 <O0.
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Let’s forget spin and try to understand the Tr 4

Wehave 11 < 12 < ... < 1p @and 71 < T2 < ... < Tp. Let’s now focus on
Teq [Te™CHady, (ra)d], (7). doy (1), (71)]
Let's startwithn = 1 with 8 <7 <7 <O0.

Try [e*(fBHd)dm (r1)d}, (?1)]
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Let’s forget spin and try to understand the Tr 4

Wehave 1y < m <...<mand 7y < T2 < ... < Tp. Let’s now focus on
Teq [Te™CHady, (ra)d], (7). doy (1), (71)]

Let's startwithn = 1 with 8 <7 <7 <O0.

Tra [ef(BHG")d(,l (Tl)dj,l (7_'1)]

So only non zero term in the Tr is:

T [e™PHD dy, (ry)df, (71)] =(0le™ PHDd,, (1), (71)]0)

=(0le~(PHa) e Hag, eleHdeﬁHdd:f,l(; T1Hd)0)

[P O e iirieiieiieiiiiins |
T T1
o X 8
N 1
e T1Hgq1
1
dt
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Let’s forget spin and try to understand the Tr 4

Wehave 1y < m <...<mand 7y < T2 < ... < Tp. Let’s now focus on
Teq [Te™CHady, (ra)d], (7). doy (1), (71)]

Let's startwithn = 1 with 8 <7 <7 <O0.

Tra [ef(BHG")d(,l (Tl)dj,l (7_'1)]

So only non zero term in the Tr is:

T [e™PHD dy, (ry)df, (71)] =(0le™ PHDd,, (1), (71)]0)

=(0le~BHa) e Hag, o=T1HaeT1Ha d e~TiHa|o)

df
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Let’s forget spin and try to understand the Tr 4

Wehave 1y < m <...<mand 7y < T2 < ... < Tp. Let’s now focus on
Teq [Te™CHady, (ra)d], (7). doy (1), (71)]

Let's startwithn = 1 with 8 <7 <7 <O0.

Trg [ef(BHG")d(,l (Tl)dj,l (7_'1)]

So only non zero term in the Tr is:

T [e™PHD dy, (ry)df, (71)] =(0le™ PHDd,, (1), (71)]0)

:(0‘6*(5H¢1)671Hdd01 e~ T1Ha T1Hg d:rrle*‘?lHd |0)

- T
o4 : ;
- ! \ !
e—T1Har —(71-71)Hg 1
1 1
dt d
5 ALTERNATIVES
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Let’s forget spin and try to understand the Tr 4

Wehave 1y < m <...<mand 7y < T2 < ... < Tp. Let’s now focus on
Teq [Te™CHady, (ra)d], (7). doy (1), (71)]

Let's startwithn = 1 with 8 <7 <7 <O0.

Tra [ef(BHG")d(,l (Tl)dj,l (7_'1)]

So only non zero term in the Tr is:

T [e™PHD dy, (ry)df, (71)] =(0le™ PHDd,, (1), (71)]0)

—(BH, H —7 Hg 71 H —7 H
=(0le~BHa) e Hag, e~ T1HaeT ddzle T1Ha o)

dt d
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Let’s forget spin and try to understand the Tr 4

Wehave 1y < m <...<mand 7y < T2 < ... < Tp. Let’s now focus on
Teq [Te™CHady, (ra)d], (7). doy (1), (71)]

Let's startwithn = 1 with 8 <7 <7 <O0.

Trg [ef(BHG")d(,l (Tl)dj,l (7_'1)]

So only non zero term in the Tr is:

T [e™PHD dy, (ry)df, (71)] =(0le™ PHDd,, (1), (71)]0)

=(0]e ! 'Ha) g1 Ha dcle*ﬁHdeﬁHdd:rrle*ﬁHd |0)

P I
R
1 1
e~T1Hat o—(T1—7T1)Hg 1 —(B—71)Hg
1
dt d
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Let’s forget spin and try to understand the Tr 4

Wehave 1y < m <...<mand 7y < T2 < ... < Tp. Let’s now focus on
Teq [Te™CHady, (ra)d], (7). doy (1), (71)]

Let's startwithn = 1 with 8 <7 <7 <O0.

Tra [ef(BHG")d(,l (Tl)dj,l (7_'1)]

So only non zero term in the Tr is:

T [e™PHD dy, (ry)df, (71)] =(0le™ PHDd,, (1), (71)]0)

=(0]e~BHa) e Hag e*ﬁHdeﬁHdd’crrl e~ T1Ha|0)

dt d
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Let’s forget spin and try to understand the Tr 4

Wehave 1y < m <...<mand 7y < T2 < ... < Tp. Let’s now focus on
Teq [Te™CHady, (ra)d], (7). doy (1), (71)]

Let's startwithn = 1 with 8 <7 <7 <O0.

Tra [ef(BHG")d(,l (Tl)dj,l (7_'1)]

So only non zero term in the Tr is:

T [e™PHD dy, (ry)df, (71)] =(0le™ PHDd,, (1), (71)]0)

=(0]e~BHa) e Hag e*ﬁHdeﬁHdd’crrl e~ T1Ha|0)

[P O @ eeeiiiieeeiians |
7 1
o 4 2 p
1 1
e_TlHd: 1 o= (B—T1)Hg
1
dr d
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Role of 7 versus 7 ?

A< TrgT [e’(ﬂHd)dgl(n)d:ﬂl (7"1)] = < 0le™BHD G, (r1)d}, (71)[0 >
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Role of 7 versus 7 ?

A< TrgT [e*ﬁHdmm (r1)d,
| ......
0

T1 > T1 TrgT [ei(BH”da.(Tl)dL

(7)) = < 0= CHD G, (m)d],, (71)]0 >

()] = < 1leFHD AL (71)do, ()1 >
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More operators

n=0 Feerme e
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More operators

n=0 Feerme e
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More operators

n=0 Feeeeee e |

n=1 | PR PP S |
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n=0

n=1

More operators
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o 4

1 8. P
} P °
T1 T1

= +



More operators

n=0 foree e
0 B
n=1 |!_79 ...................
0 T1 1 ,3
n=2 }!_7_.!_79 .......
0 T1 1 T9 2 ﬁ
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More operators

n=0 Feerme e | }
0 B 0

n=1 forrere s @@ | } PO °
0 T1 T1 8 0 T1 T1

n=2 | FTTTTTPY IS S WU SRR | — e Y UL PR
0 T1 T1 T2 T2 8 0 T1 T1 T2 T2
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Calculation of trace: need spins

< 00le=PFHDdy (rf)dy (r])d] (7)dL (7])]00 >

o=t [P ° @ eeannns I
0 7"1T TlT

o :J( | EETTT PP Ps P
0 7 o

Hy = Zaod];dg + Ungnﬁ
o

< 00le~FHDdy (r1ydy (r])d] (7))L (7])]00 >=
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Calculation of trace: need spins

< 00le=PFHDdy (rf)dy (r])d] (7)dL (7])]00 >

!
o =1 [ERTTP ° P |
o 7 2l B
/V
o=\ IR . ol
0 ‘rf Tll B

Hy = Zaod];dg + Ungnﬁl
o

< 00~ BHD 4 (r})dy (v ) (7)d (7])]00 >= exp [7::(.(/7‘ yy )}
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Calculation of trace: need spins

< 00le=PFHDdy (rf)dy (r])d] (7)dL (7])]00 >

l
o =1 frocreees ° @it |
o 7 R B
ot
A3
o=| oo c o |
0 ‘rf ‘rli B

Hy = Zaod];dg + Ungnﬁl
o

< 00le™PHDd () dy ()] (F) L (F))I00 >= exp [ —eo (1T 14— 0T
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Calculation of trace: need spins

< 00~ BHDdy (r})dy (r3)dL (7)) dr (7])d] (7)dL (7]) |00 >

4] 1 M =17+
o =1 | PP — giiie-.. @ unnn |
o A N
o OIS ot =040
&
o=l foerernemmaniiianias P Y|
0 7 B

Hy = Zaod];dg + Ungnﬁl
o

< 00le=PHDdy (r)dy (r])dL (7 (7] (7l (F])100 >= exp |07+ 14) 00T
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Expression of the partition function

We add:

B B B B
Z = Zpath {H <Z/O dri’.../ drg/o dﬁ’.../ d?ﬁ)] x
o Ng 73_1 ?Z 1

Tra [Tede)Hdg(T;;)d;(T )ewrdo ()5 (77 } <Hdet [Fo ( rf)])
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Expression of the partition function

We add:

B B B B i
Z = Zpatn {H <Z/O dri’.../ drg/o dﬁ’.../ d?,‘{) X
o Ng 73_1 T 1 p

Trq [Te(BH‘” [1do )l (7). do (r7)d] (7])

<H det[F, (7 — 7-)])

We now have

B B B B i
Z = Zpatn {H <Z/O dri’.../ drg/o dﬁ’.../ d?,‘{) X
o Ng TZ—l T 1 p

exp [750(11 +1)+ UOIl] (H det[F, (7 — T)])

@ Where [T, I+ and O™ are functions of all the 77 ...77.
@ F(r —7)is also a function of all the 7{...77.
@ This integration can be sampled by Monte Carlo.
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Monte carlo

We have

B B B B
Z = Zpatn {H <Z/O dri’.../ drg/o dﬁ’.../ d?ﬁ)] X
o Ng 73_1 ?Z 1

exp [fso(li +1¥) + UOI}] (H det[F, (7 — T)])
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Monte carlo

We have

B B B B
Z = Zpath {H <Z/O dri’.../ drg/o dﬁ’.../ d?ﬁ)] x
o Ng 73_1 T 1

exp [fso(li + 1)+ UOI}] (H det[F, (7 — T)])

The partition function can be rewritten as

Z=> f(x)
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Monte carlo

We have

B B B B
Z = Zpatn {H <Z/O dri’.../ drg/o dﬁ’.../ d?ﬁ)] x
o \ne Tho1 Tho1

exp [fao(ll + 1)+ UOI}] (H det[Fy (T — T)])
-
The partition function can be rewritten as
z=3 f@)
Where for each x, we have to specify an expansion order for each spin n,

(@) = Zoaan (dr)2 "1 F " exp [~eo(lh + 1) + UOT] (H det[Fo (7 — r)l)

@ Metropolis algorithm is used to sample the configurations according to the distribution function
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Reminder: Monte Carlo, detailled balance and Metropolis algorithm

1

@ The goal is to compute (A) = 7

/dmf(m)A(a:) with Z — /f(a:)dm
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Reminder: Monte Carlo, detailled balance and Metropolis algorithm

@ The goal is to compute (A /da:f(m (z) with Z = /f z)dx

@ a Markov chain is a sequence of configuration x such that (4) = lim Z A(z;)

o Starting from a configuration x, the probability to generate z’ is such that

Zp(x%x'): 1

COMMISSARIAT A LENERGIE ATOMIQUE ET AUX ENERGIES ALTERNATIVES _



Reminder: Monte Carlo, detailled balance and Metropolis algorithm

@ The goal is to compute (A /da:f(m (z) with Z = /f z)dx

@ a Markov chain is a sequence of configuration x such that (4) = lim Z A(z;)

o Starting from a configuration x, the probability to generate z’ is such that
Zp(x —z)=1
II‘/

@ A Necessary condition for stationarity is

Zp(x)p(x —2') = Zp(x’)p(r’ — )
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Reminder: Monte Carlo, detailled balance and Metropolis algorithm

@ The goal is to compute (A /da:f(m (z) with Z = /f z)dx

@ a Markov chain is a sequence of configuration x such that (4) = lim Z A(z;)

o Starting from a configuration x, the probability to generate z’ is such that
Zp(x —z)=1
II‘/

@ A Necessary condition for stationarity is
Zp(x)p(x —2') = Zp(x’)p(r’ — )

@ The detailed balance condition is a sufficient condition for stationarity

p(x)p(x — ') = p(a)p(z’ — z)
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Reminder: Monte Carlo, detailled balance and Metropolis algorithm

@ The goal is to compute (A /da:f(m (z) with Z = /f z)dx
@ a Markov chain is a sequence of configuration x such that (4) = lim Z A(z;)

o Starting from a configuration x, the probability to generate z’ is such that
Zp(x —z)=1
oA Ne;essary condition for stationarity is
> p@p@ —a') = pa)pa’ — )
@ The detailed balance condition is a sufficient condition for stationarity
p()p(z = a') = p(z")p(z’ — x)

@ Metropolis algorithm

p(z — ') = min (Z((Q:)) , 1)
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Reminder: Monte Carlo, detailled balance and Metropolis algorithm

Metropolis algorithm:

p(z — 2') = min (Z((Q;l)) . 1)

Corresponding transition probability

p(z) > p(x’) p') > p(z)
p(x — ') p(z")/p(z) 1
p(x)p(z — ') p(z’) p(x)
p(’ — x) 1 p(z)/p(z’)
p(@)p(z’ — x) p(=) p(z)

The detailed balance is fullfilled with the Metropolis algorithm

p(@)p(z = 2') = p(a")p(z’ — x)
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Reminder: Monte Carlo, detailled balance and Metropolis algorithm

@ proposal probability and acceptance probability

p(x = 2') = pprop(z — = )pacc(z — z’)

@ Detailed balance

p(x)p(z — 2') = p(a")p(z" — )

becomes

p(@)pprop(x = &' )pacc(z = ') = p(a”)pprop (@’ = @)pace(z’ — )

@ Metropolis algorithm

! / N
pacc(ﬂC — .1") — min (p(l‘ ) Pprop(z x) 1)

p(x) pprop(z — @)’

COMMISSARIAT A L'ENERGIE ATOMIQUE ET AUX ENERGIES ALTERNATIVES _



Monte Carlo moves

Basic moves
@ insertion/removal of a segment

insertion
| ........ ,T-.l—q-.i ................... I 4
0 B removal
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Monte Carlo moves

Basic moves
@ insertion/removal of a segment

insertion
[T O @ rereeineanend | T feeeeeenes — ¢ -— @~
71 1 AP—— T T Ty T2
0 B removal 0 B

@ insertion/removal of a anti-segment

insertion
......... — ] T i o
} 71 T1 D e— ! 71 TL Ty T2
0 B removal 0 B
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Description of the insertion/removal of a segment

@ For a segment insertion:

insertion
Peeeeeeeen R P | D E— frovreneea TN ST | (a)
%
0 1 i B removal 0 1 T2 T2 B
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Description of the insertion/removal of a segment

@ For a segment insertion:

insertion
| FEET Y OSSR | S — [ PP e @@ e | (a)
0 1 i B removal 0 1 T2 T2 B

@ Choose insertion or removal with the probability 1/2
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Description of the insertion/removal of a segment

@ For a segment insertion:

insertion
[P P S | T }——— 00— e I (a)
0 1 i B removal 0 1 T2 T2 B

@ Choose insertion or removal with the probability 1/2
@ Choose atime 7» within d7 (3/dr times are available).
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Description of the insertion/removal of a segment

@ For a segment insertion:

insertion
[P P S | T }——— 00— e I (a)
0 1 i 8 removal 0 1 T2 T2 B

@ Choose insertion or removal with the probability 1/2
@ Choose atime 7» within d7 (3/dr times are available).
@ If 75 is in an existing segment, reject move.
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Description of the insertion/removal of a segment

@ For a segment insertion:

insertion
[P P S | T }——— 00— e I (a)
0 1 i 8 removal 0 1 T2 T2 B

Choose insertion or removal with the probability 1/2

Choose a time 75 within dr (8/dr times are available).

If 72 is in an existing segment, reject move.

If move is accepted, choose a time 2. Two general case are possible (a) and (b)

© ©6 6 ¢
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Description of the insertion/removal of a segment

@ For a segment insertion:

insertion
[P PP | T }——— 00— e I (a)
0 1 i 8 removal 0 1 T2 T2 B

Choose insertion or removal with the probability 1/2

Choose a time 75 within dr (8/dr times are available).

If 72 is in an existing segment, reject move.

If move is accepted, choose a time 2. Two general case are possible (a) and (b)
insertion

© ©6 6 ¢

T T 7 T
0 1 ! B removal 0 2 Tt * 2 B
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Description of the insertion/removal of a segment

@ For a segment insertion:
insertion
—_—

%
B removal 0

Choose insertion or removal with the probability 1/2

Choose a time 75 within dr (8/dr times are available).

If 72 is in an existing segment, reject move.

If move is accepted, choose a time 2. Two general case are possible (a) and (b)
insertion

© ©6 6 ¢

T T 7 T
0 1 ! B removal 0 2 Tt * 2 B

@ The proposal probability of the insertion is (I;max is the length available for the insertion).
1dr dr
2 B lmax

Pprop(z = @) =




Description of the insertion/removal of a segment

@ For a segment insertion:

insertion
[P P S | T }——— 00— e I (a)
0 1 i 8 removal 0 1 T2 T2 B

Choose insertion or removal with the probability 1/2

Choose a time 75 within dr (8/dr times are available).

If 72 is in an existing segment, reject move.

If move is accepted, choose a time 2. Two general case are possible (a) and (b)
insertion

© ©6 6 ¢

T T 7 T
0 1 ! B removal 0 2 Tt * 2 B

@ The proposal probability of the insertion is (I;max is the length available for the insertion).
1dr dr
2 B lmax

Pprop(z = @) =

@ The proposal probability of the removal is

11
’

T —=x)=—-—
pprop( ) 2n,




Description of the insertion/removal of a segment

@ For a segment insertion:

insertion
[P P S | T }——— 00— e I (a)
0 1 i 8 removal 0 1 T2 T2 B

@ Choose insertion or removal with the probability 1/2
@ Choose atime 7» within d7 (3/dr times are available).
@ If 75 is in an existing segment, reject move.
@ If move is accepted, choose a time 7. Two general case are possible (a) and (b)
insertion
froreer e @@ | | [T S PP *—] b
0 1 i 3 removal 0 2 T L 2 B ©
@ The proposal probability of the insertion is (I;max is the length available for the insertion).
(z > ,) 1dr dr
rop(T = @) = - —
Porep 2B lnax

@ The proposal probability of the removal is

11
’

T —=x)=—-—
pprop( ) 2n,

@ Then we use the Metropolis expression for the acceptance probability:

7 ’ —
Pacc(x — .r') = min <L(I ) 7ppr0p(x 2) s 1)

P(z) Pprop(z — z’)
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Acceptance probability

dr dr

. . . 1
@ The proposal probability of the insertion is: pprop (2 — ') = 250
max
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Acceptance probability

dr dr

. . . 1
@ The proposal probability of the insertion is: pprop (2 — ') = 250
max

1
@ The proposal probability of the removal is: pprop (z — ') = s
No

COMMISSARIAT A 'ENERGIE ATOMIQUE ET AUX ENERGIES ALTERNATIVES




Acceptance probability

1dr dr
2 B lmax
1

2ns

@ The proposal probability of the insertion is: pprop (2 — ') =

@ The proposal probability of the removal is: pprop (z — z”)

@ Then we use the Metropolis expression for the acceptance probability of the insertion

ro — ' !
Pace(x — &) = min (w pz )71>
Pprop (' — ) p(x)

ES ALTERNATIVES




Acceptance probability

ldr d
@ The proposal probability of the insertion is: pprop (2 — ') = 5 ?Tl T
max
1
@ The proposal probability of the removal is: pprop (z — ') = s
No

@ Then we use the Metropolis expression for the acceptance probability of the insertion

Pprop(@ = 2) p(z')
Porop(@ — ) p(2) 1)

Pacc(x — ac/) = min (

@ Using the probability p(x) from the partition function

p(2) = Zpaen (dr) 2TV exp [7€o(l1 +15) + Uo?] (H det[F, (7 — T)]>

COMMISSARIAT A LENERGI

MIQUE ET AUX ENERGIES ALTERNATIVES




Acceptance probability

ldr d
@ The proposal probability of the insertion is: pprop (2 — ') = 5 ?Tl T
max
1
@ The proposal probability of the removal is: pprop (z — ') = s
No

@ Then we use the Metropolis expression for the acceptance probability of the insertion

’ . Pprop(z = ') p(a’)
z') = e 1

Pace(z = =) mm (ppmp(xl — z) p(x) ’
@ Using the probability p(x) from the partition function

p(2) = Zpaen (dr) 2TV exp [7€o(l1 +15) + Uo?] (H det[F, (7 — T)]>

@ For an insertion of a segment p(x) and p(z")

’ / ’
Bl det[F'] exP [—eo(l +1¢) + UOTY']
n+1 det[F] exp [—50(11 + li) + Uoli]

Pace(z = ') = min (
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Acceptance probability

ldr d
@ The proposal probability of the insertion is: pprop (2 — ') = 5 ?Tl T
max
1
@ The proposal probability of the removal is: pprop (z — ') = s
Ne

@ Then we use the Metropolis expression for the acceptance probability of the insertion

’ . Pprop(z = ') p(a’)
z') = e 1

Pace(z = =) mm (ppmp(xl — z) p(x) ’
@ Using the probability p(x) from the partition function

P(@) = Zoaun(@r)*"1 " WVexp [—eo(1] +15) + UOT | (H det[Fy (7 — r)])

@ For an insertion of a segment p(x) and p(z")

’ / ’
Bl det[F'] exP [—eo(l +1¢) + UOTY']
n+1 det[F] exp [—50(11 + li) + UOIi]

Pace(z = ') = min (

@ similar expression can be obtained for other moves.
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Measurements

@ Occupations

(no) = —Tr [e(=FH)h, Zf

@ Double occupation (and interaction energy)

(nyng) = ,8 Z Zf yort
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Negative sign problem

Z:/f(a:)dm

(A) = %Tr (777 4)
On quantum systems, it can happen that f(z) < 0 for some x. How to randomly choose a
configuration with a negative (or even complex) probability ?
(A) 5y = Jdzf(@)A) _ [def(@)Ax) _ [ dx|f(z)|sgn(f(z))A(z)
1= [ daf(w) [ dzf() [ dalf (@)Isgn(f (@)

(sgn(f (@) A®@)) £ (2|
(sgn(f (@) (2]

We can thus sample sgn(f(z))A(z) with the probability | f(z)|.
Similarly, for complex f(z) = | f(x)|e*?(*), We can sample ¢*¢() A(z) with the probability | f(x)|.

A @) =
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Comparison between Iron and Cerium

e d orbitals in iron are much diffuse than f orbitals in cerium.

o V. is thus much larger
e The expansion as a function in Vj, needs more term in iron in comparison to

cerium.
. . T .
L i [ 2g 1
06 Cerium o
- 0 Ceriumy & 0.1— 7
= 1 F L |
£ A 005 —
021 H 1 H
0 | [ 0 all I] “ " " Nda
1] 10 0 10 20 30

Ordre en perturbation Perturbation order

COMMISSARIAT A L'ENERGIE ATOMIQUE ET AUX ENERGIES ALTERNATIVES _



Conclusion

@ For more general interaction for multiorbital case (d or f), the algorithm is more complex.
@ Calculation of Green’s function can be done using Legendre coefficients.

@ Interaction expansion is also possible.

@ Global moves can be necessary for multi-orbital systems.

Thanks to Jordan Bieder, Jules Denier, Valentin Planes.
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How to compute the effective interaction ?
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How to compute the effective interaction ?
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How to compute the effective interaction ?
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How to compute the effective interaction ?
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How to compute the effective interaction ?

Screening
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How to compute U ?

U is the screened interaction between electrons:

U = (x(r)x ()W, (r,r',w = 0)[x(r")x(r"))

where W is the screened interaction between correlated electrons.
o Direct calculation in LDA by constraint LDA !
e The coupling between d electrons and others is removed for the calculation.
o Direct approach by linear response theory 3
e The d local potential is modified.
o Calculation using the screening from LDA (GW formalism ?2)

o Frequency dependent interaction.

(1) Anisimov and Gunnarsson PRB 43 7570 (1991)
(2) Aryasetiawan, et al PRB 70 195104 (2004)
(3) Cococcioni and de Gironcoli PRB 71 035105 (2006)
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The constrained RPA method cRPA

e Screening is an essential part in the determination of U
e The screening is completely expressed in the dielectric function.
o W(r,r',w) = [e Hw,r,r")o(x —r')dr’
e The screening in response to a potential can be expressed through
perturbation theory as electron hole excitations: Usual perturbation
theory in quantum mechanics gives:

(OO WVoert B 0
Z EO _ EO/ |\I]n’ >

i) = o) +
n'#n
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The cRPA approach.

Polarisation: P= Pd + Pr

r A
EPrE
L
7 S S
! Pr |
° |
r 1
[}

o In cRPA, all excitations are taken into account except the one belonging to
the correlated subshell.

Picture from F. Aryasetiawan, The LDA+DMFT approach to strongly correlated materials E. Pavarini, E. Koch, D. Vollhardt, A. Lichtenstein (Eds.),
Forschungszentrum Jilich (2011).
F. Aryasetiawan, Imada, Georges, Kotliar, Biermann et Lichtenstein PRB 2004.
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The cRPA approach.

We call here x( the non interacting (Kohn-Sham) polarizability of the
system. Let’s now separate the correlated states (They could be d states
but the method is more general and correlated orbitals could gather
several orbitals from e.g different atoms) from the rest (r). We thus have:

correl

Xo=Xo" +Xo
thus, we can rewrite the inverse dielectric matrix as:
1 1
L= v(x6™™ + xp)

We now define the dielectric function due to correlated electrons as
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The cRPA approach.

1. 1
€correl — 1— W, Xgorrel ’

the dielectric function of the other electrons as
1
1

€ PR
1 —wxg

T

and the interaction screened only by the other (r) electrons as:
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The cRPA approach.

With these definitions, one shows that

-1 671 _ — 1 — 1 -1
correl -7 1— UXS _ UX(c)orrel 1— VX0

€

Thus, we have

~ =1 -1 —1
W=e V=€ elfr U

We can interpret this result: The fully screened RPA interaction is the
combination of two screening processes. First, the bare interaction is
screened by non-correlated electrons (r), and it gives rises to a screened
interaction W,.. Secondly the screening of this interaction by correlated
electrons recovers the fully screened interaction.
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Example of SrVO3

\‘\\\\\\\\\\\\\\\\\‘\\\‘\\\\
10 —
— total
~ 8 — O-p
3 Vet
Z 6
£
3 4
L
2
0

o metallic oxide with one d electron on the correlated atom (Vanadium).
o Hybridization between Oxygen and Vanadium.

e In a cubic environnement, d orbitals are splitted in two subgroups
called to; and e.
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Definition of correlated orbitals: example of SrVOs;.

VAL s
(AN N = 98Y
; N %
/ / N Extended Wannier functon

_]
b
=<
-
=
-
>
=<
-
=
-
>
=
-

Wannier orbitals are not pure Vd orbitals
No double counting, easier comparison with model studies.
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Definition of correlated orbitals: example of SrVOs;.

8’*
6
K Op
4k
bl
(T Wannler
3T o3 Bor
2
45 Op
6 Localized Wannier function
-8
R T

Wannier orbitals are more localized on V.
More realistic description of chemical bonding.
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Definition of correlated orbitals: example of SrVOs;.

8
6
K J op
4 co
2 Wanni
(T Y annier
@/ 07 ﬁOpg % XOp
2 —
r A oo
47 Op
6 Localized Wannier function
-3

Wannier orbitals are more localized on V.
More realistic description of chemical bonding.

Vitag4 only Vta4 + Oxygen p
More extended More localized
v 16.1 eV 19.4 eV
U 3.2eV 45eV
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oF - Bare interaction ) )
LDA effective interaction (non self-consistent)

[ — LDA+U effective interaction (self-consistent)

L

5 . I I . I .
0 10 20 30
o (eV)
@ |Interaction is frequency dependent.
@ The LDA and LDA+U effective interactions are very different.

@ The self-consistent calculation of U leads to reasonable values.

IIQUE ET AUX ENER ALTERNATIVES
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Effective interactions in cerium

T T T
DFT/LDA

DFT/LDA+U

10



DFT+DMFT scheme

DFT ‘
Di ize HXS | Define correlated orbitals
A
[ kohn-sham H:z:niltonian s ¥ DMFT Loop
[ Compute lattice Green’s function ]—

A
New electronic density|

Y
Compute local Green’s function
Compute Weiss field G, = ¥ — Glo¢

Y

Compute Green’s function impurity Solver (CTQMC)

Compute Self-energy
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Conclusion

@ DMFT can improve the description of

Paramagnetic Mott insulators
Paramagnetic-Ferromagnetic transition
Mott transitions

Correlated metals

@ Spectra, total, free energies and forces can be computed.

@ Electronic temperature on energy or spectra.

@ Can be computationaly expensive but can use efficiently supercomputers.
@ Use imaginary time/frequencies, requires analytical continuation.
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Definition of correlated orbitals

it] For an atomic orbital y, we have the identity

Z |‘1Jky> <\Ill(l/

If we restrict the number of Kohn Sham states, then the resulting sum
needs to be orthonormalized.

0= D W) (T |X)-
vew

The orthonormalization of |y) leads to well defined Wannier functions
|w), unitarily related to | ¥y, ) by

w) = Y (Vi |w) | i)

vew

|X> = Z |\I’ku><\1"ku|x>‘

A convenient way to define Wannier functions, especially for f electrons
systems.

V |. Anisimov et al., Phys. Rev B 71, 125119 (2005)
Amad ELkeghﬁmr @nnaA. @ s:dnsJallety TrWehling and A. I. Lichtenstein Phys. Rev. B 77, 205112 (2008) _




Wannier functions for a simplified molecule

O—o Uy = oo —agy f<a
€9 —

ov O—:

—O do

—ey

3\111 = oo+ Pov B

Two windows of energy are possible to compute wannier functions.

@ If only e is included, the correlated wavefunction is |x) = |¥2) and contains an Oxygen
contribution

@ Ifonly €1 and 3 is included, the correlated wavefunction is |x) = |¢v) and is much more
localized.
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