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Introduction 1
Question 1
A Fortran library for solving Ax = b gives the following results:
107 8 7 32 1
7 5 6 5 23 . 1
A = 2 610 9 b = 29 Solution: x = |
75 9 10 31 1
107 8 7 32.001 1.082
7 5 6 5 22.999 . 0.862
A=15610 9 b= 33001 Solution: x =1 5
75 9 10 30.999 0.979
10 7.021 &8 7 32 —2.77...
7 5) 6 5 23 . 7.19...
A=ls 6 109 b= 33 Solution: x =1 -
7 5 9 10 31 1.90...

Should you trust this library?
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Question 2

Constrained optimization is ubiquitous in quantum physics and chemistry
(e.g. Hartree-Fock, DFT, etc.). In Physics and Chemistry textbooks, such
problems are solved using the Lagrangian method.

Example: solve g(ixn)f: 0 E(x) where E : R? — Rand g : R? — R™ are regular.
Introduce the Lagrangian L : R? x R™ — R defined as
L(z,\) = E(x) + M g(x).
Then, the minimizers are obtained by solving the system of equations
V.L(x,\) =0

V/\L<ZIZ, )\) = O,

Application: d = 1, m =1, E(x) = =, g(z) = 2°

1+2Xx =0 N No solution, though = = 0 is obviously a minimizer!
z? =0 What’s the catch?
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Question 3

Diagonalizing the translation operators (TR )r 73

(Try))(r) = ¢(r — R)
Let 1) # 0 be such that Try) = C'(R)v for all R € Z° with C(R) € C. Since

CRP [ 1o dr = [1C@RwmP = [ [(Trw) Pdr—/wr— )2 dr
~ [ 1ot ax

then |C(R)| = 1 and therefore C(R) = ¢'“®), Since T, ' = TrTw/, We get
C(R) = ¢’*] for some k € R®. And from there, we get

Y(r) = e®Tu(r) where u is an Z3-periodic function
But then, [ |¢(r)|*dr = +00, and we can’t infer from (1) that |C(R)| = 1.

How to make this (physically correct) argument mathematically correct?
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Question 4

The bound states of the hydrogen atom Hamiltonian are known

A ! | A n € N*
h = —§A — - honom(r,0,0) = E@nim(r,0,9), 0</li<n-—1
" —(<m</

When two hydrogen atoms are at distance R > 1 a.u., their interaction
energy can be expanded as

C
AFE(R) = —Eg + h.o.t.  (van der Waals interaction)
The Cj coefficient can be computed by perturbation theory

Using the “sum over state” technique in the basis (¢, /,,,) we get

Cs >~ 3.923 u.a. to be compared with the correct value Cjs ~ 6.499 u.a.

What’s wrong in this approach?
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Question 5

Which spin states can you actually represent with your two hands?



Outline of the course

1. Spectral theory of self-adjoint operators

2. From molecules to materials

3. A bit of numerical analysis

4. Constrained optimization and Lagrange multipliers



1 - Spectral theory of self-adjoint operators

References:

e E.B. Davies, Linear operators and their spectra, Cambridge University
Press 2007.

e B. Helffer, Spectral theory and its applications, Cambridge University
Press 2013.

e M. Reed and B. Simon, Modern methods in mathematical physics, in 4
volumes, 2nd edition, Academic Press 1972-1980.

e M. Lewin, Théorie spectrale et mécanique quantique, Springer 2022.

Notation: in this section, 7{ denotes a separable complex Hilbert space, (-|-)
its inner product, and || - || the associated norm.
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Fundamental principles of quantum mechanics

1. To each quantum system is associated a separable complex Hilbert space H

2. If the state of the system at time ¢ is completely known (pure state), it
can be described by a normalized vector 1)(¢) of 7. The set of physically
admissible pure states is the projective space P(H).

3. Physical observables are represented by self-adjoint operators on H.

4. Let a be a physical observable represented by the self-adjoint operator A.
The outcome of a measurement of ¢ is always in o( A), the spectrum of A.

5. If, just before the measurement, the system is in the pure state ¢ (¢;),
then the probability that the outcome lays in the interval /| C R is
|1;(A)(to)]|*, where 1; is the characteristic function of 7 and 1;(A)
is defined by functional calculus.

6. If the system is isolated, its dynamics between two successive measures
is given by (t) = U(t — ty)¢(t;) where U(7) = e /" H being the
Hamiltonian, i.e. the self-adjoint operator associated with the energy.
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Definition (Hilbert space). A Hilbert space is a real or complex vector space
endowed with a inner product (-|-) and complete for the associated norm || - ||.

Definition (completeness). A sequence (1, ),cn of elements of a normed vector space (74, || - ||) is Cauchy if

Ve >0, INeN st Yg>p>N, |-t <e.

The normed vector space (74, || - ||) is called complete if any Cauchy sequence of elements of 7{ converges in 7.

Example: all finite-dimensional normed R- or C-vector spaces are complete.

e Endowed with the hermitian inner product, C? is a Hilbert space:

1/2
Xly)= D miy,  xl=&) = D |wlf

1<i<d 1<i<d

o Let S € C¥ be a positive definite hermitian matrix
(S;i=S;;forall 1 <i j <dandx*Sx > 0 for all x € C?\ {0}).
Then (x|y)s = x*Sy defines a inner product on C? and

vx € CL o M(S)x < lIxlls < Aa(S)IIx]l,
where \{(S) < \(S) < -+ < \y(9) are the eigenvalues of S.
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Fundamental examples: the Hilbert space L*(R?, C).

e The sequilinear form

wloyi= [ = [ PEvedr
R4 R4
defines a inner product on

CPRY,C) = {p € C*°R%C) | ¢ =0 outside some bounded set} ,
but C>*(R%, C), endowed with the inner product (|, is not a Hilbert space.

¢ To obtain a Hilbert space, we have to '"complete' it with ''all the limits
of the Cauchy sequences of elements of C>°(R%)". We thus obtain the set

L*(R%,C) = {g& RY = C | / o] < oo} ,
Rd
which, endowed with the inner product (|¢), is a Hilbert space.

® Technical details:

— one must use the Lebesgue integral (doesn’t work with Riemann integral);

— the elements of L>(R? C) are in fact equivalence classes of measurable functions (for the Lebesgue
measure) for the equivalence relation o ~ ¢ iff o = ¢’ everywhere except possibly on a set of zero
Lebesgue measure.



1 - Spectral theory of self-adjoint operators 11

Fundamental examples: the Sobolev spaces H'(R? C) and H?*(R?, C).
e The sets
H'RY,C) = {p e L*(R",C) | Vy € (L*(R?,C))"},
H*R%,C) = {p € L*(R,C) | Vy € (L*(R?,C))? and D*p € (L*(R?,C))"™"}

are vector spaces. Respectively endowed with the inner products

(eloyn = [ po+ [ Vo v,

R4
(wlove = [ o+ [ To-vor [ DT D%
Rd R4 R4
they are Hilbert spaces.

® Technical detail: the gradient and the second derivatives are defined by means of distribution theory.

Remark. Let o € H'(R?). A function ¢ € H'(RY) can be a very accurate
approximation of © in L>(R“) and a terrible approximation of © in H'(R%).

8111(712:62)

For instance, let () = ﬁ and ¢, (x) = (1 + ) ¢(x). The sequence

»)nen: converges to ¢ in L*(R) and goes to 1nﬁn1ty in (R).
¥
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Bounded linear operators on Hilbert spaces

Definition-Theorem (bounded linear operator). A bounded operator on #
is a linear map A : H — H such that

. AU
|A|| == sup A < 00.
ver\for ||V

The set 3(H) of the bounded operators on 7{ is a non-commutative algebra
and || - || is a norm on B(H).

Remark. A bounded linear operator A is uniquely defined by the values of
the sesquilinear form H x H 3 (¥, Uy) — (V,|AV,y) € C.

Definition-Theorem (adjoint of a bounded linear operator). Let A € B(H).
The operator A" € B(H) defined by

V(u,v) € Hx H, (u|dTv) = (Aulv),
is called the adjoint of A. The operator A is called self-adjoint if AT = A.

Endowed with its norm || - || and the x operation, 5(7#) is a C*-algebra.
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(Non necessarily bounded) linear operators on Hilbert spaces

Definition (linear operator). A linear operator on 7 is a linear map
A : D(A) — H, where D(A) is a subspace of # called the domain of A.
Note that bounded linear operators are particular linear operators.

Definition (extensions of Operators) Let A1 and A2 be operators on H. A2 is
called an extension of A; if D(A,) C D(A,) and if Vu € D(A,), Ayu = Aqu.

Definition (unbounded linear operator). An operator A on H which does
not possess a bounded extension is called an unbounded operator on 7.

Definition (symmetric operator). A linear operator A on H with dense
domain D(A) is called symmetric if

YU, Uy € D(A) x D(A),  (U1]AU,) = (AT4|W,).

Symmetric operators are not very interesting. Only self-adjoint operators
represent physical observables and have nice mathematical properties:

e real spectrum;

e spectral decomposition and functional calculus.
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Definition (adjoint of a linear operator with dense domain). Let A be a linear operator on 7/ with dense
domain D(A), and D(AT") the vector space defined as

D(A) = {v €M | Jw, € H s.t. Yu € D(A), (Au|v) = (u|wv>} .

The linear operator A" on H, with domain D(A"), defined by
Yo € D(AY), Aty = w,,

(if w, exists, it is unique since D(A) is dense) is called the adjoint of A.
This definition agrees with the previous one for bounded operators.

Definition (self-adjoint operator). A linear operator A with dense dom;un
is called self-adjoint if A" = A (that is if A symmetric and D(A") = D(A)).

Case of bounded operators:

symmetric < self-adjoint.

Case of unbounded operators:

symmetric (easy to check) Z self-adjoint (sometimes difficult to check)
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Some unbounded self-adjoint operators arising in quantum mechanics

e position operator along the ; axis:
- H = L*(RY),
- D(7)) = {u € L*RY) | rju € LAR) }, () (r) = r;0(r);

e momentum operator along the ; axis:
- H = L*(RY),
- D(p;) {u c L*(RY) | O, U € Lz(Rd)}, (Djd)(r) = —i&nj¢(r);

¢ Kinetic energy operator:
- H = L*(RY),

- D(T) = H*RY) = {u € L*(RY) | Au € L*(R)}, T = —1V? = ——A;

e Schridinger operators in 3D: let V € L2 (R* R) (V(r) = —% OK)
-H = L*(R?),
1
- D(H) = H*(R®), H = —§A + V.
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Definition-Theorem (spectrum of a linear operator). Let A be a closed’
linear operator on 7.

e The open set p(A) = {z cC|(z—A) : D(A) - H invertible} is called
the resolvent set of A. The analytic function
p(A) 3 2+ R(A) = (z— A)' € B(H)
is called the resolvent of A. Itholds R.(A)—R./(A) = (2’ —2)R.(A)R..(A).

e The closed set o(A) = C \ p(A) is called the spectrum of A.

o If A is self-adjoint, then 0(A) C R and it holds 0(A) = 0,(A) Uo.(A),
where 0,(A) and o.(A) are respectively the point spectrum and the con-
tinuous spectrum of A defined as

AN

op(A) = {z cCl(z—A): D(A) > H non-injective} — {eigenvalues of A}

o.(A) = {z € C|(z—A) : D(A) — H injective but non surjective}.

! The operator A is called closed if its graph I'(A) := { (u, Au), u € D(fl)} is a closed subspace of H x H.
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On the physical meaning of point and continuous spectra

Theorem (RAGE, Ruelle 69, Amrein and Georgescu ’73, Enss ’78).

Let H be alocally compact self-adjoint operator on L?(R“) with no singular
continuous spectrum. [Ex.: the Hamiltonian of the hydrogen atom.]

Let 7, = Span {eigenvectors of H } and . = 7—[;.
[Ex.: for the Hamiltonian of the hydrogen atom, dim(7#,) = dim(#,.) = oc.]

Let 5, be the characteristic function of the ball By = {r € R? | |r| < R}.
Then

(¢po € Hy) < Ve >0, dR >0, Vt >0, ‘(1 — XBR)G_“H%H; <e¢g;

(o € He) & VR >0, t£+moo HXBRG_%H%H; _0

H,, : subspace of localized states, ‘H. : subspace of scattering states
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Electronic problem for a given nuclear configuration {R 4}, < A<M

Ex: water molecule H,O
MZS,N:10,21:8,22:1,23:1

M
<A
)= 2 Ry

N N
1
_§ZArZ+ZUHUC rz + Z (Xla"'7XN):E\IJ(X17"'7XN)
1<7,<]<N Ti = rj|
Vp S GNa \Ij<xp(1)7 T 7Xp(N)> — 5<p)\IJ(X17 N 7XN>7 (Pﬂ“li priHCiple)

N
\IJEHNZ/\H1, Hi = 2(3><{T¢}' C)

Theorem (Kato ’51). The operator H N = —= Z Arﬁrz Vext (1) + Z

1<i<y<N

with domain D(Hy) := Hy N H*(R® x {1, ¢}) C)is self-adjomt on Hy.

2_r9|
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Theorem (spectrum of H N).

1. HVZ theorem (Hunziger ’66, van Winten ’60, Zhislin ’60)
oo(Hy) = [Zn,400) with Sy = mino(Hy_1) < 0and Xy < 0iff N > 2.

2. Bound states of neutral molecules and positive ions (Zhislin ’61)
M

IfN < 7 := Z Z 4, then H ~ has an infinite number of bound states.
A=1

Ground state Excited states

| /N

| | | LH ””%
I I [ T
0

EN

XN Continuous spectrum

3. Bound states of negative ions (Yafaev ’72)
If N > 7 + 1, then H ~ has at most a finite number of bound states.
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Spectra of Schrodinger operators with confining potentials

H = L*(R%), V e CO(RY), lim V(r) = 400 (confining potential)

r|—+00

A AN

1 . 1
D(H) = {g@ c L*RY) | — éAgo + Ve LQ(Rd)} , Yoe D(H), Hp= —§A¢+Vgp.

AN AN AN AN

H is bounded below and its spectrum is purely discrete (o4(H) = 0(H), 0ess(H) = ().

As a consequence, [ is diagonalizable in a orthonormal basis: there exist
¢ a non-decreasing sequence (£, ),y of real numbers going to +oo;
e an orthonormal basis (¢, ),cn of 7 composed of vectors of D(H),
such that A
VneN, Hy,=FE,,.

In addition, the ground state eigenvalue £/ is non-degenerate and the cor-
responding eigenvector can be chosen positive on R,
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Spectra of 3D Schrodinger operators with potentials decaying at infinity

V suchthat Ve >0, 3(Vh, Va) € LE(R®)X L®(R?) s.t. V = Vo+Vio and ||Vao|| 10 < €,

AN AN

) 1
H=L*R’), D(h)=H[R’, VoeD(h), hp= —580+ Ve

AN

The operator H is self-adjoint, bounded below, and o.(h) = [0, +0).

Depending on 1/, the discrete spectrum of h may be
e the empty set;
¢ a finite number of negative eigenvalues;

e a countable infinite number of negative eigenvalues accumulating at 0
(ex: Ridberg states).

If / has a ground state, then its energy is a non-degenerate eigenvalue and
the corresponding eigenvector can be chosen positive on R?.
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The special case of Kohn-Sham LDA Hamiltonians

) 1 . ,O(I'/) delPA
hKS — A KS th KS d / XC
) > +V,;° with V) Z = RA\ S r +—d,0 (p(r))

For any p € L'(R?)NL*(R?), the KS potential V/*° satisfies the assumptions
of the previous slide. In particular /7, is bounded below and ac(ﬁp) = |0, +00).

M

Let Z = Z 24 be the total nuclear charge of the molecular system and N = e

3
A=1 R

o If N < Z (positive ion), EES has a countable infinite number of negative
eigenvalues accumulating at 0.

o It N = Z (neutral molecular system) and if p¢g is a ground state density
of the system, then hffgs has at least NV non-positive eigenvalues.
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Spectra of (restricted) Hartree-Fock Hamiltonians

Let & = (¢1,--- ,¢n) € (H'(R?))" be such that gbqu] = 523,
W) =Y aineir),  py(r) = 29(r1) = 22 94(r)
= L*(R’), D(H)=HR’),

H
(¥ G)(r) = —2Ag(r)~S " — A ¢<r>+( alld dr') or)— [ 1) 400) g

R3 [T — 1| r3 [T — 1|

Let Z := >, z4. The operator A is self-adjoint, bounded below, and we have:
oo, =[0,4+00);
o if NV < Z (positive ion), EEF has a countable infinite number of negative
eigenvalues accumulating at 0;
o if N = Z (neutral molecular system) and if g is a HF ground state,

then h,IfGFS has at least NV negative eigenvalues (counting multiplicities).
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Spectra of Dirac Hamiltonians

H=LR%CY,  D(Dy)=H'R:CY,  Dy=cp-a+mc’B

pj = —iho;, ;= (fk Ook) ceC™,  p= ({)2 _012) c c

o1 = (? é) : 09 = (? 61) : O3 = ((1) _01) (Pauli matrices)

The free Dirac operator Dy is self-adjoint and

AN AN

0(Dy) = 0.(Dy) = (—00, —mc?] U [mc?, +00).
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Theorem. Let o .= 47;2 = ~ 1/137.036 be the fine structure constant. Let

. . Z
Dy =Dy— m, Z € R (physical cases: 7 =1,2,3,---).

oif |7| < 2—\/3 ~ 118.677, the Dirac operator D is essentially self-adjoint
(meaning that there exists a unique domain D( D) containing C>°(R3; C*)
for which D is self-adjoint);

oif | 7| > 2—@ ~ 118.677, D has many self-adjoint extensions;

o if |Z] <+ ~137.036, Dy has a special self-adjoint extension, considered
as the physical one. The essential spectrum of this self-adjoint exten-

sion is (—oo, —mc?] U [mc?, +oo) and its discrete spectrum consist of the
eigenvalues

o7 —1/2

DO | o
DO | Ot

Y Y

DO | —

E,j=mc |1+ , neN, j=

Zo
n—j—%—l—\/(]’—i—%)Q—Z%ﬂ

Many-body Dirac-Coulomb Hamiltonian are not understood mathematically.
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Functional calculus for diagonalizable self-adjoint operators

Let Abea self-adjoint operator that can be diagonalized in an orthonormal
basis (¢, ),cn (this is not the case for many useful self-adjoint operators!).

Dirac’s bra-ket notation: A = Z Al (enl, A €ER, {©mlen) = Omn-

neN

Then,
o the operator A is bounded if and only if || A|| = sup, |\,| < oo;
= {[1) = Xnencnlen) | Xnen(L + [Aa)lenl® < 00) }3
o 5,(A) = {\,},cyyand o.(A) = {accumulation points of {)\,} _}\o,(4);
o H, = H and H, = {0} (if A is a Hamiltonian: no scattering states!);

¢ functional calculus for diagonalizable self-adjoint operators: for all
f : R — C, the operator f(A) defined by

D(f(4)) = {|¢> = alew) | DA+ 1fO)P)eal* < 00 } =Y fWlen) (el

neN neN neN

is independent of the choice of the spectral decomposition of A.
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Theorem (functional calculus for bounded functions). Let B(RR, C) be the

AN

x-algebra of bounded C-valued Borel functions on R and let A be any self-
adjoint operator on 7{. Then there exists a unique map

Oy B(R,C)> f— f(A) € B(H)

satisfies the following properties:

1. &4 is a homomorphism of x-algebras:

(af+B9)(A) = af(A)+Bg(A), (fg)(A) = f(A)g(A), f(A)=fA;

AN

2. [[f(A)] < sup | f(z)];

zeR

3.if f,,(x) — x pointwise and | f,,(x)| < |z| for all n and all z € R, then

AN

Vi) € D(A), fo(A)p — Ay inH;

4.if f, () — f(x) pointwise and sup,, sup,cg | fn()| < oo, then
Y EH,  fulA) = f(A)in K,

In addition, if ¢» € 7 is such that Ay = \i), then f(A)Y = f(\).
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Theorem (spectral projections and functional calculus - general case -).

Let Abea self-adjoint operator on .

e For all \ € R, the bounded operator f’f = ]1(_OO,A](A), where 1_ y(-)
is the characteristic function of (—oco, \|, is an orthogonal projection.

e Spectral decomposition of A: for all (NS D(fl) and ¢’ € H, it holds

(| Ay = /R A d(y/|P{), which we denote by A = /R AdP{

Bounded complex measure on R

¢ Functional calculus: let f be a (not necessarily bounded) C-valued Borel
function on R. The operator f(A) can be defined by
|

D) = {wen| [IFPwlPY) < oo

Bounded positive measure on R

and

V(.)€ D(f(A)) x H, (/| f(A / N di' | B,
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Application of spectral theory and functional calculus: one-body density matrices
1-RDM associated with an /NV-body wavefunction W y
Yy (3%, %)+ = ([ W ()W (x) [ W)

=N \DN(X7 X2, t 7XN)\IJN(X/7X27 T 7XN)* dXZ T dXN
(R3x {1, })N -1

It is extremely fruitful to consider vy, (x,x’) as the integral kernel of an
operator “y, on 7, (also called 1-RDM or DM for short)

Vo € Hi,  (uyp)(x) = / Yoy (%, ) () dx
R3x{1,}

The operator 7y , is self-adjoint, diagonalizable, o (7, ) C |0,1], and Tr(yy,) = N
+00 +00
Juy = D nleeil,  (ejlep) =0, 0<n; <1, > nj=N
j=1 j=1

The ¢;’s are called the natural orbitals (associated with V), and the n;’s
the natural occupation numbers
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Application of spectral theory and functional calculus: one-body density matrices

When VU is the Slater determinant of orthonormal orbitals (¢1, -, vy),
then 4y . is the orthogonal projector on span(y;,--- , oy):
N
Joy =D _leesl, oy =Ty =4,

j=1
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Application of spectral theory and functional calculus: one-body density matrices

Consider a system of non-interacting “electrons” with one-body Hamiltonian h

Assume that / has at least N eigenvalues ¢ < g9 < --. < gy (counting
multiplicities) and that ¢y < €y (energy gap). Then

e NVE ground-state density matrix is

AN

ANVE = L (oo ) (P)

where ;. is any number in the range |cy, ey 1) (Fermi level)

+00
Assume that / is diagonalizable: / — Z gilei)(eils  (pjle) =0,
j=1

e NVT (canonical) ground-state density matrix:

A A A 1
ANVT = fﬁ<h — i), g such that Tr(4nyr) = N, fﬁ(5> - 1 + ebe

e VT (grand-canonical) ground-state density matrix:

Juvr = falh — p)



