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A few words about strong electron correlation



A brief reminder: Multi-configurational description of the stretched hydrogen molecule

Anti-bonding orbital
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Multi-configurational description of the stretched hydrogen molecule

Anti-bonding orbital
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Multi-configurational description of the stretched hydrogen molecule
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Multi-configurational description of the stretched hydrogen molecule

Anti-bonding orbital
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“Lattice” representation of a molecular or extended system

X,(I)

Orthonormalized

® °
atomic orbital ® ® ® ® o ®
or

localized ® o o ® o o o o
molecular orbital
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Second quantization, reduced density matrices,
and quantum entanglement
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Schrédinger equation in second quantization

H|¥,) =E)|%,)

Step 1: Choose a one-electron orthonormal basis of molecular spin orbitals {an}P_l s
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Schrodinger equation in second quantization

H|¥,) =E)|%,)

Step 1: Choose a one-electron orthonormal basis of molecular spin orbitals {q&P}P_l 3

Step 2: Write the Hamiltonian in second quantization in that basis

2 (pplhlpg) iy + = Z (@r0o| & | ors) €55 2se
PQRS

See the video™ for further explanations

*https://www.youtube.com/watch?v=FQBrEl57pDA b



Schrodinger equation in second quantization

H|¥,) =E)|%,)

Step 1: Choose a one-electron orthonormal basis of molecular spin orbitals {q&P}P_l 3

Step 2: Write the Hamiltonian in second quantization in that basis

A A o 1 . At AT A A
H = Z (pplhloy) clﬁcQ + ) Z (@ppo| 8| vrps) C;CTQCSCR
PQ '\ ORS

annihilation operators

*https://www.youtube.com/watch?v=FQBrEl57pDA creation operators 13



Schrodinger equation in second quantization

H|¥,) =E)|%,)

Step 1: Choose a one-electron orthonormal basis of molecular spin orbitals {(pP}P_l s

Step 2: Write the Hamiltonian in second quantization in that basis

n ~ o 1 . At AT A A
H = Z[(goplhlgoQ)]c;cQ + ) Z (@ppo| 8| vrps) C;CTQCSCR
PO PORS

(Kinetic energy+nuclear attraction)

1 :
de @ p(X) <_5V% + velec—nuclei(x)) (,OQ(X) One-electron integrals
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Schrodinger equation in second quantization

H|¥,) =E)|%,)

Step 1: Choose a one-electron orthonormal basis of molecular spin orbitals {(pP}P_l s

Step 2: Write the Hamiltonian in second quantization in that basis

n A o 1 " At AT A A
H = Z(goplhlgoQ) clﬁcQ + ) Z((CUPCOQ|8|€0R€0S>)C;C£CSCR
PO PORS

(electronic repulsion) r,—1r,|

Two-electron integrals [del dez goP(Xl)gnQ(Xz) | goR(xl)an(xz)]
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Evaluation of the energy from the reduced density matrices

Ey = (Pol A ¥o) """ (H)y,
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Evaluation of the energy from the reduced density matrices

Ey = <ﬁ >l110

VaN VaN 1 VaN VaN VaN VaN
= hPQ <C;CQ>‘PO + = 8PORS <C;CT CSCR>‘I’O
9) Q
PQ PORS
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Evaluation of the energy from the reduced density matrices

Ey = (H)y,
VaN Va\ 1 VaN VaN VaN Vo
= hPQ <CI)CQ>WO + = 8PORS <C;CT CSCR>‘PO
o) 0
PQ PORS

One-electron reduced
density matrix (1RDM)

Ypo = <6;6Q>‘PO
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Evaluation of the energy from the reduced density matrices

Ey = (H)y,
IR 1 At A A
= Z hPQ[<C:>CQ>‘P(J + 5 Z 8PORS <C;CTQCSCR>‘PO
PQ PORS

One-electron reduced
density matrix (1RDM)

Yro = <CA';CA'Q>\PO
S~ /

Often referred to as “density matrix”,
like in density matrix embedding theory (DMET)
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Evaluation of the energy from the reduced density matrices

Ey = (H)y,
1 ot AT A A
= Z hPQ[<C;r>CQ>‘P(J T 5 Z 8PQRS(<C;C;CSCR>\PO}
PQ PORS
One-electron reduced Two-electron reduced
density matrix (1RDM) density matrix (2RDM)

Yro = <CA';QCA'Q>\1!O I'posr = <6;6£6S6R>T0
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Meaning of the reduced density matrices

Let’s consider a 2D lattice of localised spin-orbitals

° ° ° °
® ° ® ®
e re R o
o Ue ®S ®
° ° ® ®
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Meaning of the reduced density matrices

Yro = (‘PO |[63;6Q | ‘P())]

<

1RDM

or)

OR

(N

22



Meaning of the reduced density matrices

Fposr = (Yo |[5;5265@R | To)} 2RDM

<

PR
® Pe® OR ®

® Qe ®S ®
\/
® ® ® ®
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Meaning of the reduced density matrices

Fposr = (Yo |[5;5£65@R | To)} 2RDM

<
° ° ° ®
° ° ° °
® Ple oR ©
° Qo><oS °
° ° ° °
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Evaluation of the energy from the reduced density matrices

Ey = (H)y,
T 1 t AT A A
= Z hPQ[<C;CQ>‘P0] T 5 Z 8PQRS{<C;CTQCSCR>\PO}
PO PORS
One-electron reduced Two-electron reduced
density matrix (1RDM) density matrix (2RDM)
= (&%¢,) Tpose = (6121 680)
Y'ro = \CpCo/ly, POSR PCOCSCRIY,

The energy is an explicit functional of the 1 and 2RDMs!
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Evaluation of the energy from the reduced density matrices

In fact Ypo = ZR FPRQR
. PQ T N . 1
160 = By = \

Number of electrons

Ypo = (CA‘;CA‘QNJO FPQSR = <6;6TQ@S@R>‘PO

The energy is an explicit functional of the 1 and 2RDMs!
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Local evaluation of the energy (in a localised spin-orbital basis)

N e 1 A
So-called “lattice” representation (H) = Z o (Ehe,) + ) Z (pq|rs)(eielee,)
P4

pqrs
X,(T)

Orthonormalized

atomic orbital o ® ® ® ® ® ® ®

or

localized ® o ® PY ® P ® °
molecular orbital
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G. Knizia and G. K.-L. Chan, Phys. Rev. Lett. 109, 186404 (2012).
S. Wouters, C. A. Jiménez-Hoyos, Q. Sun, and G. K.-L. Chan, J. Chem. Theory Comput. 12, 2706 (2016).



Local evaluation of the energy (in a localised spin-orbital basis)

(H) = Z (&he >+ Z me

- pqrs
Fragmentatlon One electron Two-electron
for treating strong local electron correlations density matrix density matrix
(1RDM) (2RDM)
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G. Knizia and G. K.-L. Chan, Phys. Rev. Lett. 109, 186404 (2012).
S. Wouters, C. A. Jiménez-Hoyos, Q. Sun, and G. K.-L. Chan, J. Chem. Theory Comput. 12, 2706 (2016).



Local evaluation of the energy (in a localised spin-orbital basis)

So-called “lattice representation” (H) = Z (efe ) += Z (pqlrs)(eieiee,)

pqu

One electron Two-electron

density matrix density matrix
(1RDM) (2RDM)
o o ) ® ® o o ® ®
) o () ) o o ) ® ®
o o o o o o o
o o o ® o o o
o o o o o o o
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G. Knizia and G. K.-L. Chan, Phys. Rev. Lett. 109, 186404 (2012).
S. Wouters, C. A. Jiménez-Hoyos, Q. Sun, and G. K.-L. Chan, J. Chem. Theory Comput. 12, 2706 (2016).



Local evaluation of the energy (in a localised spin-orbital basis)

So-called “lattice” representation

Fragment’s environment Entanglement

G. Knizia and G. K.-L. Chan, Phys. Rev. Lett. 109, 186404 (2012).
S. Wouters, C. A. Jiménez-Hoyos, Q. Sun, and G. K.-L. Chan, J. Chem. Theory Comput. 12, 2706 (2016).



Quantum entanglement of a fragment with its environment

The PORS orbital fragment is NOT disconnected from the other orbitals
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Quantum entanglement of a fragment with its environment

The PORS orbital fragment is NOT disconnected from the other orbitals

® o ® ®
o o o o

a Y
o Pe OR ®

Open quantum
subsystem

o | Ceo N °

\_ y
o o o ®



Quantum entanglement of a fragment with its environment

A e 1 NV
H = Z hPQ C;CQ + 5 Z gPQRS C;CTQCSCR
PO PORS

In principle, we need to solve the Schrédinger equation
in order to evaluate the (ground-state) energy:

H|¥,)) =E,|¥,)

33



Quantum entanglement of a fragment with its environment

A e 1 NV
H = Z hPQ C;CQ + 5 Z gPQRS C;CTQCSCR
PO PORS

In principle, we need to solve the Schrédinger equation
in order to evaluate the (ground-state) energy:

H|¥,)) =E,|¥,)

A |W¥,) consisting of electrons simply distributed among disconnected fragments
cannot be described by H | ¥ ))!

34



Quantum entanglement of a fragment with its environment

Summation running
over the full lattice!

® ® ®
A
To{lo o
® Pe OR
® Qlo N
Lo/o °
T # 0
® ° ®

Entanglement
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Quantum entanglement of a fragment with its environment

PQ

Summation running
over the full lattice!

o ® ® ®

I'e® ® ® ®
\ ﬂ 8pmrs 7 U

® Pe OR o
Entanglement

o |(Cle oS o

L 4\
® ® ® (W74



Quantum entanglement of a fragment with its environment

The evaluation of the RDMs requires, in principle, the wave function ‘PO
of the entire system

® ® @ ®
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Philosophy of density matrix embedding theory (DMET)

G. Knizia and G. K.-L. Chan, Phys. Rev. Lett. 109, 186404 (2012).
S. Wouters, C. A. Jiménez-Hoyos, Q. Sun, and G. K.-L. Chan, J. Chem. Theory Comput. 12, 2706 (2016).

38



week ending

PRL 109, 186404 (2012) PHYSICAL REVIEW LETTERS 2 NOVEMBER 2012

Density Matrix Embedding: A Simple Alternative to Dynamical Mean-Field Theory

Gerald Knizia and Garnet Kin-Lic Chan

Department of Chemistry, Frick Laboratory, Princeton University, Princeton, New Jersey 08544, USA
(Received 25 April 2012; published 2 November 2012)

We introduce density matrix embedding theory (DMET), a quantum embedding theory for computing
frequency-independent quantities, such as ground-state properties, of infinite systems. Like dynamical
mean-field theory, DMET maps the bulk interacting system to a simpler impurity model and is exact in the
noninteracting and atomic limits. Unlike dynamical mean-field theory, DMET is formulated in terms of
the frequency-independent local density matrix, rather than the local Green’s function. In addition, it
features a finite, algebraically constructible bath of only one bath site per impurity site, with no bath
discretization error. Frequency independence and the minimal bath make DMET a computationally simple
and efficient method. We test the theory in the one-dimensional and two-dimensional Hubbard models
at and away from half filling, and we find that compared to benchmark data, total energies, correlation
functions, and metal-insulator transitions are well reproduced, at a tiny computational cost.

DOI: 10.1103/PhysRevLett.109.186404 PACS numbers: 71.10.Fd, 71.27.+a, 71.30.4+h, 74.72.—h
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Local evaluation of the energy (in a localised spin-orbital basis)

So-called “lattice” representation

o ® o ® ® o o ® o
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&—— Open quantum system!
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G. Knizia and G. K.-L. Chan, Phys. Rev. Lett. 109, 186404 (2012).
S. Wouters, C. A. Jiménez-Hoyos, Q. Sun, and G. K.-L. Chan, J. Chem. Theory Comput. 12, 2706 (2016).



Clusterization procedure

Embedding cluster ¢

r Embedded fragment \
PY (impurities) PY
Pe (24
9e o
o o
Quantum bath
epin-orbita/ subspace) )
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Clusterization procedure

Reduction in size of the problem to be solved:

<6p6q > full system

(ehele

q Cs r>full system

et —

Embedding cluster ¢

° (impurities)
Quantum bath re o
= electronic reservoir
9@ oS
\ [

( Embedded fragment

~

G. Knizia and G. K.-L. Chan, Phys. Rev. Lett. 109, 186404 (2012).

S. Wouters, C. A. Jiménez-Hoyos, Q. Sun, and G. K.-L. Chan, J. Chem. Theory Comput. 12, 2706 (2016).

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).

S. Sekaran, O. Bindech, and E. Fromager, J. Chem. Phys. 159, 034107 (2023).
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Few-electron
correlated wave function
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Clusterization procedure

Reduction in size of the problem to be solved:

<6p6q > full system

(ehele

q Cs r>full system ~ <

B e
How many
bath orbitals?

Embedding cluster ¢

v ° (impurities)

Quantum bath Pe o’

= electronic reservoir

( Embedded fragment

~

G. Knizia and G. K.-L. Chan, Phys. Rev. Lett. 109, 186404 (2012).

S. Wouters, C. A. Jiménez-Hoyos, Q. Sun, and G. K.-L. Chan, J. Chem. Theory Comput. 12, 2706 (2016).

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).

S. Sekaran, O. Bindech, and E. Fromager, J. Chem. Phys. 159, 034107 (2023).

Cq>\P<“€

ATI\

\lfg

CCsC r>‘P%

ttannsTEEAN—

Few-electron
correlated wave function
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How many
bath orbitals?

Quantum bath
= electronic reservoir

Clusterization procedure

Reduction in size of the problem to be solved:

<ATA ~ <ATA

> full system ™ >‘P(5

~ (eTehe

<6TATA pCgCsC r>‘P%

p q Cs r>full system ™

R S e cetmmmesttip@yTT

Embedding cluster ¢

f Embedded fragment \
impurities
° (imp ) ®

9de e

° *

As many as the number of orbitals

in the fragment...

Pe e \P% Few-electron

correlated wave function

G. Knizia and G. K.-L. Chan, Phys. Rev. Lett. 109, 186404 (2012).

S. Wouters, C. A. Jiménez-Hoyos, Q. Sun, and G. K.-L. Chan, J. Chem. Theory Comput. 12, 2706 (2016).

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).

S. Sekaran, O. Bindech, and E. Fromager, J. Chem. Phys. 159, 034107 (2023).
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Clusterization procedure

Reduction in size of the problem to be solved:

<6p6q>full system ~ <3p3q>w

< CyCs r>full system ™ < C CsC r>‘P%
L et BEmmmemaae

4 orbitals here:
Why and how?

Embedding cluster ¢ How many?

: ( Embedded fragment \ j
\f ° (impurities) ® v
Quantum bath Pe e \P% Few-electron
correlated wave function

= electronic reservoir

G. Knizia and G. K.-L. Chan, Phys. Rev. Lett. 109, 186404 (2012).

S. Wouters, C. A. Jiménez-Hoyos, Q. Sun, and G. K.-L. Chan, J. Chem. Theory Comput. 12, 2706 (2016).

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021). 45
S. Sekaran, O. Bindech, and E. Fromager, J. Chem. Phys. 159, 034107 (2023).



Clusterization procedure

Reduction in size of the problem to be solved:

<6p6q>full system ~ <3p3q>w

< CyCs r>full system ™ < C CsC r>‘P%
L et BEmmmemaae

4 orbitals here:
Why and how?

Embedding cluster ¢ How many?

: ( Embedded fragment \ j
\f ° (impurities) ® v
Quantum bath Pe e \P% Few-electron
correlated wave function

= electronic reservoir

As many as the number of spin-orbitals
in the fragment
(half-filled embedding cluster)...
G. Knizia and G. K.-L. Chan, Phys. Rev. Lett. 109, 186404 (2012).
S. Wouters, C. A. Jiménez-Hoyos, Q. Sun, and G. K.-L. Chan, J. Chem. Theory Comput. 12, 2706 (2016).

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021). 46
S. Sekaran, O. Bindech, and E. Fromager, J. Chem. Phys. 159, 034107 (2023).



Mathematical construction and justification
of the DMET quantum bath
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Clusterization through a unitary one-electron transformation

Original lattice Resolution of the identity (RI)
representation

2y = Ad) = D ) (1) = D (L) 12,)
q q

S. Sekaran, O. Bindech, and E. Fromager, J. Chem. Phys. 159, 034107 (2023).
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Clusterization through a unitary one-electron transformation

5y = o) = D ) (19, = D (1) 12,)
q q

Original lattice
representation

pEFragment

[ h,)
{ | 2,) } = sy Bath subspace

T (not defined yet)

| )(p) Fragment

Same space, { | ¢%> } Cluster’s environment
different basis (not defined yet)

49
S. Sekaran, O. Bindech, and E. Fromager, J. Chem. Phys. 159, 034107 (2023).



Clusterization through a unitary one-electron transformation

So-called “lattice representation”

S. Sekaran, O. Bindech, and E. Fromager, J. Chem. Phys. 159, 034107 (2023).
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Clusterization through a unitary one-electron transformation

® .{¢%}.o °

® [ “fragment+bath”cluster’s ®
® ® ( en\gro?mznt ) ® O
in-orbital subspace
° spin-orbi
o [ ®
o ® o ©
e ©
© ¢ ®
o o
o ° [ o
o
o ® © . o °°
®
® ® Quantum bath {¢b} ® ®
° ° o (spin-orbital subspace) P o
S ® o o o °
o o ® [
[ o o
o
®

S. Sekaran, O. Bindech, and E. Fromager, J. Chem. Phys. 159, 034107 (2023).
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Clusterization through a unitary one-electron transformation

Span the original lattice without overlapping with the fragment

® .{¢%}.o °

® [ “fragment+bath”cluster’s ®
® ® ( en\gro?mznt ) ® O
in-orbital subspace
° spin-orbi
o [ ®
o ® o ©
e ©
© ¢ ®
o o
o ° [ o
o
o ® © . o ®°©
®
® ® Quantum bath {¢b} ® ®
° ° o (spin-orbital subspace) P o
S ® o o o °
o o ® [
[ o o
o
® 62

S. Sekaran, O. Bindech, and E. Fromager, J. Chem. Phys. 159, 034107 (2023).



Unitary one-electron transformation in second quantization

AR AED AT BIPH
q

0

1) = | 4,) =d)[vac) = Y (x|, vac)
g SN—

|2,
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Unitary one-electron transformation in second quantization

2y = |4,) =d)|vacy = Y (x,|d,)¢} ] vac)
q

‘i; — Z v qbp)éjz
) - X

Embedding Lattice
representation representation

54



Unitary transformed density matrix

“fragment+bath”
embedding cluster

V= (d;dq) =

S E-EEEEEEEEEEEEE - YT T T T asmmmnn

S. Sekaran, O. Bindech, and E. Fromager, J. Chem. Phys. 159, 034107 (2023).
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Unitary transformed density matrix

“fragment+bath”
embedding cluster

— <dpdq> — T
Vew

We impose that constraint (this is what we want!)

S. Sekaran, O. Bindech, and E. Fromager, J. Chem. Phys. 159, 034107 (2023).
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Unitary transformed density matrix

“fragment+bath”
embedding cluster

S E-EEEEEEEEEEEEE - YT T T T asmmmnn

lattice
dicy= ) &he
< & f> <Xe | d)%) <\e}> Density matrix in the original
e¢Fragment lattice representation

Vef (supposed to be known!)
S. Sekaran, O. Bindech, and E. Fromager, J. Chem. Phys. 159, 034107 (2023).
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Unitary transformed density matrix

(dyey = )

e¢Fragment

“fragment+bath”
embedding cluster

S E-EEEEEEEEEEEEE - YT T T T asmmmnn

(el pe)(Eicy) = <

e¢Fragment

S. Sekaran, O. Bindech, and E. Fromager, J. Chem. Phys. 159, 034107 (2023).

Z yef)(e ¢%> ; 0’ Vf

Orthogonality constraint

58



The bath is a functional of the density matrix

!
Z Ve Xe ¢% =0, Vf

egFragment

fT

he bath is a functional of the fuII-systerD
density matrix y = (6};661)

r 3
lattice
3 Z YerlXe) ¢ = AB
\ A 7 fe Fragment y

S. Sekaran, O. Bindech, and E. Fromager, J. Chem. Phys. 159, 034107 (2023).
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The bath is a functional of the density matrix

dim &% = dim Fragment

A

fT

lattice

I\

L e Fragment

he bath is a functional of the full-system
density matrix y = (6;661)

~

3

Z yefl)(e) — ‘%

-

f € Fragment y

S. Sekaran, O. Bindech, and E. Fromager, J. Chem. Phys. 159, 034107 (2023).
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The bath is a functional of the density matrix

The bath orbital basis needs to be orthonormalized
(SVD, Householder transformation, ...)

A

rThe bath is a functional of the fuII-systerD
density matrix y = (6;661)
e 3
lattice

I\

Z yefl)(e) — ‘%

L e Fragment

f € Fragment y

s

S. Sekaran, O. Bindech, and E. Fromager, J. Chem. Phys. 159, 034107 (2023).
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Orthonormalisation of the bath orbitals

| Mf) = Z Yef | Xe)

e Fragment

Sy = Cwlup) = [8]

Overlap matrix
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Orthonormalisation of the bath orbitals

| Mf) = Z Yef | Xe)

e Fragment

Sff’ — (ufl Ltf/> =. [S]ff’ Overlap matrix

SX =X » A= ) XS,X, = < D Xg| Y Xf,uf,> >0

Vik f f

If the | uf> are linearly independent
(usually the case)
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Orthonormalisation of the bath orbitals

| Mf) = Z Yef | Xe)

e Fragment

Sff — <Mf| l/tf/> =. [S]ff’ Overlap matrix

B

) = D [S717], 1)

f

<¢b | (/)b’> - ; [S_l/z] bf [S_]/z] b'f' [S]f}w - 51717’
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Unitary transformed density matrix

Frag. Bath Cluster env.

Frag.

"N
1
S
Q
_..x..
Q>
N
1l
Bath

PGl T e e
>
o - -
g V&b Yee
5

S. Sekaran, O. Bindech, and E. Fromager, J. Chem. Phys. 159, 034107 (2023).
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What if the full-system density matrix is idempotent?

Du

D.-1

ON+4
DON+3
DN+2

1
11..

bad [l —

AT A — . Molecular orbital P
< d > — . ) -
pq 1 O representation! on

o. |§0p> = &;|V3C>
—;— )
——

Mean-field (HF)
or Kohn-Sham DFT

66
S. Sekaran, O. Bindech, and E. Fromager, J. Chem. Phys. 159, 034107 (2023).



What if the full-system density matrix is idempotent?

—_ Py
1 —_— Py
1 —_— PNy
1 —_— PNy3
) . —_— PNy2
7 — o : Molecular orbital — M
| - ' —
representation! o— o
0 .
° °
—— »
—0— ¢

_ Mean-field (HF,
Note that Tt Y = N G Total number of electrons or Koh n-\IShan(v D)FT

(in the full system)

67
S. Sekaran, O. Bindech, and E. Fromager, J. Chem. Phys. 159, 034107 (2023).



What if the full-system density matrix is idempotent?

Du

D.-1

ON+4

PN+3

PN+2
PN+1

1
11..

<
|

PN

bad [l —

Molecular orbital
<«
13

[
1 O representation!
.. O
91

Mean-field (HF)
) or Kohn-Sham DFT

Y

S. Sekaran, O. Bindech, and E. Fromager, J. Chem. Phys. 159, 034107 (2023).
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Unitary transformed idempotent density matrix

S. Sekaran, O. Bindech, and E. Fromager, J. Chem. Phys. 159, 034107 (2023).
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Unitary transformed idempotent density matrix

Vbl bt
A

= (diey = D, (x| vy = (wldhy) = ; S| . [s7],, = [8"],,

egFragment
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Unitary transformed idempotent density matrix

7%b7bf <—— Invertible! \l'

A

= (diey = D, (el vy = (uldhy) = ; S| .[s7],, = [8"],,

egFragment

&



Unitary transformed idempotent density matrix

Invertible!

S. Sekaran, O. Bindech, and E. Fromager, J. Chem. Phys. 159, 034107 (2023).
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Unitary transformed density matrix

Frag. Bath Cluster env.

Mean-field or
non-interacting

full-size calculation

S. Sekaran, O. Bindech, and E. Fromager, J. Chem. Phys. 159, 034107 (2023).

‘Belq

ureg

"AUD 19]SN|)
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Unitary transformed idempotent density matrix

e =

74
S. Sekaran, O. Bindech, and E. Fromager, J. Chem. Phys. 159, 034107 (2023).



Unitary transformed idempotent density matrix

Invertible!

v
Ogr Ogp: 7
~— T~ ~ : EE
}’ff+7bf17bb7bf = 1; /

l

The embedding cluster

Tr[yff] + It [7bb] — Lf —> contains exactly L, electrons!

I — ———

75
S. Sekaran, O. Bindech, and E. Fromager, J. Chem. Phys. 159, 034107 (2023).



Unitary transformed density matrix

f \ / Dimension of the fragment
- g
Lrlyel + 1 [Ybb] = Lrag, \. Frag. Bath Cluster env.
\_ J :

Mean-field or
non-interacting

full-size calculation

S. Sekaran, O. Bindech, and E. Fromager, J. Chem. Phys. 159, 034107 (2023).

‘Belq

ureg

"AUD 19]SN|)

/6



Clusterization through a unitary one-electron transformation

Ly, -electron embedding cluster &

a )

o

Exact at the
non-interacting \chg
or
mean-field ®
ion!
level of calculation! Quantum bath
(spin-orbital subspace)

\ _J

S. Sekaran, O. Bindech, and E. Fromager, J. Chem. Phys. 159, 034107 (2023).



Illustrative example
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Rings of hydrogen atoms (Hubbard model)

Effective
f ﬂ neighbouring atom

S IRCIS)

@ Two-electron system

4 L—-1 L—-1 A
— AT AT
- Z ( (l+1>6+c(z+1) w)"'UZ 1%i) CiyCiy
L oc=1,] =0 i=0 y

G. Knizia and G. K.-L. Chan, Phys. Rev. Lett. 109, 186404 (2012).
S. Sekaran, M. Tsuchiizu, M. Saubanere, and E. Fromager, Phys. Rev. B 104, 035121 (2021). 79
S. Sekaran, M. Saubanére, and E. Fromager, Computation 2022, 10, 45.



Approximate embedding of interacting Hamiltonians

One-electron Hamiltonian
of the cluster Pbath

h%

NS

Exact non-interacting (i.e., for U = ()
embedding

S. Wouters, C. A. Jiménez-Hoyos, Q. Sun, and G. K.-L. Chan, J. Chem. Theory Comput. 12, 2706 (2016).
S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).
S. Sekaran, M. Saubanere, and E. Fromager, Computation 2022, 10, 45.
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Approximate embedding of interacting Hamiltonians

One-electron Hamiltonian
of the cluster

Two-electron repulsion
on the impurity

—

Ao single lmpurlty Ao
h he + (pplpp)€).e' &, 8

NS

Exact non-interacting
embedding

S. Wouters, C. A. Jiménez-Hoyos, Q. Sun, and G. K.-L. Chan, J. Chem. Theory Comput. 12, 2706 (2016).
S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).
S. Sekaran, M. Saubanere, and E. Fromager, Computation 2022, 10, 45.
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Approximate embedding of interacting Hamiltonians

One-electron Hamiltonian
of the cluster

U

|
—

Ao single lmpurlty Ao
h he + (pplpp)€).e' &, 8

NS

Exact non-interacting
embedding

S. Wouters, C. A. Jiménez-Hoyos, Q. Sun, and G. K.-L. Chan, J. Chem. Theory Comput. 12, 2706 (2016).
S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).
S. Sekaran, M. Saubanere, and E. Fromager, Computation 2022, 10, 45.
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Half-filled uniform Hubbard ring with L. = 400 atomic sites

E/L Z Z—t(c c(l+1)(,+c(+1) w>+UZ TATLAziézT

1,4 i=0
0.01= exact (BA) ‘
| — Ht-DMFET \

-0.3 : = DMET
> Ht-DMFET (NIB) | /
% Non-interalcting bath R * o
CICD -0.6 bwe get!
2 / P
21-0.9 £ | &
) .
o oo°....
__/ _1.2_‘7//

n=1= N/L
-1.5
0.0 0.2 0.4 0.6 0.8
U/(U+4t1)

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).



2 (1080 ¥E)
o=1, \/
A 1.00 e

Uit=0.2

0.75

0.50

0.25

(impurity site occupation)

Dotted lines: Non-interacting bath (NIB)

0.00 0.25 0.50 0.75 1.00
filling n = N/L A

L = 400 atoms

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).



Approximate embedding of interacting Hamiltonians

One-electron Hamiltonian

Chemical potential
of the cluster

on the impurity

U

Il
X single lmpurlty Ao - ~imp At A
h h” + <pp|pp>c l Cp1Cpt — Z CpoCpo

o=T1,l
N

Exact non-interacting
embedding

S. Wouters, C. A. Jiménez-Hoyos, Q. Sun, and G. K.-L. Chan, J. Chem. Theory Comput. 12, 2706 (2016).
S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).
S. Sekaran, M. Saubanére, and E. Fromager, Computation 2022, 10, 45.
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Approximate embedding of interacting Hamiltonians

One-electron Hamiltonian

Chemical potential
of the cluster

on the impurity

U

|
~—

h + (pplpp) € & &, 85 —a" 2 Chlpe

N

Exact non-interacting Approximate interacting
embedding embedding

h% single lmpurlty

S. Wouters, C. A. Jiménez-Hoyos, Q. Sun, and G. K.-L. Chan, J. Chem. Theory Comput. 12, 2706 (2016).
S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).
S. Sekaran, M. Saubanére, and E. Fromager, Computation 2022, 10, 45.
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Half-filled uniform Hubbard ring with L. = 400 atomic sites

E/L Z Z—t(c c(l+1)(,+c(+1) w>+UZ TATLAziézT

1,4 i=0

0.0= exact (BA) ‘

| — Ht-DMFET \

-0.3 : = DMET SN
> Ht-DMFET (NIB) / - with 7P
(@) , , .

O Non-interagcting bath K
CICD -0.6 1, without
2 . / jgimp
?1-09 .
(O oo
Q- oo°....
— -1.2774"/
n=1= N/L
-1.5
0.0 0.2 0.4 0.6 0.8

Ul(U+4t)

S. Sekaran, M. Tsuchiizu, M. Saubanere, and E. Fromager, Phys. Rev. B 104, 035121 (2021). 87



(Hubbard) model of a stretched 400-atom hydrogen ring

0.2 — exact (BA)
. — Ht-DI\/lFEiT — DMET
> 1 — Ht-DMFET (NIB)
=’ -0.4 —— .
[0)) x NIB, Nimp =2
S + NIB, Nimp = 3
9
k2 -0.6 Single embedded
s ™ hydrogen atom
8 |[ur=s /

-0.8

0.2 0.4 0.6 0.8 1.0
n = Nelectr0n5/400

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021). 88



(Hubbard) model of a stretched 400-atom hydrogen ring

0.2 — exact (BA)
o — Ht-Dl\/lFEiT — DMET
> 1 — Ht-DMFET (NIB)
= -04 —— “
[0)) x NIB, Nimp =2
S + NIB, Nimp =3
..q_.J Two emb
CT) -0.6 hydrogen
S Ut=8

-0.8

0.2 0.4 0.6 0.8 1.0
n = Nelectmns/400

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021).



Self-consistent embedding
and

connection with DFT
(still for a single impurity and a uniform full-size system)
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Fixing the number of electrons versus fixing the chemical potential

_ At ata o
Z Z t(c c(l+1)0+c(+1) )+UZ Ci1Ci CilCi

oc=1,l i=0

.. and we fix the number of electrons in the system
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Fixing the number of electrons versus fixing the chemical potential

Z Z—t(c c(l+1)0+c(+1) )+UZ 21 GGl

oc=1,l i=0
[f]_lu Z ¢! C. “Grand-canonical” Hamiltonian

Chemical potential
= uniform external potential
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Fixing the number of electrons versus fixing the chemical potential

Z Z—t(c c(l+1)o_+c(+1) )+UZ ATAlAliclT

c=1,] =0

L—

1
H—//t Z Cia o

I oc=1,] =0

Chemical potential
= uniform external potential

= N(u): Total number
l of electrons

Uniform Z . N
density profile n= ClC, )=—
(twice the filling): ot | ‘0 [ +— Total number

of sites

93



Self-consistency through a connection with density functional theory

L—-1
H(U) —p Z Z 61'0.61'0 True interacting Hamiltonian (U # 0)
T oc=1,l i=0

Fixed chemical potential n = n(lu) — (7
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Self-consistency through a connection with density functional theory

L—-1
H(U) —p Z Z 63-0.61'0 True interacting Hamiltonian (U # 0)
T oc=1,l i=0

Fixed chemical potential n = n(lu) — ‘7
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Self-consistency through a connection with density functional theory

L—1
H(U) —p Z 61‘061'0 True interacting Hamiltonian (U # 0)
T o=1.,l i=0
Fixed chemical potential 71 = n(lu) —J

I—1 “Low-level” non-interacting full-size

A - Hamiltonian that generates the bath

HU=0) —p Z Z CoCic through its ground-state idempotent

I o=1,] i=0 density matrix

, _ <> Kohn—Sham full-size Hamiltonian
Unknown Kohn—Sham chemical potential

_IuKS = = KtV nKS — n(lu) ="
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Self-consistency through a connection with density functional theory

L—1
H(U) —p Z 61‘061'0 True interacting Hamiltonian (U # 0)
T o=1.,l i=0
Fixed chemical potential 71 = n(lu) —J

I—1 “Low-level” non-interacting full-size

A - Hamiltonian that generates the bath

HU=0) —p Z Z CoCic through its ground-state idempotent

I o=1,] i=0 density matrix

, _ <> Kohn—Sham full-size Hamiltonian
Unknown Kohn—Sham chemical potential

_IuKS = = KtV nKS — n(lu) ="
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Self-consistency through a connection with density functional theory

L—1
H(U) —p Z Z 61-681'0 True interacting Hamiltonian (U # 0)
T o=1.,l i=0
Fixed chemical potential 71 = n(lu) —J
“Low-level” non-interacting full-size
Hamiltonian that generates the bath
KS AT A
H(U = 0) —H Z Z icCio through its ground-state idempotent
[ o=1,] i=0 density matrix
Unknown Kohn—Sham chemical potential
KS _ KS _ —
—HTT = T UV n — n(/’t) ="
Impurity-interacting
H = h?e + yeét ¢ Fimp Z ot ¢ Hamiltonian
Pl CpiCpr —H po-po of the two-electron

o=1,] embedding cluster
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Self-consistency through a connection with density functional theory

L—1
H(U) —p Z Z 61-681'0 True interacting Hamiltonian (U # 0)
T o=1.,l i=0
Fixed chemical potential 71 = n(lu) —J
“Low-level” non-interacting full-size
Hamiltonian that generates the bath
KS AT A
H(U = 0) —H Z Z icCio through its ground-state idempotent
[ o=1,] i=0 density matrix
Unknown Kohn—Sham chemical potential
KS _ KS _ —
—HTT = T UV n — n(/’t) ="
Impurity-interacting
H = h?e + yeét ¢ Fimp Z ot ¢ Hamiltonian
Pl CpiCpr —H po-po of the two-electron

o=1,] embedding cluster
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Local potential-functional embedding theory (LPFET)

Vige(1) & 1P (n)

Self-consistency loop

Kohn-Sham lattice

n(I)OKSWch] = nlp(%luster[‘jHXC]

S. Sekaran, M. Saubaneére, and E. Fromager, Computation 2022, 10, 45.

/\ Embedding cluster

7

\

u
W 2 —n
~VHxc
Impurity Bath
orbital orbital

\
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Local potential-functional embedding theory (LPFET)

1.00 —exact®A | )
[ﬂEﬂ(n)=%a§;n)] coo H-DMFET =single-shot /' . ..o
’|— LPFET DMET  //-"
0.75 ;
~
=
Il
< 0.50
T

Lattice filling

0.25

0 “ vHXC =0
0.00 — —
-6 -5 -4 -3 -2 -1 0
w/t- U/(21)
S~ Chemical potential

S. Sekaran, M. Saubanére, and E. Fromager, Computation 2022, 10, 45. Of the true HU b b a I’d /attice 101



Local potential-functional embedding theory (LPFET)

“Bethe Ansatz” Density-driven Mott-Hubbard transition
1.00 = exact (BA)
[ﬂ ) = ”Em)] - Ht-DMFET |= single-shot
L on -
J |— LPFET DMET
. 0.75 :
=,
I
C
,!\ 0.50
Lattice filling
0.25
0.00
-6

S. Sekaran, M. Saubaneére, and E. Fromager, Computation 2022, 10, 45.

u/ t- U/(21)

S~ Chemical potential
of the true Hubbard lattice
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Mott-Hubbard density-driven transition and multiple impurities

1.00 Two embedded
' — exact|(BA) impurities n X
Single-shot DMET =[— Ht-DMFET
—— Ht-DMFET (NIB

%X NIB, Nimp = 2
0.75{=N&

filling n
o o
N @)
@) o
N
S
1|

0.00f

U/t =
6 5 4 3 2 0
Chemical potential € u/t - U/(Zt)

S. Sekaran, M. Tsuchiizu, M. Saubanére, and E. Fromager, Phys. Rev. B 104, 035121 (2021). 103



Recent developments and open questions
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Density-functional exactification
of
Density (matrix) Embedding Theory (DET)
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Density-functional exactification of D(IM)ET

= y 7
computation @,\Py check for

updates

Citation: Sekaran, S.; Saubaneére, M.;

Article Fromager, E. Local Potential
Local Potential Functional Embedding Theory: A Self-Consistent Functional Embedding Theory:
Flavor of Density Functional Theory for Lattices without A Self-Consistent Flavor of Density

. . Functional Theory for Lattices
Density Functionals . N

without Density Functionals.
Computation 2022, 10, 45. https://

doi.org/10.3390/computation10030045

1,% 2

Sajanthan Sekaran , Matthieu Saubanére and Emmanuel Fromager 1

Kohn-Sham-like Correlated
full system cluster
; P

i iy

yef

Ve

Idempotent

W. Bulik, G. E. Scuseria, and J. Dukelsky, Phys. Rev. B 89, 035140 (2014). 106
U. Mordovina, T. E. Reinhard, I. Theophilou, H. Appel, and A. Rubio, J. Chem. Theory Comput. 15, 5209 (2019).



A few words about what “Kohn-Sham DFT” refers to in this context
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A few words about what “Kohn-Sham DFT?” refers to in this context

Strictly speaking, we are dealing with a

site occupation functional theory (for lattice models)
or
a localized orbital occupation functional theory (for ab initio Hamiltonians)

K. Capelle and V. L. Campo Jr., Phys. Rep. 528, 91 (2013). 108
E. Fromager, Mol. Phys. 113, 419 (2015).



A few words about what “Kohn-Sham DFT” refers to in this context

Strictly speaking, we are dealing with a

site occupation functional theory (for lattice models)
or
a localized orbital occupation functional theory (for ab initio Hamiltonians)

Density = 4 #; = Z <6ZLGA16> = (7;)

o=1,l

K. Capelle and V. L. Campo Jr., Phys. Rep. 528, 91 (2013). 109
E. Fromager, Mol. Phys. 113, 419 (2015).



A few words about what “Kohn-Sham DFT?” refers to in this context

Kohn-Sham Hamiltonian in this context:

Regular one-electron part
of the true Hamiltonian H

K. Capelle and V. L. Campo Jr., Phys. Rep. 528, 91 (2013). 110
E. Fromager, Mol. Phys. 113, 419 (2015).



A few words about what “Kohn-Sham DFT?” refers to in this context

Kohn-Sham Hamiltonian in this context:

Regular one-electron part
of the true Hamiltonian H

— T~
= prp

H KS pa qa
P#q o

Il Il

& >

7 %ext

Analogs of the kinetic energy
and external potential operators
K. Capelle and V. L. Campo Jr., Phys. Rep. 528, 91 (2013). 111

E. Fromager, Mol. Phys. 113, 419 (2015).



A few words about what “Kohn-Sham DFT?” refers to in this context

Kohn-Sham Hamiltonian in this context:

Regular one-electron part
of the true Hamiltonian H

/ \
HKS:thqZ CpoCqo Z pp't p+2 HXCA

PFq o

Il 1l Analog of the
& Hxc potential of DFT

ext l

[mpmm = ()5 VpJ

K. Capelle and V. L. Campo Jr., Phys. Rep. 528, 91 (2013). 112
E. Fromager, Mol. Phys. 113, 419 (2015).



LPFET of finite and non-uniform (model or ab-initio) systems

What will be discussed in the following can be recovered (more rigorously)
from

an exact DFT-like theory*
where
local densities (localised orbital occupations)
are mapped
onto interacting embedding clusters

E. Fromager, Mol. Phys. 113, 419 (2015).
*W. Makhlouf, B. Senjean, and E. Fromager, to be submitted (2025).
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LPFET of finite and non-uniform (model or ab-initio) systems

What will be discussed in the following can be recovered (more rigorously)
from

an exact DFT-like theory*
where
local densities (localised orbital occupations)
are mapped
onto interacting embedding clusters

Note: Exact means FCI in this context!

E. Fromager, Mol. Phys. 113, 419 (2015). 114
*W. Makhlouf, B. Senjean, and E. Fromager, to be submitted (2025).



LPFET of finite and non-uniform (model or ab-initio) systems

What will be discussed in the following can be recovered (more rigorously)
from

an exact DFT-like theory*
where
local densities (localised orbital occupations)
are mapped
onto interacting embedding clusters

Kohn-Sham decomposition

F(n) = T (n) + Ey,(n)

F(n) = min <‘P ‘ T+W,, ‘I’> I (n) = min <‘P I T)
Y—-n Y-n
E. Fromager, Mol. Phys. 113, 419 (2015). 115

*W. Makhlouf, B. Senjean, and E. Fromager, to be submitted (2025).



LPFET of finite and non-uniform (model or ab-initio) systems

What will be discussed in the following can be recovered (more rigorously)
from

an exact DFT-like theory*
where
local densities (localised orbital occupations)
are mapped
onto interacting embedding clusters

Fragmentation of the Hohenberg-Kohn functional

gz(ﬁ) — gs(ﬁ) + EHXC(E)

=Y (| Y n Y <6j0_6j0 + 6;66,-0>+ U,

i j>i o

PE(n) )+ Epy()

*W. Makhlouf, B. Senjean, and E. Fromager, to be submitted (2025).
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LPFET of finite and non-uniform (model or ab-initio) systems

What will be discussed in the following can be recovered (more rigorously)
from

an exact DFT-like theory*
where
local densities (localised orbital occupations)
are mapped
onto interacting embedding clusters

Fragmentation of the Hohenberg-Kohn functional

LO/Tr(ﬁ) — gs(ﬂ) + EHXC(E)

=Y (| Y n Y (8;6]-0 + 6}66i0>+ U,

J>1 o

PE(n) )+ Epy()

Single-orbital fragments here n= {nl} where Z n,=N
]

*W. Makhlouf, B. Senjean, and E. Fromager, to be submitted (2025). 117



LPFET of finite and non-uniform (model or ab-initio) systems

f

"

and

Exact relation between {vHXC}

the chemical potential value /,tl.imp on the embedded impurity

~

_J

—

T (1) + Eggy() = )’ <‘P%’(n)

]

*W. Makhlouf, B. Senjean, and E. Fromager, to be submitted (2025).

22 (¢

Jj>i

o

el ¢ +CTA

103 JU

h

= {nl} where Zni=N

—

>+U “P%(n)>+EHXC(n)
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LPFET of finite and non-uniform (model or ab-initio) systems

Let’s have a simpler (approximate but practical)
iIndividual-cluster-based approach to the problem:

W. Makhlouf, B. Senjean, and E. Fromager, to be submitted (2025).
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LPFET of finite and non-uniform (model or ab-initio) systems

Elcil;c(ni) = <‘P(€l(”‘i) P?HP? ‘ \P(gl(”i)> — <¢Els(ni) p? (I'AIKS_VHXC> P? (DEZS(”;')>
A
Local density functional evaluation
of the
Hxc energy
120

W. Makhlouf, B. Senjean, and E. Fromager, to be submitted (2025).



LPFET of finite and non-uniform (model or ab-initio) systems

pe

Elic(”li) = <‘P<€i(ni)

P e | \p%"(n,.>> _ <q>§;<n,.> P (s 71

A

)

q)% (n,) >

A
Local evaluation Exact “projection
of the onto the cluster”
Hxc energy operator

121
W. Makhlouf, B. Senjean, and E. Fromager, to be submitted (2025).



LPFET of finite and non-uniform (model or ab-initio) systems

Elic(”i) — <T<€i(ni)

A

PE [pT ‘ WE ("z)> _ <(I)E;(ni)
A

pE ( Ao VHXC> pE

(D% (n,) >

Local evaluation Exact “projection
of the onto the cluster”
Hxc energy operator (fixed)

| can infinitesimally vary the local density n; within the embedding cluster
(while freezing the density in the other clusters)

122
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LPFET of finite and non-uniform (model or ab-initio) systems

Elic(”i) = <‘P<€l(ni) PEHP? ‘ lIchl(ni)> - <(I)Els(ni) p? (I'AIKS_‘A/HXC> P? (I)Els(ni)>
R A
Local evaluation  Projection
of the onto the cluster” True (ohysical)
operator rue (physica
Hxc energy P Hamiltonian
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LPFET of finite and non-uniform (model or ab-initio) systems

Elcic(”i) = <T<€i(ni)

A

p‘[gi ﬁp(gl ‘ qui (nl)> . < (DEZS (nl) pfgi ( I'AIKS_ Vch) pqgi (DEZS (nl)>
A A

Local evaluation  Projection The embedding i_s ex_act
of the onto the cluster” for the KS Hamiltonian

True (physical)
operator
Hxc energy P Hamiltonian
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LPFET of finite and non-uniform (model or ab-initio) systems

EE)ZC(HZ') = <\Pgi(”i)

A

PE [pT ‘ Yo (nl)> _ <(I)E;(nl-)

A

pE ( Ao VHXC> pE

(D%(”i)>

o The embedding
Local evaluation :P:ﬁlec’lf'or; is exact
onto the cluster” : :
ngf e’c:eer operator True (physical) for the KS Hamiltonian
gy Hamiltonian

No double counting!

125
W. Makhlouf, B. Senjean, and E. Fromager, to be submitted (2025).



LPFET of finite and non-uniform (model or ab-initio) systems

@' @ PG (1P | W& @' pE (1) _ (Hxe | pE | @E’
E® (n) = <‘P (n) | ¥ AP “P (n,.)> - <c1>KS(n,.) p (HKS—V XC)P chS(n,.)>
OEf () _ -
— H "\2.,H

) _ e B Gl

n; i
Projection of the Hxc potential
onto the bath (denoted gbl;g "here)
Ensures that the KS cluster reproduces #;
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LPFET of finite and non-uniform (model or ab-initio) systems

Dl (n )>

EZ (n) = <\P‘g"(nl.) P ape ‘ lIfg"(n,-)> —~ <c1>“€’ (n) | P? (ﬁKS—VHXC) p?

ch(n )
on.

l

— //llmp+VHXC Z <)(k|¢b ’>2 Hxc

HXC (n ) ~ v HXC
on; :

i
1mp ~ _Z <)(k|¢b ’>2 Hxc
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LPFET of finite and non-uniform (model or ab-initio) systems

Elcic(”i) = <lP<€i(ni)

PE [pT ‘ We (nl)> _ <(I)Eg(n,-)

pE ( Ao ‘7ch> pE

(D%(ni)>

ch(n )
on.

l

— //tlmp+VHXC Z <)(k|§bb ’>2 Hxc

HXC (n ) ~ v HXC
on: :

l

: Uniform case :
1mp  — Z <)(k|¢b >2 Hxc > [ ”}mp ~ VHXC] %
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LPFET of finite and non-uniform (model or ab-initio) systems

Elcic(”i) = <lP<€i(ni)

PE [pT ‘ We (nl)> _ <(I)E;(n,-)

pE ( Ao ‘7ch> pE

(D%(ni)>

OEf (1) H 2. H
e 2 el )
i
ch(n ) Hxc H H
on. ~ YV Vs = XC‘h“glob

l

1mp ~ _Z <)(k|¢b ’)2 Hxc

> ( ,ulmp ~ —Holob™ Z Xl &y l>2 HXCJ
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LPFET of finite and non-uniform (model or ab-initio) systems

Elic(”i) = <‘P<€l(ni) PEAPY ‘ lIfgl(ni)> - <(I)Els(”i) p? (I'AIKS_VHXC> P” (I)Els(ni)>
() ;
ch — //tlmp+VHXC Z <)(k|¢b >2 Hxc
ani
HXC(n ) Hxc Hxc Hxc
~ V. .
on; : Yk T Ve Thglob Ignored in D(M)ET*
~ N
1mp ~ — Z O(k | ¢b ’)2 Hxc S Iu1mp ~ —Hglop— Z O(k | ¢b ’)2 Hxc
\ "
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LPFET of finite and non-uniform systems
6-site Hubbard ring
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[qnb) QuantNBody

An open access python package for quantum
chemistry/physics to manipulate many-body
operators and wave functions

Saad Yalouz

Available on : https://github.com/SYalouz/QuantNBody
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LPFET of finite and non-uniform systems
6-site Hubbard ring

Energy profile
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LPFET of finite and non-uniform systems
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Density-functional exactification of D(IM)ET
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Pure State v-Representability of Density Matrix Embedding Theory
Fabian M. Faulstich,™ Raehyun Kim," Zhi-Hao Cui, Zaiwen Wen, Garnet Kin-Lic Chan, and Lin Lin*
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Analysis of density matrix embedding theory around the non-
interacting limit
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Effective Reconstruction of Expectation Values from Ab Initio

Quantum Embedding
Max Nusspickel, Basil Ibrahim, and George H. Booth™

Cite This: J. Chem. Theory Comput. 2023, 19, 2769-2791 Read Online
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ABSTRACT: Quantum embedding is an appealing route to fragment a
large interacting quantum system into several smaller auxiliary “cluster”
problems to exploit the locality of the correlated physics. In this work, we
critically review approaches to recombine these tragmented solutions in
order to compute nonlocal expectation values, including the total energ
Starting from the ‘democratic partitioning of expectation “Used 1n
density matrix embedding theory, we motivate and develop a number of
alternative approaches, numerically demonstrating their efficiency and
improved accuracy as a function of increasing cluster size for both
energetics and nonlocal two-body observables in molecular and solid state
systems. These approaches consider the N-representability of the resulting
expectation values via an implicit global mm%s the clusters, as

well as the importance of including contributions to expectation values
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spanning multiple fragments simultaneously, thereby alleviating the fundamental locality approximation of the embedding. We
clearly demonstrate the value of these introduced functionals for reliable extraction of observables and robust and systematic
convergence as the cluster size increases, allowing for significantly smaller clusters to be used for a desired accuracy compared to

traditional approaches in ab initio wave function quantum embedding.
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Local evaluation of the energy (in a localised spin-orbital basis)

So-called “lattice representation” (H) = Z h(E5e,) +— Z (pq|rs)(eielee,
pqrs

One-electron Two-electron
- density matrix density matrix
Fragmentation (RDM) (RDM)
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N-representability problem

<ATA >clusters — <\P | éﬁ/\ >

—(‘P|6T

s> clusters
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“Democratic” evaluation of RDMs from embedding clusters
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DMET beyond “low-cost”
Idempotent ground-state density matrices
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Non-idempotent reference 1-RDMs

¢ Correlated reference ground-state density matrix (for the full system)
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Non-idempotent reference 1-RDMs

¢ Correlated reference ground-state density matrix (for the full system)

¢ Multi-state LPFET (extension to excited states)
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Non-idempotent reference 1-RDMs

¢ Correlated reference ground-state density matrix (for the full system)

¢ Multi-state LPFET (extension to excited states)

Ensemble density matrix

r=) wr,#7r
U

v =7
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Fragment quantum embedding
using the Householder transformation:
A multi-state extension based on ensembles

Cite as: J. Chem. Phys. 161, 124107 (2024); doi: 10.1063/5.0229787 %} ' @
Submitted: 19 July 2024 « Accepted: 5 September 2024 -
Published Online: 23 September 2024

Filip Cernatic,” Emmanuel Fromager, and Saad Yalouz
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Laboratoire de Chimie Quantique, Institut de Chimie, CNRS/Université de Strasbourg, 4 rue Blaise Pascal,
67000 Strasbourg, France

3 Author to whom correspondence should be addressed: filip.cernatic@gmail.com

It is possible to design successive (Householder) unitary transformations

that disentangle exactly the embedding cluster from its environment!

But ...

... the bath is larger and the cluster contains more electrons.
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Quantum embedding from a wave function perspective

N
— . At _
o @) = [ [l Ivac) = |g,...00|
— Py =1
— PnNysa N
— 9
S vy ={ D leXel |lx)
— (/)N+1_ i=1
_._ N
o Projection of each fragment spin-orbital
onto the occupied spin-orbital space
+
—0— »
—@— 9 L

Mean-field (HF)
or Kohn-Sham DFT 150



Quantum embedding from a wave function perspective

N
Y @) = [ [ @l vac) = 9,0
— QPu-i i=1
——  OPny4 N
—_— Ont
- (p],vvfz |Vf> = Z | @) ;]| |)(f>
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—@— o ] Orthonormalisation procedure
—0—
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Quantum embedding from a wave function perspective

N
@) = [ |4l Ivac) = | o,...000]

—_— Py i=1
—— Pnys N
— Pns
- (p],vvfz |Vf>= Z|¢i><¢i| |)(f>
—— Y| i—1
_._ N
_._

VAl Vo) = T
e vilvp) = [T]
+ ®s “Fragment-occupied” orthonormal spin-orbitals
—@— 9 L

@y = [T77] Ivy)
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Quantum embedding from a wave function perspective

Orthogonal complement within the occupied spin-orbital space:

1
{ | §;) } Ly <i<N = { | €0f> }1<f<Lf
N

“Core” spin-orbitals _
“Fragment-occupied”

spin-orbitals
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Quantum embedding from a wave function perspective

Orthogonal complement within the occupied spin-orbital space:

{l('bi>}Lfmg<isN — {|€bf>}l

~—_

l 1 Sf SLfrag

“Core” spin-orbitals

| @)

“Fragment-occupied”
spin-orbitals

~S

gpl °e .qoLFrag qDLFrag'*_1 " -¢N |

~/

P1--- ¢LFragq)core |
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Quantum embedding from a wave function perspective

Orthogonal complement within the occupied spin-orbital space:

1
{ |(pi>}Lfrag<iSN = { |§0f> }1<f<Lf
\/ l -

“Core” spin-orbitals .
“Fragment-occupied”

spin-orbitals

| D0) = [Py, P, _s1--n]

~/

P1-- °§0LFragq)core |

The core spin-orbitals have no overlap with the fragment!

Ly, g<i<N

N
(@ily) = D loXao) @il ) = (@ilvy)
i=1

Ly g<i<N
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Quantum embedding from a wave function perspective

Orthogonal complement within the occupied spin-orbital space:

1
{ | §;) } Ly <i<N = { | €0f> }1<f<Lf
\_/ l T

“Core” spin-orbitals _
“Fragment-occupied”

spin-orbitals

) = |Gy, Pry a1

[C”l . -CDLFmg‘D core |

We can calculate the TRDM with only LFrag electrons!
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Quantum embedding from a wave function perspective

The fragment-occupied spin-orbitals overlap both with the fragment and its environment:

N
) =4 el e
{ f ISfSLfrag le f
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Quantum embedding from a wave function perspective

The fragment-occupied spin-orbitals overlap both with the fragment and its environment:
N
{ |€bf>} = Z (@, |)(f> | @;)
1 Sf SLfrag i=1

In order to recover them variationally, we can distribute the LFrag electrons among

the Ly, spin-orbitals of the fragment
+
the LFrag fragment-occupied spin-orbitals projected onto the fragment’s environment:

N\
h'd

N
DD CAUNCAVAIPS:
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Fragment Yer 160




Quantum embedding from a wave function perspective

Embedding cluster
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Quantum embedding from a wave function perspective

“Schmidt decomposition of ®”
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Reference full-system molecular orbital representation

Virtuals
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Reference full-system molecular orbital representation

Virtuals
+ qoLinact.-l'Lact.
N, .. electrons in
¢Linact.+4 L aCFt.. . bt |
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Reference full-system molecular orbital representation

Virtuals
+ qoLinact.-l'Lact.
: Final enlarged (ensemble) cluster:
——— P 44 Ny, electrons in : L, +N,. electrons
e L. .. active spin-orbitals & "
_._ qoLinact.+3 act. IN
— P +2 : :
: q)zlact*ﬂ 2L + L, spin-orbitals
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+
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FIG. 5. Top: a schematic picture of the system of hydrogen atoms by Tran et al.?*
Bottom: dissociation curves of the FCI ground and first excited singlet states
(blue and red lines, respectively), and the embedding results for the ground and
first excited state (blue and red markers, respectively) for the system of hydro-
gen atoms. The embedding results are plotted with and without chemical potential
optimization [dot (e) and cross (x) markers, respectively].
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