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Ab initio molecular electronic structure theory
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Electronic Schrödinger equation 

Ĥ |ΨI⟩ = EI |ΨI⟩
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Electronic Schrödinger equation 

Ground  and excited  
electronic energies 
(I = 0) (I > 0)

Ĥ |ΨI⟩ = EI |ΨI⟩
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Electronic Schrödinger equation 
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Ĥ |ΨI⟩ = EI |ΨI⟩
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Electronic Schrödinger equation 

Ground  and excited  
electronic energies 
(I = 0) (I > 0)

unknown!

Ĥ |ΨI⟩ = EI |ΨI⟩
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Electronic Schrödinger equation 

Corresponding electronic wave function

unknown!

Ĥ ΨI = EIΨI
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Electronic Schrödinger equation 

ΨI ≡ ΨI(x1, x2, x3, …, xN)
Electronic coordinates

Corresponding electronic wave function

Ĥ ΨI = EIΨI
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Electronic Schrödinger equation 

ΨI ≡ ΨI(x1, x2, x3, …, xi, …, xN)

(ri, σi) = xi

Space coordinates of 

electron  i

Spin coordinate of 

electron  


(up or down)
i
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Electronic Schrödinger equation 

Electronic Hamiltonian  
operator

Ĥ ΨI = EIΨI
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Electronic Schrödinger equation 

Electronic Hamiltonian  
operator

known!

Ĥ ΨI = EIΨI
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Electronic Schrödinger equation 

Electronic Hamiltonian  
operator

Ĥ ≡
N

∑
i=1

(−
1
2

∇2
ri

+ vne(ri) × ) +
1
2

N

∑
i≠j

1
|ri − rj |

×

Ĥ ΨI = EIΨI
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Electronic Schrödinger equation 

Electronic Hamiltonian  
operator

Ĥ ≡
N

∑
i=1

(−
1
2

∇2
ri

+ vne(ri) × ) +
1
2

N

∑
i≠j

1
|ri − rj |

×

∇2
ri

≡
∂2

∂x2
i

+
∂2

∂y2
i

+
∂2

∂z2
i

Kinetic energy 
of the ith electron 

“first quantization” representation

Ĥ ΨI = EIΨI
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Electronic Schrödinger equation 

Ĥ ≡
N

∑
i=1

(−
1
2

∇2
ri

+ vne(ri) × ) +
1
2

N

∑
i≠j

1
|ri − rj |

×

∇2
ri

≡
∂2

∂x2
i

+
∂2

∂y2
i

+
∂2

∂z2
i

ith electron - nuclei 
attraction energy 

Electronic Hamiltonian  
operator

Ĥ ΨI = EIΨI
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Electronic Schrödinger equation 

Ĥ ≡
N

∑
i=1

(−
1
2

∇2
ri

+ vne(ri) × ) +
1
2

N

∑
i≠j

1
|ri − rj |

×

∇2
ri

≡
∂2

∂x2
i

+
∂2

∂y2
i

+
∂2

∂z2
i

ith electron - nuclei 
attraction energy 

Electronic Hamiltonian  
operator

vne(r) = −
nuclei

∑
A

ZA

|r−RA |

Ĥ ΨI = EIΨI
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Electronic Schrödinger equation 

Ĥ ≡
N

∑
i=1

(−
1
2

∇2
ri

+ vne(ri) × ) +
1
2

N

∑
i≠j

1
|ri − rj |

×

∇2
ri

≡
∂2

∂x2
i

+
∂2

∂y2
i

+
∂2

∂z2
i

ith electron - nuclei 
attraction energy 

Nuclei are fixed  
(Born-Oppenheimer approximation)

vne(r) = −
nuclei

∑
A

ZA

|r−RA |

Ĥ ΨI = EIΨI
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Electronic Schrödinger equation 

Ĥ ≡
N

∑
i=1

(−
1
2

∇2
ri

+ vne(ri) × ) +
1
2

N

∑
i≠j

1
|ri − rj |

×

∇2
ri

≡
∂2

∂x2
i

+
∂2

∂y2
i

+
∂2

∂z2
i

ith electron - nuclei 
attraction energy 

ith electron - jth electron 
repulsion energy 

Electronic Hamiltonian  
operator

Ĥ ΨI = EIΨI
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Electronic Schrödinger equation 

Electronic Hamiltonian  
operator

Ĥ ≡
N

∑
i=1

(−
1
2

∇2
ri

+ vne(ri) × ) +
1
2

N

∑
i≠j

1
|ri − rj |

×

No parameters!

Ĥ ΨI = EIΨI
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Electronic Schrödinger equation 

Electronic Hamiltonian  
operator

Ĥ ≡
N

∑
i=1

(−
1
2

∇2
ri

+ vne(ri) × ) +
1
2

N

∑
i≠j

1
|ri − rj |

×

No parameters! Ab initio quantum chemistry!

Ĥ ΨI = EIΨI
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Electronic Schrödinger equation 

Ground  and excited  
electronic energies 
(I = 0) (I > 0)

The electronic problem is solved 

for a fixed molecular geometry R

ĤΨI = EI ΨI
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Electronic Schrödinger equation 

Ground  and excited  
electronic energies 
(I = 0) (I > 0)

The electronic problem is solved 

for a fixed molecular geometry R

Born-Oppenheimer  
approximation

ĤΨI = EI ΨI
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Electronic Schrödinger equation 

Ground  and excited  
electronic energies 
(I = 0) (I > 0)

The electronic problem is solved 

for a fixed molecular geometry R

Born-Oppenheimer  
approximation

Ĥ ≡ Ĥ(R)

ĤΨI = EI ΨI
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Electronic Schrödinger equation 

Ground  and excited  
electronic energies 
(I = 0) (I > 0)

The electronic problem is solved 

for a fixed molecular geometry R

EI ≡ EI(R)

Born-Oppenheimer  
approximation

Ĥ ≡ Ĥ(R)

ĤΨI = EI ΨI
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Electronic Schrödinger equation 

Ground  and excited  
electronic energies 
(I = 0) (I > 0)

The electronic problem is solved 

for a fixed molecular geometry R

EI ≡ EI(R)

Potential energy surfaces

Born-Oppenheimer  
approximation

ĤΨI = EI ΨI



Why solving the electronic Schrödinger equation?
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Computation of chemical reaction paths

A GRqo-F-BE8
VCR)

V÷R=RtTRANSITION

STATE

ᵈ¥¥p◦
i1,2=120
I

EG••IqE§zg I

i. !
-

Ro Rt Reaction
coordinate

EQUILIBRIUM R
STRUCTURE

Potential energy  
surface (PES)
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Computation of reaction paths in the ground electronic state 

A GRqo-F-BE8
VCR)

V÷R=RtTRANSITION

STATE

ᵈ¥¥p◦
i1,2=120
I

EG••IqE§zg I

i. !
-

Ro Rt Reaction
coordinate

EQUILIBRIUM R
STRUCTURE

Potential energy  
surface (PES)

V(R) = E0(R) +
nuclei

∑
A<B

ZAZB

|RA − RB |

Electronic  
ground-state energy
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Computation of reaction paths in the ground electronic state 

A GRqo-F-BE8
VCR)

V÷R=RtTRANSITION

STATE

ᵈ¥¥p◦
i1,2=120
I

EG••IqE§zg I

i. !
-

Ro Rt Reaction
coordinate

EQUILIBRIUM R
STRUCTURE

Potential energy  
surface (PES)

−
dV(R)

dR
= F(R)

Total force applied 

to a given nucleus

V(R) = E0(R) +
nuclei

∑
A<B

ZAZB

|RA − RB |
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Computation of reaction paths in the ground electronic state 

A GRqo-F-BE8
VCR)

V÷R=RtTRANSITION

STATE

ᵈ¥¥p◦
i1,2=120
I

EG••IqE§zg I

i. !
-

Ro Rt Reaction
coordinate

EQUILIBRIUM R
STRUCTURE

Potential energy  
surface (PES)

−
dV(R)

dR
= F(R)

Total force applied 

to a given nucleus

F(R) > 0 F(R) < 0

V(R) = E0(R) +
nuclei

∑
A<B

ZAZB

|RA − RB |
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Computation of reaction paths in the ground electronic state 

A GRqo-F-BE8
VCR)

V÷R=RtTRANSITION

STATE

ᵈ¥¥p◦
i1,2=120
I

EG••IqE§zg I

i. !
-

Ro Rt Reaction
coordinate

EQUILIBRIUM R
STRUCTURE

Potential energy  
surface (PES)

F(R) > 0F(R) < 0

−
dV(R)

dR
= F(R)

Total force applied 

to a given nucleus

V(R) = E0(R) +
nuclei

∑
A<B

ZAZB

|RA − RB |



31

Vibrational molecular spectroscopy 

A GRqo-F-BE8
VCR)

V÷R=RtTRANSITION

STATE

ᵈ¥¥p◦
i1,2=120
I

EG••IqE§zg I

i. !
-

Ro Rt Reaction
coordinate

EQUILIBRIUM R
STRUCTURE

Potential energy  
surface (PES)

Harmonic approximation

V(R) ≈ V(R0) +
1
2

k(R−R0)2

k =
d2V(R)

dR2
R=R0

ω =
k
M

Spring constant:

Vibrational frequency: Can be 

measured!


(infrared spectroscopy)
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UV-visible electronic spectroscopy 

First excited
VIR) electronic state

X-

WGround
electronic

State

· S

R

“Vertical”  
electronic  
excitation

V0(R) = E0(R) +
nuclei

∑
A<B

ZAZB

|RA − RB |

V1(R) = E1(R) +
nuclei

∑
A<B

ZAZB

|RA − RB |
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Electronic Schrödinger equation 

Corresponding electronic quantum states

Ĥ |ΨI⟩ = EI |ΨI⟩

ĤΨI = EI ΨI⇒



Encoding of many-electron quantum states 
(in second quantization) 

34
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From the one-electron to the many-electron problem

φ2
φ1

φN

φN+1

φN+2

φN+3

φN+4

φℳ−1

φℳ

Molecular (spin) orbitals  
(One-electron wave functions)

φi(x) ≡ φi(r, σ) ≡ φi(x, y, z, σ)

spin (  or )↑ ↓

space 

coordinates
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From the one-electron to the many-electron problem

φ2
φ1

φN

φN+1

φN+2

φN+3

φN+4

φℳ−1

φℳ Molecular spin orbitals (MOs) 

φi(x) ≡ φi(r, σ) ≡ φi(x, y, z, σ)

χμ(x) ∼ χ(r−RA)

χ(r) = χ(x, y, z) ∼ xnymzp e−α(x2 + y2 + z2)

Centered on 

nucleus A

Atomic (spin) orbitals 
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From the one-electron to the many-electron problem

φ2
φ1

φN

φN+1

φN+2

φN+3

φN+4

φℳ−1

φℳ Molecular spin orbitals (MOs) 

φi(x) ≡ φi(r, σ) ≡ φi(x, y, z, σ)

χμ(x) ∼ χ(r−RA)

χ(r) = χ(x, y, z) ∼ xnymzp e−α(x2 + y2 + z2)

Centered on 

nucleus A

Atomic (spin) orbitals 

  “s orbital” n = m = p = 0 →
  “  orbital” n = 1, m = p = 0 → px

  “  orbital” n = 0, m = 1, p = 0 → py

  “  orbital” n = 0 = m, p = 1 → pz
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From the one-electron to the many-electron problem

φ2
φ1

φN

φN+1

φN+2

φN+3

φN+4

φℳ−1

φℳ Molecular spin orbitals (MOs) 

φi(x) ≡ φi(r, σ) ≡ φi(x, y, z, σ)

φi(x) =
ℳ

∑
μ=1

Cμi χμ(x)

χμ(x) ∼ χ(r−RA)

χ(r) = χ(x, y, z) ∼ xnymzp e−α(x2 + y2 + z2)

Centered on 

nucleus A

Atomic (spin) orbitals 
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φ2
φ1

φN

φN+1

φN+2

φN+3

φN+4

φℳ−1

φℳ

Single electronic configuration

Unoccupied orbitals (virtuals)

From the one-electron to the many-electron problem
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φ2
φ1

φN

φN+1

φN+2

φN+3

φN+4

φℳ−1

φℳ

|Φ0⟩ ≡ ̂a†
1 ̂a†

2… ̂a†
N |vac⟩

“second quantization” representation

From the one-electron to the many-electron problem

Unoccupied orbitals
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φ2
φ1

φN

φN+1

φN+2

φN+3

φN+4

φℳ−1

φℳ

|Φ0⟩ ≡ ̂a†
1 ̂a†

2… ̂a†
N |vac⟩

Creation operators

“second quantization” representation

From the one-electron to the many-electron problem

Unoccupied orbitals



42

φ2
φ1

φN

φN+1

φN+2

φN+3

φN+4

φℳ−1

φℳ

|Φ0⟩ ≡ ̂a†
1 ̂a†

2… ̂a†
N |vac⟩

From the one-electron to the many-electron problem

Unoccupied orbitals
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φ2
φ1

φN

φN+1

φN+2

φN+3

φN+4

φℳ−1

φℳ

|Φ0⟩ ≡ ̂a†
1 ̂a†

2… ̂a†
N |vac⟩

Slater determinant

From the one-electron to the many-electron problem

Unoccupied orbitals



44

φ2
φ1

φN

φN+1

φN+2

φN+3

φN+4

φℳ−1

φℳ

|Φ0⟩ ≡ ̂a†
1 ̂a†

2… ̂a†
N |vac⟩

≡ |1112…1N0N+1…0ℳ⟩
Spin orbital occupation encoding!

From the one-electron to the many-electron problem

Unoccupied orbitals
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φ2
φ1

φN

φN+1

φN+2

φN+3

φN+4

φℳ−1

φℳ

|Φ0⟩ ≡ ̂a†
1 ̂a†

2… ̂a†
N |vac⟩ ≈ |Ψ0⟩

Slater determinant

From the one-electron to the many-electron problem

Unoccupied orbitals

“Mean-field 

approximation”
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φ2
φ1

φN

φN+1

φN+2

φN+3

φN+4

φℳ−1

φℳ

|Φ0⟩ ≡ ̂a†
1 ̂a†

2… ̂a†
N |vac⟩ ≈ |Ψ0⟩

Slater determinant

From the one-electron to the many-electron problem

Unoccupied orbitals

“Mean-field 

approximation”⇔Hartree-Fock


approximation



47

φ2
φ1

φN

φN+1

φN+2

φN+3

φN+4

φℳ−1

φℳ

|Φ0⟩ ≡ ̂a†
1 ̂a†

2… ̂a†
N |vac⟩ ≈ |Ψ0⟩

Slater determinant

From the one-electron to the many-electron problem

Unoccupied orbitals

“Mean-field 

approximation”⇔Hartree-Fock


approximation

Single electronic configuration: 

no electron correlation (by definition)
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Description of electron correlation 
(through a multi-determinant wave function)

|Ψ0⟩ ≈ |Φ0⟩+∑
I>0

CI |ΦI⟩
Reference 


determinant
“Excited” 


determinants

If all determinants are taken into account (“exact” solution):


Full Configuration Interaction (FCI) method  “exact diagonalization”⇔
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Description of electron correlation 
(through a multi-determinant wave function)

|Ψ0⟩ ≈ |Φ0⟩+∑
I>0

CI |ΦI⟩
Reference 


determinant
“Excited” 


determinants

If all determinants are taken into account (“exact” solution):


Full Configuration Interaction (FCI) method  “exact diagonalization”⇔

???



Some important theorems (for quantum chemists)
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Ground-state electronic Schrödinger equation 

Ĥ |Ψ0⟩ = E0 |Ψ0⟩

Lowest many-electron energy



Rayleigh-Ritz variational principle 

E0 ≤
⟨Ψ | Ĥ |Ψ⟩

⟨Ψ |Ψ⟩

Expectation value of the energy 

52

Theorem: For any trial wave function , we have Ψ



Rayleigh-Ritz variational principle 

E0 ≤
⟨Ψ | Ĥ |Ψ⟩

⟨Ψ |Ψ⟩

Expectation value of the energy 

53

⇔
E0 = min

Ψ { ⟨Ψ | Ĥ |Ψ⟩
⟨Ψ |Ψ⟩ }

Theorem: For any trial wave function , we have Ψ



Theophilou-Gross-Oliveira-Kohn (TGOK) variational principle

54

A. K. Theophilou, J. Phys. C: Solid State Phys. 12, 5419 (1979). 
A. K. Theophilou, in The Single Particle Density in Physics and Chemistry, edited by N. H. March and B. M. Deb (Academic Press, 1987), pp. 210–212. 
E. K. U. Gross, L. N. Oliveira, and W. Kohn, Phys. Rev. A 37, 2805 (1988). 
E. K. U. Gross, L. N. Oliveira, and W. Kohn, Phys. Rev. A 37, 2809 (1988). 
L. N. Oliveira, E. K. U. Gross, and W. Kohn, Phys. Rev. A 37, 2821 (1988).

Ψ0

Ψ1

Ψ2

Ψ3

Ψ4

E0

E1

E2

E3

E4

𝚠0

𝚠1

𝚠2

𝚠3

De
cr

ea
sin

g 
w

ei
gh

t  
𝚠

𝚠0
⟨Ψ̃0 | Ĥ |Ψ̃0⟩

⟨Ψ̃0 |Ψ̃0⟩
+𝚠1

⟨Ψ̃1 | Ĥ |Ψ̃1⟩
⟨Ψ̃1 |Ψ̃1⟩

+ …+𝚠M
⟨Ψ̃M | Ĥ |Ψ̃M⟩

⟨Ψ̃M |Ψ̃M⟩
≥ 𝚠0E0+𝚠1E1 + …+𝚠MEM

Theorem 2:



Theophilou-Gross-Oliveira-Kohn (TGOK) variational principle

55

Ψ0

Ψ1

Ψ2

Ψ3

Ψ4

E0

E1

E2

E3

E4

𝚠0

𝚠1

𝚠2

𝚠3

De
cr

ea
sin

g 
w

ei
gh

t  
𝚠

𝚠0
⟨Ψ̃0 | Ĥ |Ψ̃0⟩

⟨Ψ̃0 |Ψ̃0⟩
+𝚠1

⟨Ψ̃1 | Ĥ |Ψ̃1⟩
⟨Ψ̃1 |Ψ̃1⟩

+ …+𝚠M
⟨Ψ̃M | Ĥ |Ψ̃M⟩

⟨Ψ̃M |Ψ̃M⟩
≥ 𝚠0E0+𝚠1E1 + …+𝚠MEM

Arbitrary ordered positive weights 𝚠0 ≥ 𝚠1 ≥ … ≥ 𝚠M



Theophilou-Gross-Oliveira-Kohn (TGOK) variational principle

56

Ψ0

Ψ1

Ψ2

Ψ3

Ψ4

E0

E1

E2

E3

E4

𝚠0

𝚠1

𝚠2

𝚠3

De
cr

ea
sin

g 
w

ei
gh

t  
𝚠

𝚠0
⟨Ψ̃0 | Ĥ |Ψ̃0⟩

⟨Ψ̃0 |Ψ̃0⟩
+𝚠1

⟨Ψ̃1 | Ĥ |Ψ̃1⟩
⟨Ψ̃1 |Ψ̃1⟩

+ …+𝚠M
⟨Ψ̃M | Ĥ |Ψ̃M⟩

⟨Ψ̃M |Ψ̃M⟩
≥ 𝚠0E0+𝚠1E1 + …+𝚠MEM

Orthogonal trial wave functions



Theophilou-Gross-Oliveira-Kohn (TGOK) variational principle

57

Ψ0

Ψ1

Ψ2

Ψ3

Ψ4

E0

E1

E2

E3

E4

𝚠0

𝚠1

𝚠2

𝚠3

De
cr

ea
sin

g 
w

ei
gh

t  
𝚠

𝚠0
⟨Ψ̃0 | Ĥ |Ψ̃0⟩

⟨Ψ̃0 |Ψ̃0⟩
+𝚠1

⟨Ψ̃1 | Ĥ |Ψ̃1⟩
⟨Ψ̃1 |Ψ̃1⟩

+ …+𝚠M
⟨Ψ̃M | Ĥ |Ψ̃M⟩

⟨Ψ̃M |Ψ̃M⟩
≥ 𝚠0E0+𝚠1E1 + …+𝚠MEM

Desired  lowest excited-state

energies 

M



Ground-state mean-field theory 
(Hartree-Fock method) 
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φ2
φ1

φN

φN+1

φN+2

φN+3

φN+4

φℳ−1

φℳ

Virtual orbitals

How do I find the occupied orbitals?

|Φ0⟩ ≡ ̂a†
1 ̂a†

2… ̂a†
N |vac⟩ ≈ |Ψ0⟩

From the one-electron to the many-electron problem
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Hartree-Fock (mean-field) approximation 

|Ψ0⟩ ≈ |Φ0⟩ ≡ ̂a†
1 ̂a†

2… ̂a†
N |vac⟩

E0 ≈ EHF = min
Φ { ⟨Φ | Ĥ |Φ⟩

⟨Φ |Φ⟩ }

Trial Slater 

determinant
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Total Hamiltonian in second quantisation

Ĥ = ∑
PQ

⟨φP | ĥ |φQ⟩ ̂a†
P ̂aQ +

1
2 ∑

PQRS

⟨φPφQ |φRφS⟩ ̂a†
P ̂a†

Q ̂aS ̂aR
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Total Hamiltonian in second quantisation

∫ dx φ*P (x)(−
1
2

∇2
r + vne(r)) φQ(x)

One-electron integrals

Ĥ = ∑
PQ

⟨φP | ĥ |φQ⟩ ̂a†
P ̂aQ +

1
2 ∑

PQRS

⟨φPφQ |φRφS⟩ ̂a†
P ̂a†

Q ̂aS ̂aR
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Total Hamiltonian in second quantisation

∫ dx φ*P (x)(−
1
2

∇2
r + vne(r)) φQ(x)

∫ dx1 ∫ dx2 φ*P (x1)φ*Q(x2)
1

|r1 − r2 |
φR(x1)φS(x2)

One-electron integrals

Ĥ = ∑
PQ

⟨φP | ĥ |φQ⟩ ̂a†
P ̂aQ +

1
2 ∑

PQRS

⟨φPφQ |φRφS⟩ ̂a†
P ̂a†

Q ̂aS ̂aR

Two-electron integrals
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Hartree-Fock (mean-field) approximation 

|Ψ0⟩ ≈ |Φ0⟩ ≡ ̂a†
1 ̂a†

2… ̂a†
N |vac⟩

E0 ≈ EHF = min
φ1,φ2,…,φN { ⟨Φ | Ĥ |Φ⟩

⟨Φ |Φ⟩ }

Trial Slater 

determinant
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E0 ≈ EHF = min
φ1,φ2,…,φN { ⟨Φ | Ĥ |Φ⟩

⟨Φ |Φ⟩ }
N

∑
i=1

hii +
1
2

N

∑
i,j=1

(⟨ij | ij⟩ − ⟨ij | ji⟩)

=

hij = ∫ dx φ*i (x)(−
∇2

r

2
+ vne(r)) φj(x) One-electron integrals



66

E0 ≈ EHF = min
φ1,φ2,…,φN { ⟨Φ | Ĥ |Φ⟩

⟨Φ |Φ⟩ }
N

∑
i=1

hii +
1
2

N

∑
i,j=1

(⟨ij | ij⟩ − ⟨ij | ji⟩)

=

hij = ∫ dx φ*i (x)(−
∇2

r

2
+ vne(r)) φj(x)

⟨ij |kl⟩ = ∫ dx1 ∫ dx2
φ*i (x1)φ*j (x2)φk(x1)φl(x2)

|r1 − r2 |

One-electron integrals

Two-electron integrals
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E0 ≈ EHF = min
φ1,φ2,…,φN { ⟨Φ | Ĥ |Φ⟩

⟨Φ |Φ⟩ }
N

∑
i=1

hii +
1
2

N

∑
i,j=1

(⟨ij | ij⟩ − ⟨ij | ji⟩)

=

hij = ∫ dx φ*i (x)(−
∇2

r

2
+ vne(r)) φj(x)

⟨ij |kl⟩ = ∫ dx1 ∫ dx2
φ*i (x1)φ*j (x2)φk(x1)φl(x2)

|r1 − r2 |

One-electron integrals

Two-electron integrals

Coulomb  
(Hartree)  
energy

Exchange 
energy
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Hartree-Fock (mean-field) theory 

−1.2

−1.15

−1.1

−1.05

−1

−0.95

−0.9

−0.85

−0.8

−0.75

 2  3  4  5  6  7  8  9  10

gr
ou

nd
−s

ta
te

 e
ne

rg
y 

E(
R

) [
a.

u.
]

bond distance R [a.u.]

H2 in the dissociation limit

HF (aug−cc−pVQZ)
FCI (aug−cc−pVQZ)



Wavefunction theory 
or how to describe electron correlation explicitly

69
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φ2
φ1

φN

φN+1

φN+2

φN+3

φN+4

φℳ−1

φℳ

Single, double, triple, quadruple, …, -tuple excitationsN

Explicit description of electron correlation
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Configuration Interaction (CI) method

|Ψ0⟩ ≈ Ĉ |Φ0⟩

Excitation operator

Reference ground-state 

HF determinant 
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Configuration Interaction (CI) method

|Ψ0⟩ ≈ Ĉ |Φ0⟩

Ĉ = C0+
ℳ

∑
a=N+1

N

∑
i=1

Ca
i ̂a†

a ̂ai +
ℳ

∑
a,b=N+1

N

∑
i, j=1

Cab
ij ̂a†

a ̂a†
b ̂ai ̂aj +

ℳ

∑
a,b,c=N+1

N

∑
i, j,k=1

Cabc
ijk ̂a†

a ̂a†
b ̂a†

c ̂ai ̂aj ̂ak + …

TriplesDoublesSingles

Reference ground-state 

HF determinant 
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Configuration Interaction (CI) method

|Ψ0⟩ ≈ Ĉ |Φ0⟩

Ĉ = C0+
ℳ

∑
a=N+1

N

∑
i=1

Ca
i ̂a†

a ̂ai +
ℳ

∑
a,b=N+1

N

∑
i, j=1

Cab
ij ̂a†

a ̂a†
b ̂ai ̂aj +

ℳ

∑
a,b,c=N+1

N

∑
i, j,k=1

Cabc
ijk ̂a†

a ̂a†
b ̂a†

c ̂ai ̂aj ̂ak + …

To-be-optimized CI coefficients

Reference ground-state 

HF determinant 
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Configuration Interaction (CI) method

Ĉ = C0+
ℳ

∑
a=N+1

N

∑
i=1

Ca
i ̂a†

a ̂ai +
ℳ

∑
a,b=N+1

N

∑
i, j=1

Cab
ij ̂a†

a ̂a†
b ̂ai ̂aj +

ℳ

∑
a,b,c=N+1

N

∑
i, j,k=1

Cabc
ijk ̂a†

a ̂a†
b ̂a†

c ̂ai ̂aj ̂ak + …

To-be-optimized CI coefficients

|Ψ0⟩ ≈ Ĉ |Φ0⟩ = ∑
ξ

Cξ |detξ⟩ = |Ψ(C)⟩
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Configuration Interaction (CI) method

ECI = min
C

⟨Ψ(C) | Ĥ |Ψ(C)⟩
⟨Ψ(C) |Ψ(C)⟩

|Ψ(C)⟩ = ∑
ξ

Cξ |detξ⟩
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Configuration Interaction (CI) method

⇔

ECI = min
C

⟨Ψ(C) | Ĥ |Ψ(C)⟩
⟨Ψ(C) |Ψ(C)⟩

Matrix diagonalization 
problem

C0

C1
⋮
Cξ

⋮

= ECI

C0

C1
⋮
Cξ

⋮

H00 H01
… H0ξ′￼

…

⋮
H10

Hξ0⋮
Hξξ′￼

⋮ ⋮

⋮

|Ψ(C)⟩ = ∑
ξ

Cξ |detξ⟩
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Configuration Interaction (CI) method

CI Hamiltonian matrix 

C0

C1
⋮
Cξ

⋮

= ECI

C0

C1
⋮
Cξ

⋮

H00 H01
… H0ξ′￼

…

⋮
H10

Hξ0⋮
Hξξ′￼

⋮ ⋮

⋮

Hξξ′￼ = ⟨detξ | Ĥ |detξ′￼⟩
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How many determinants in total 
for a full CI (FCI) calculation?

φ2
φ1

φN

φN+1

φN+2

φN+3

φN+4

φℳ−1

φℳ

We have  (spin-) orbitals  
available for  electrons 

 

ℳ
N
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How many determinants in total?

φ2
φ1

φN

φN+1

φN+2

φN+3

φN+4

φℳ−1

φℳ

Ndet. = (ℳ
N ) =

ℳ!
N!(ℳ−N)!

We have  (spin-) orbitals  
available for  electrons 

 

ℳ
N



80

H

HH

H
H

H

H

H
HH

H

H

H

H
H

H

How many determinants in total?

ℳ = 2 × N

Spin
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How many determinants in total?

Ndet. =
ℳ!

N!(ℳ−N)!
=

(2N)!
(N!)2

ℳ = 2 × N
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How many determinants in total?

Ndet. =
ℳ!

N!(ℳ−N)!
=

(2N)!
(N!)2

ℳ = 2 × N

≈
22N

πN
=

e2N ln 2

πN

N! ≈ 2πN ( N
e )

N
Stirling formula for large  valuesN
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How many determinants in total?

Ndet. ≈
e2N ln 2

πN
“Exponential wall”
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How many determinants in total?

Ndet. ≈
e2N ln 2

πN

N=50≈ 1029
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How many determinants in total?

Ndet. ≈
e2N ln 2

πN

N=400≈ 1.88 × 10239
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A naive (important though) understanding of the “quantum advantage” 

Classical encoding of all Slater determinants: Ndet. ≈
e2N ln 2

πN
N=50≈ 1029

The FCI wavefunction can in principle be encoded (in this example) with  qubits. ℳ = 2N

Exponential quantum advantage! 

|ΨFCI⟩ = ∑
ξ

Cξ |detξ⟩



Coupled cluster theory:  
A smarter encoding of electron correlation

87
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Coupled Cluster (CC) theory

|Ψ0⟩ ≈ |Ψ(t)⟩ = e ̂T |Φ0⟩

̂T = t0+
ℳ

∑
a=N+1

N

∑
i=1

ta
i ̂a†

a ̂ai +
ℳ

∑
a,b=N+1

N

∑
i, j=1

tab
ij ̂a†

a ̂a†
b ̂ai ̂aj +

ℳ

∑
a,b,c=N+1

N

∑
i, j,k=1

tabc
ijk ̂a†

a ̂a†
b ̂a†

c ̂ai ̂aj ̂ak + …

Excitation operator

Reference ground-state 

HF determinant 
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Coupled Cluster (CC) theory

|Ψ0⟩ ≈ |Ψ(t)⟩ = e ̂T |Φ0⟩

̂T = t0+
ℳ

∑
a=N+1

N

∑
i=1

ta
i ̂a†

a ̂ai +
ℳ

∑
a,b=N+1

N

∑
i, j=1

tab
ij ̂a†

a ̂a†
b ̂ai ̂aj +

ℳ

∑
a,b,c=N+1

N

∑
i, j,k=1

tabc
ijk ̂a†

a ̂a†
b ̂a†

c ̂ai ̂aj ̂ak + …

To-be-optimized Coupled Cluster amplitudes
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Coupled Cluster (CC) theory

|Ψ0⟩ ≈ |Ψ(t)⟩ = e ̂T |Φ0⟩

̂T = t0 +
ℳ

∑
a=N+1

N

∑
i=1

ta
i ̂a†

a ̂ai +
ℳ

∑
a,b=N+1

N

∑
i, j=1

tab
ij ̂a†

a ̂a†
b ̂ai ̂aj +

ℳ

∑
a,b,c=N+1

N

∑
i, j,k=1

tabc
ijk ̂a†

a ̂a†
b ̂a†

c ̂ai ̂aj ̂ak + …

e ̂T = 1 +
+∞

∑
n=1

̂Tn

n!
= 1+ ̂T +

1
2

̂T2 +
1
6

̂T3 +
1

24
̂T4+…

CI
CC
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Coupled Cluster (CC) theory

|Ψ0⟩ ≈ |Ψ(t)⟩ = e ̂T |Φ0⟩

̂T = t0 +
ℳ

∑
a=N+1

N

∑
i=1

ta
i ̂a†

a ̂ai +
ℳ

∑
a,b=N+1

N

∑
i, j=1

tab
ij ̂a†

a ̂a†
b ̂ai ̂aj +

ℳ

∑
a,b,c=N+1

N

∑
i, j,k=1

tabc
ijk ̂a†

a ̂a†
b ̂a†

c ̂ai ̂aj ̂ak + …

e ̂T = 1 +
+∞

∑
n=1

̂Tn

n!
= 1+ ̂T +

1
2

̂T2 +
1
6

̂T3 +
1

24
̂T4+…

CI
CC

Singles Doubles Triples
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Conventional (non-variational) optimisation of the CC amplitudes

Ĥ (e ̂T |Φ0⟩) = ECC (e ̂T |Φ0⟩)

Schrödinger equation for the CC wave function

Find the CC amplitudes (i.e.  ) such that ̂T
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Coupled Cluster (CC) theory

|Ψ0⟩ ≈ |Ψ(t)⟩ = e ̂T |Φ0⟩

̂T = t0+
ℳ

∑
a=N+1

N

∑
i=1

ta
i ̂a†

a ̂ai +
ℳ

∑
a,b=N+1

N

∑
i, j=1

tab
ij ̂a†

a ̂a†
b ̂ai ̂aj +

ℳ

∑
a,b,c=N+1

N

∑
i, j,k=1

tabc
ijk ̂a†

a ̂a†
b ̂a†

c ̂ai ̂aj ̂ak + …

Excitation operator

̂T† ≠ − ̂T

Not unitary!
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Unitary CC (uCC) theory 
(standard in quantum algorithms for quantum chemistry)

|ΨCC(t)⟩ = e ̂T |Φ0⟩ → |ΨuCC(t)⟩ = e ̂T− ̂T† |Φ0⟩
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Unitary CC (uCC) theory

|ΨCC(t)⟩ = e ̂T |Φ0⟩ → |ΨuCC(t)⟩ = e ̂T− ̂T† |Φ0⟩

̂T = t0+
ℳ

∑
a=N+1

N

∑
i=1

ta
i ̂a†

a ̂ai +
ℳ

∑
a,b=N+1

N

∑
i, j=1

tab
ij ̂a†

a ̂a†
b ̂ai ̂aj +

ℳ

∑
a,b,c=N+1

N

∑
i, j,k=1

tabc
ijk ̂a†

a ̂a†
b ̂a†

c ̂ai ̂aj ̂ak + …

Excitation operator

φi

φa
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Unitary CC (uCC) theory

|ΨCC(t)⟩ = e ̂T |Φ0⟩ → |ΨuCC(t)⟩ = e ̂T− ̂T† |Φ0⟩

̂T† = t0+
ℳ

∑
a=N+1

N

∑
i=1

ta
i ̂a†

i ̂aa +
ℳ

∑
a,b=N+1

N

∑
i, j=1

tab
ij ̂a†

j ̂a†
i ̂ab ̂aa +

ℳ

∑
a,b,c=N+1

N

∑
i, j,k=1

tabc
ijk ̂a†

k ̂a†
j ̂a†

i ̂ac ̂ab ̂aa + …

De-excitation operator

with the same CC amplitudes 

φi

φa
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Unitary CC (uCC) theory

|ΨCC(t)⟩ = e ̂T |Φ0⟩ → |ΨuCC(t)⟩ = e ̂T− ̂T† |Φ0⟩
Unitary transformation 

⟨ΨuCC(t) |ΨuCC(t)⟩ = ⟨Φ0 |Φ0⟩

The square norm is preserved!
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Unitary CC (uCC) theory

|ΨCC(t)⟩ = e ̂T |Φ0⟩ → |ΨuCC(t)⟩ = e ̂T− ̂T† |Φ0⟩
Unitary transformation 

⟨ΨuCC(t) |ΨuCC(t)⟩ = 1

The square norm is preserved!
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Unitary CC (uCC) theory

|ΨCC(t)⟩ = e ̂T |Φ0⟩ → |ΨuCC(t)⟩ = e ̂T− ̂T† |Φ0⟩

EuCC = min
t { ⟨ΨuCC(t) | Ĥ |ΨuCC(t)⟩

⟨ΨuCC(t) |ΨuCC(t)⟩ }
Variational evaluation of the energy: 
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Unitary CC (uCC) theory

|ΨCC(t)⟩ = e ̂T |Φ0⟩ → |ΨuCC(t)⟩ = e ̂T− ̂T† |Φ0⟩

EuCC = min
t { ⟨ΨuCC(t) | Ĥ |ΨuCC(t)⟩

⟨ΨuCC(t) |ΨuCC(t)⟩ }
= min

t {⟨ΨuCC(t) | Ĥ |ΨuCC(t)⟩}

Variational evaluation of the energy: 
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Unitary CC (uCC) theory

|ΨCC(t)⟩ = e ̂T |Φ0⟩ → |ΨuCC(t)⟩ = e ̂T− ̂T† |Φ0⟩

EuCC = min
t { ⟨ΨuCC(t) | Ĥ |ΨuCC(t)⟩

⟨ΨuCC(t) |ΨuCC(t)⟩ }
= min

t {⟨ΨuCC(t) | Ĥ |ΨuCC(t)⟩}

Variational evaluation of the energy: 

Method of choice in variational quantum eigensolvers (VQE)!
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Complements

103
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O

x

y

z

M

RA

RB
r

χA χB

φp(r) = CAp χA(r) + CBp χB(r)

Atomic orbitals  
(basis set)

Molecular orbitals written as linear combinations of atomic orbitals 
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notation≡
ℳ

∑
μ=1

Cμp χμ(r)

O

x

y

z

M

RA

RB
r

χA χB

φp(r) = CAp χA(r) + CBp χB(r)

Atomic orbitals  
(basis set)

Molecular orbitals written as linear combinations of atomic orbitals 
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notation≡
ℳ

∑
μ=1

Cμp χμ(r)

O

x

y

z

M

RA

RB
r

χA χB

φp(r) = CAp χA(r) + CBp χB(r)

Optimized 
molecular orbital coefficients

Molecular orbitals written as linear combinations of atomic orbitals 
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φp(r) =
ℳ

∑
μ=1

Cμp χμ(r)

O

x

y

z

M

RA

RB
r

χA χB

Size of the atomic orbital basis

Molecular orbitals written as linear combinations of atomic orbitals 
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Conventional (non-variational) optimisation of the CC amplitudes

Ĥ (e ̂T |Φ0⟩) = ECC (e ̂T |Φ0⟩)
Schrödinger equation for the CC wave function
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Conventional (non-variational) optimisation of the CC amplitudes

e− ̂TĤ e ̂T |Φ0⟩ = ECC e− ̂Te ̂T |Φ0⟩

Ĥ (e ̂T |Φ0⟩) = ECC (e ̂T |Φ0⟩)
e− ̂T ×
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Conventional (non-variational) optimisation of the CC amplitudes

e− ̂TĤ e ̂T |Φ0⟩ = ECC e− ̂Te ̂T |Φ0⟩

Ĥ (e ̂T |Φ0⟩) = ECC (e ̂T |Φ0⟩)

ℋ̂CC(t) |Φ0⟩ = ECC |Φ0⟩

ℋ̂CC(t) = e− ̂TĤ e ̂T
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Conventional (non-variational) optimisation of the CC amplitudes

ℋ̂CC(t) |Φ0⟩ = ECC |Φ0⟩ Effective -electron

Schrödinger equation

N

Known!
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Conventional (non-variational) optimisation of the CC amplitudes

ℋ̂CC(t) = e− ̂TĤ e ̂T = (1 − ̂T +
1
2

̂T2 − …)Ĥ(1 + ̂T +
1
2

̂T2 + …)

ℋ̂CC(t) |Φ0⟩ = ECC |Φ0⟩ Effective -electron

Schrödinger equation

N

To-be-determined



113

Conventional (non-variational) optimisation of the CC amplitudes

ℋ̂CC(t) = e− ̂TĤ e ̂T = (1 − ̂T +
1
2

̂T2 − …)Ĥ(1 + ̂T +
1
2

̂T2 + …)

ℋ̂CC(t) |Φ0⟩ = ECC |Φ0⟩ Effective -electron

Schrödinger equation

N

To-be-determined

Expansion stops exactly at fourth order in ̂T


