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ADb initio molecular electronic structure theory



Electronic Schrédinger equation

I‘AI\‘PD — EI“PI>



Electronic Schrédinger equation

Ground (I = 0) and excited (I > 0)
electronic energies



Electronic Schrédinger equation

— Ground (I = 0) and excited (I > 0)
electronic energies




Electronic Schrédinger equation

— Ground (I = 0) and excited (I > 0)
electronic energies

unknown!




Electronic Schrédinger equation

e =B,

\

Corresponding electronic wave function

unknown!



Electronic Schrédinger equation

A= £,

\

Corresponding electronic wave function

VY, = Y¥Y,(x,X,, X3, ..., Xy)

\ e

Electronic coordinates



Electronic Schrédinger equation

Space coordinates of Spin coordinate of
electron 1 electron i
(up or down)

"

Y, =Y¥Y(Xx,X,,X;3,...,X;, ..., Xy)



Electronic Schrédinger equation

¥, =EY,

Electronic Hamiltonian
operator
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Electronic Schrédinger equation

¥, =EY,

Electronic Hamiltonian
operator

known!
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Electronic Schrédinger equation

Electronic Hamiltonian
operator

12



Electronic Schrédinger equation

Electronic Hamiltonian
operator

“first quantization” representation

l , o 1
EZ ——V EANGOPE TS
2 |r; — 1}
i=1 i#f
V2 = 0* 0 0’ Kinetic energy

i T Ox2 + y? * 077 of the ith electron
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Electronic Schrédinger equation

Electronic Hamiltonian
operator

—— v (T, —
2 r; nc l 2 |I’l . rjl

02 0> ith electron - nuclei

attraction energy
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Electronic Schrédinger equation

Electronic Hamiltonian
operator

N I 2 N o |
H=) Ve + eT) X += )

i=1/ \T 21.# |I'i—l'j|

' . nuclei 7

9> 02 0> ith electron - nuclei _ A
V2 = + + attraction energy nelF) = Ir—R, |
Yoox? dy? 072 A A

[ l 15




=2 (5

=1

Electronic Schrédinger equation

Nuclei are fixed —

(Born-Oppenheimer approximation)

Lo

—— V24 ) x | += )

82

\T 2 i#]

02 ith electron - nuclei

+
dy?

5 attraction energy
0z;
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Electronic Schrédinger equation

Electronic Hamiltonian
operator

2 r,—r,
, 02 02 02 ith electron - nuclei ith electron - jth electron
Vi = + + attraction energy repulsion energy

l { 17




Electronic Schrédinger equation

Electronic Hamiltonian

operator
Al 1 & 1
z' ——VZ +v,.(r) X +—§:
l=1< K ne( l) > 21] |r—rJ|

No parameters!
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Electronic Schrédinger equation

Electronic Hamiltonian

operator

N I 2 N o |
H:Z —Evri+vne(l’l-)>< +EZ |ri_rj| X

No parameters!

iF]

Ab initio quantum chemistry!
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Electronic Schrédinger equation

Ground (I = 0) and excited (I > 0)
electronic energies

The electronic problem is solved
for a fixed molecular geometry R
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Born-Oppenheimer
approximation

Electronic Schrédinger equation

Ground (I = 0) and excited (I > 0)
electronic energies

The electronic problem is solved
for a fixed molecular geometry R
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Born-Oppenheimer
approximation

Electronic Schrédinger equation

Ground (I = 0) and excited (I > 0)
electronic energies

The electronic problem is solved
for a fixed molecular geometry R
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Electronic Schrédinger equation

Ground (I = 0) and excited (I > 0)

Born-Oppenheimer electronic energies

approximation

The electronic problem is solved
for a fixed molecular geometry R

H = ﬁ(R) —— L, =E(R)
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Born-Oppenheimer
approximation

Electronic Schrédinger equation

Ground (I = 0) and excited (I > 0)
electronic energies

The electronic problem is solved
for a fixed molecular geometry R

E; = E(R)

.

Potential energy surfaces

24



Why solving the electronic Schrédinger equation?
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V(R)

Computation of chemical reaction paths

AViR) / lo

: AR> Iy _
Potential energy R=R¢
surface (PES) TeANC TIoN

CSTATE

01/2'\/(}2 /

Ro ]Qt‘ Qaaa#m

, , wp&hale

EQUILIRR UM L
STRUCTYLE




Computation of reaction paths in the ground electronic state

V(R)

5&_’:\_/!;‘2) / lo

Potential energy AR’ R=R¢

surface (PES) TeANC TIoN

05'\/(}2 /

nuclei

ZZp

STRUCTYLE

P= V(R) =[Ey(R)|+
|
: \
L I‘ 7_
Ro / ‘Qt Rea bf\'mze
_ (sacdina
—— Electronic
EQuILIRRI UM ground-state energy R
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Computation of reaction paths in the ground electronic state

AN\
V(R) |
AViR) / lo
Potential energy AR R=R¢
surface (PES) TeANC TIoN
STATE
0(/2‘\/(}2 \
d V(R) F (R) nuclei Z Z
B = V(R) = E\(R) +
dR ’ Az:; IR, — Ry|
Total force applied |
to a given nucleus g \
¢ x 7_
Ro Qt Q&cx b]l‘\‘DY\.,
. , (orcdinate
EQUILIRRI UM L
STRUCTYLE
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Computation of reaction paths in the ground electronic state

V(R)

AViR) / lo
AR> P=Rr

TRANCITIONM
CTATE

Potential energy
surface (PES)

A’_zl/ép) >O nuclei 7.7
AR> VR) = ER) + ), ———
0
= = IRy —Rg]
dV(R) F(R) 0 ,
dR - i ; > < ; | |
( )
Total force applied ; . -
to a given nucleus R ‘Qt Doael
eaxecN Do
. , (sacAinate
EQUILIRRIUM 0,

STRUCTYLE
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Computation of reaction paths in the ground electronic state

V(R)

dV(R)
——— = F(R)
dR

Total force applied
to a given nucleus

F(R)<0 FMR)>0
< i | >

cé_’j_/l;‘Q) / lo

2
AR R=R¢

TRANCITION
CTATE

nuclei

Potential energy
surface (PES)

01/2'\/(}2 /

V(R) = ER) + ). Z
p= T &R, - RB|
|
| |
RO ]Qt‘ Q&ab]l'\vm
, , wa&hale
EQUILIRRI UM 2

STRUCTYLE
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Vibrational molecular spectroscopy

\

AViR) / lo
AR> P=Rr

TRANCITIONM
CTATE

V(R)

Potential energy
surface (PES)

Harmonic approximation

a(i\_/{ll) / >0
oA R*

V(R) =~ V(R,) + %k(R—RO)z

d*V(R)
Spri tant: k =
pring constan IR?

(
[
Ro R=Ry

| k
U ' Vibrational frequency: @ = € Canb
E&u)L.)BR)LU"] y Y an be

~ — measured!
STRUCTYLE (infrared spectroscopy)
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UV-visible electronic spectroscopy

\/LR)
/AN
nuclei
Z.7Z
T VilR) = ER) + ), =

» ~ R, — Ry

: “Vertical”

: electronic

: excitation

nuclei
.7

Gfdum(-: VO(R) =E0(R)+ Z ‘A4+B
eledrome ~ R, —Ry|
Stale

R g

R
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Electronic Schrédinger equation

U
I'A]‘ :EI‘
N/

&

Corresponding electronic quantum states
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Encoding of many-electron quantum states
(in second quantization)

34



From the one-electron to the many-electron problem

Dy
D -1

PN+4

PN+3

PN+2
PN+1

Pn

%)
P

spin (T or |)

l

p{X) = @,r,0) = @x,y,2,0)

\/
‘ I
space
coordinates

Molecular (spin) orbitals
(One-electron wave functions)
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From the one-electron to the many-electron problem

Dy
D -1

PN+4

PN+3

PN+2
PN+1

Pn

%)
P

Molecular spin orbitals (MOs)

p{X) = @,r,0) = @x,y,2,0)

Atomic (spin) orbitals

-

)(ﬂ(X) ~ y(r—R,) <«—— Centered on|
nucleus A
— ~ yHyM-D —a(x2+y2+zz)
Q((I’) y(x,y,2) ~ x"y"zl e )
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From the one-electron to the many-electron problem

PN+4

PN+3

PN+2
PN+1

Pn

%)
P

Molecular spin orbitals (MOs)

p{X) = @,r,0) = @x,y,2,0)

Atomic (spin) orbitals

-

)(ﬂ(X) ~ y(r—R,) <«—— Centered on|
nucleus A
— ~ iy D —a(x2+y2+zz)
Q((I’) y(x,y,2) ~ x"y"7l e )

n=m=p =0 — “sorbital”
n=1,m=p=0- “p, orbital”
n=0,m=1,p=0-—"p orbital”

n=0=m,p=1- “p, orbital”
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From the one-electron to the many-electron problem

Dy
D -1

PN+4

PN+3

PN+2
PN+1

Pn

%)
P

Molecular spin orbitals (MOs)

p{X) = @,r,0) = @x,y,2,0)

M
9i(X) = ) Cyi 1, (%)
u=1

T

Atomic (spin) orbitals

-

X ,u(X) ~ y(r—R,) <+—— Centered o)
nucleus A
\)((l') — )((x, y, Z) - xnymzp e—a(x2 +y2+ Z2) ;
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From the one-electron to the many-electron problem

*¢e |||

*e

Dy

D1

PN+4

PN+3

PN+2
PN+1

Pn

%)
P

Unoccupied orbitals (virtuals)

Single electronic configuration
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From the one-electron to the many-electron problem

*¢e |||

*e

Dy

D1

PN+4

PN+3

PN+2
PN+1

Pn

%)
P

Unoccupied orbitals

| @) = a)d)
A

"T
as.. N\Vac)

“second quantization” representation
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From the one-electron to the many-electron problem

*¢e |||

*e

Dy

D1

PN+4

PN+3

PN+2
PN+1

Pn

%)
P

Unoccupied orbitals

Creation operators

//\

| @) = da)...a) | vac)
A

“second quantization” representation
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From the one-electron to the many-electron problem

*¢e |||

*e

i
D1

PN+4

PN+3

PN+2
PN+1

Pn

%)
P

Unoccupied orbitals

\CI>>—

l.

S
..ay | vac)
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From the one-electron to the many-electron problem

*¢e |||

*e

i
D1

PN+4

PN+3

PN+2
PN+1

Pn

%)
P

Unoccupied orbitals

| D)) =

alal...al
..ay | vac)

Slater determinant
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From the one-electron to the many-electron problem

*¢e |||

*e

Dy
D1

PN+4

PN+3

PN+2
PN+1

Pn

%)
P

Unoccupied orbitals

| @) = aja)...a) | vac)

[ 115 AnOpy 1200

Spin orbital occupation encoding!
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From the one-electron to the many-electron problem

*¢e |||

*e

Dy

D1

PN+4

PN+3

PN+2
PN+1

Pn

%)
P

Unoccupied orbitals

| D) = aa AT .&;L\,\Vac) ~ |Py)

Slater determinant I
“Mean-field

approximation”
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From the one-electron to the many-electron problem

*¢e |||

*e

Dy

D1

PN+4

PN+3

PN+2
PN+1

Pn

%)
P

Unoccupied orbitals

| D) = aa AT .&}L\,\Vac) ~ |Py)
Slater determinant I

Hartree-Fock “Mean-field

approximation = approximation”
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From the one-electron to the many-electron problem

*¢e |||

*e

Dy

D1

PN+4

PN+3

PN+2
PN+1

Pn

%)
P

Unoccupied orbitals

U

/ Single electronic configuration:

no electron correlation (by definition)

| D) = &1&;...&;,\\/210) ~ | Py)

Slater determinant I

Hartree-Fock N “Mea.n-fielld
approximation approximation”

47



Description of electron correlation
(through a multi-determinant wave function)

o) & [ Do)+ ) G| @)

N N
Reference >0 “Excited”
determinant determinants

If all determinants are taken into account (“exact” solution):

Full Configuration Interaction (FCI) method < “exact diagonalization”



Description of electron correlation
(through a multi-determinant wave function)

777

!
o) & [ Do)+ ) G| @)

N N
Reference >0 “Excited”
determinant determinants

If all determinants are taken into account (“exact” solution):

Full Configuration Interaction (FCI) method < “exact diagonalization”



Some important theorems (for quantum chemists)
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Ground-state electronic Schrodinger equation

ﬁ‘l}'()):Eo\To)
\

Lowest many-electron energy
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Rayleigh-Ritz variational principle

Theorem: For any trial wave function ¥, we have

L (P
0>
(V%)
\/

Expectation value of the energy

b2



Rayleigh-Ritz variational principle

Theorem: For any trial wave function ¥, we have

L (P
0>
(V%)
\/

Expectation value of the energy

0

) (PIH|Y)
min
P (V| W)

SettammmpmminTYT
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Theophilou-Gross-Oliveira-Kohn (TGOK) variational principle

[ W3
i ................. E W) \P
s 2 2
§ ................. E, W) ¥,
Ll
3 .
Qe EO 0 \PO
Theorem 2:
P | H|P P, |H|P ¥ |H| P
Wy Fo o’ +w, < S ) + ... +wy, < L w) > Wolkgt+w E; + ... +w, By,
<‘Pl | \P1> <TM| q’M)

<‘i10 | ‘?O>

Theophilou, J. Phys. C: Solid State Phys. 12, 5419 (1979).

Theophilou, in The Single Particle Density in Physics and Chemistry, edited by N. H. March and B. M. Deb (Academic Press, 1987), pp. 210-212.
U. Gross, L. N. Oliveira, and W. Kohn, Phys. Rev. A 37, 2805 (1988).

U. Gross, L. N. Oliveira, and W. Kohn, Phys. Rev. A 37, 2809 (1988).
O

A. K.
A. K.
E. K.
E. K.
L. N. Oliveira, E. K. U. Gross, and W. Kohn, Phys. Rev. A 37, 2821 (1988).
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W

Theophilou-Gross-Oliveira-Kohn (TGOK) variational principle

[ W3

= ”

g ................. E2 \PZ

§ ................. E, W) ¥,

O

8 ................. EO W) \PO
Tyl H1 0>+w1< L] 1>+...+wM< u | H1 ¥y > W Byt E; + ...4w,,Ey,
(Wo|Po) vy (P YY) (P | ¥

Arbitrary ordered positive weights €—— W 2 W; 2 ... 2 Wy,

95



W

Theophilou-Gross-Oliveira-Kohn (TGOK) variational principle

T

:

O) .................

IS

()]

g .................

o

O

Q ..................
¥, |H|¥ ¥ |H|Y
Folil¥y) , FdHIFD L,
(PolPo) (P1 1))

Orthogonal trial wave functions

W3
k, = ¥,
E, - ¥y
Ey = ¥y
¥, |H|Y
M< v M) > w Byt E, +
(P | P

ot wy By
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Theophilou-Gross-Oliveira-Kohn (TGOK) variational principle

W

3 .

8) ................. E2 W \Pz

% ................. E, W) ¥,

G

8 ................. EO Wo ‘PO
¥, |H|P ¥ |H|P v, |H|P
Tyl H1 0>+w1< L] 1>+...+wM< u | H1 ¥y > W Byt E; + ...4w,,Ey,
(Po | ¥o) (W1 1¥)) (Upr | ¥r)

Desired M lowest excited-state
energies
57



Ground-state mean-field theory
(Hartree-Fock method)

58



From the one-electron to the many-electron problem

*¢e |||

*e

Dy

D1

PN+4

PN+3

PN+2
PN+1

Pn

%)
P

Virtual orbitals

59



Hartree-Fock (mean-field) approximation

Trial Slater
determinant

|

(D|H| D)
(D] D)

Ey ~ Eyp = min
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Total Hamiltonian in second quantisation

Z<¢p|h|¢g>&

T Z (Pr@o | Pres) a ap Q“S“R
PQRS

61



H

Total Hamiltonian in second quantisation

1
[dX @5 (X) <_5V‘2' + vne(l‘)> Po(X)

A

One-electron integrals

Zgwplﬁl(pgﬂ aldy + — Z (ppp | Prws) d1a QasaR

PO PQRS

62



Total Hamiltonian in second quantisation

1
[dX @5 (X) <_5V‘2' + Vne(l‘)> Po(X)

A

One-electron integrals

A A e 1 NV
H = ZEgﬂPlhlg”Qﬂa;aQ T 5 Z {Prpy @R@Sﬂa;aTQGSaR

Two-electron integrals

\ 4

1
[dxl [dxz ¢;(X1)€0§(X2) PR(X)Ps(X,)
[T, — 13|
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Hartree-Fock (mean-field) approximation
|Yy) ~ | D) = d“{&;..&;{,\vac)

Trial Slater
determinant

|

oo = | J (O
0~ Lyp = | MIn
wory | (D]D)
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N 1 N
2 i+ X (Gl = Gilin)
i=1 ij=1

VZ
hij = de gol.*(x)(—?r + vne(r)) gaj(x) <—— One-electron integrals



P15P25- - - PN < ‘ >
1
N 1 N
2 it 2 (i) = Giln)
i=1 ij=1

VZ
hij = de gai*(x)(—Tr + vne(r)) gaj(x) ——> One-electron integrals

PF (XD (X) P (X D@(X3)

|r; — 15|

Two-electron integrals «——— (jj|kl) = deljdxz

66



(D1H| D)

P15P25- - - PN < ‘

Zhu +- Z
5,j=1

(ij | lJ> — (ij |Jl>)

Coulomb Exchange
(Hartree) energy
energy

V2
hij = [dx (pi*(x)<—7r + vne(r)> goj(x) — One-electron integrals

Qi (X1)€0 (X)) (X (X5)

Two-electron integrals <—— (ij|kl) = del[dxz

|r; — 15|
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ground-state energy E(R) [a.u.]

Hartree-Fock (mean-field) theory

H, in the dissociation limit

-1.05
-1.1
~1.15 k HF (aug—-cc-pVQZ) —— -
FCI (aug-cc-pVQZ) ——
_12 | | | | | | | |
9

2 3 4 5 6 7 8 10

bond distance R [a.u.]



Wavefunction theory
or how to describe electron correlation explicitly
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*¢e |||

*e

Explicit description of electron correlation

Dy

D1

PN+4

PN+3

PN+2
PN+1

PN

%)
P

Single, double, triple, quadruple, ..., N-tuple excitations

ﬁ
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Configuration Interaction (Cl) method

Reference ground-state
/ HF determinant

|‘Po>%é|q)o>

|

Excitation operator

71



M N
>
a=N+1 i=1

Configuration Interaction (Cl) method

Reference ground-state
/ HF determinant

|To> ~ |(D()>

M N M N

a,a; + Z Z a,a,a,d; + Z Z a,a,a.a;a;a, + ...
\_/

a,b=N+1i,j=1

a,b,c=N+1i,j k=1 ~_ 7
\_/ /

Singles Doubles Triples

72



Configuration Interaction (Cl) method

|P,) ~

a=N+1 i=1 a,b=N+1i,j=1

Reference ground-state

/ HF determinant

C| @)

T /\T A A
dg bala]

M N
+ ) ), Cicala

a,b,c=N+1i,j,k=1

To-be-optimized CI coefficients

TATAT ~
at b c la]

a, + ...
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|P,) ~

M N

T=C ) ) Cla

a=N+1 i=1

Configuration Interaction (Cl) method

. (. )
Clag) =] Y, Coldety) = |¥(0))

¢ p

ar 3 Y cangs v 33 o ddiaa

a,b=N+1i,j=1 a,b,c=N+11i,j,k=1

To-be-optimized CI coefficients

A

ak + ...
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Configuration Interaction (Cl) method

o (RO HWO)
cp = min
’ C (PO [W(O))

[W(O)) = D C:|dety)
3




Configuration Interaction (Cl) method

e (UOTHPO)
cp = min
ﬁ (PO |PO)

[W(C)) = ) C.|dety) @
S

: = F cr |l Matrix diagonalization
problem
Héo ceoe Hffl coe Cé Cg
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Configuration Interaction (Cl) method

H.. = (det(glﬁldet?)
\ L L
Hyy Hoy 51 Hog = | | € Co
Hyg - C, C,
E | =Eal
Hey oo Hge oo Cg Cg

Cl Hamiltonian matrix



*¢e |||

*e

Dy

D1

PN+4

PN+3

PN+2
PN+1

Pn

%)
P

How many determinants in total
for a full CI (FCI) calculation?

s

.

~\

We have .// (spin-) orbitals

available for N electrons

w,

78



*¢e |||

*e

i
D1

PN+4

PN+3

PN+2
PN+1

Pn

%)
P

How many determinants in total?

s

.

We have .// (spin-) orbitals
available for N electrons

N

J

Ndet. = <

)

M

~ NW=N)!

79






How many determinants in total?

M =2XN

A (2N)!

N —
NI =NY! (N2

81



N, det. —

How many determinants in total?

M =2XN

M (2N)!
N\(—-N)! (N2
| AN
N! ~ \/ﬁv <_> Stirling formula for large N values
\f 22N 2N In2

TN

NE
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How many determinants in total?

€2N In2
N det. ~ “Exponential wall”

NE

83



How many determinants in total?

62Nln2 N=50

10°

X

N, det. ~

84



How many determinants in total?

2N 1In?2
€ N=400
Ny, ~ ~ 1.88x10%%

NE
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A naive (important though) understanding of the “quantum advantage”

[ Prer) = ) €| dety)
S

2N 1In?2
| | | eV N=50 | g
¢ Classical encoding of all Slater determinants: N det. ~ ~ 10

NE

¥ The FCI wavefunction can in principle be encoded (in this example) with .Z = 2N qubits.

Exponential guantum advantage!

86



Coupled cluster theory:
A smarter encoding of electron correlation

87



Coupled Cluster (CC) theory

Reference ground-state
/ HF determinant

[Po) ~ [P(D) = e | D)

M N M N M N
a=N+1 i=1 a,b=N+1i,j=1 a,b,c=N+1i,j,k=1

Excitation operator

88




Coupled Cluster (CC) theory

o) ~ [P(D) = e’ | D)

M N M N M N
P=uk ) Qtdla+ Y Yl dlaiaa + Y )l alajalaaa + ...
a=N+1 i=1 a,b=N+1i,j=1 a,b,c=N+1 i,j,k=1

To-be-optimized Coupled Cluster amplitudes

89



Coupled Cluster (CC) theory

o) & [() = e’ | @)

M N

=1y + 2 th&“+ Z Ztab alataa; + Z 2 abe giatal

a=N+1 i=1 a,b=N+11i,j=1

f=14 ) —
=1 n.

a,b,c=N+11i,j,k=1

&&&

(AlA | . 1 .

_Cl

1+7 4+ —7" 4+ —T"+—T"+...
2 6 24

CC

+ ...
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Coupled Cluster (CC) theory

o) & [() = e’ | @)

=1y + 2 Zt“ ata. + Z Zt“b ilalaa; + Z 2 e atatalaaa, +.

a=N+1 i=1 a,b=N+11i,j=1 a,b,c=N+11i,j,k=1

Singles Doubles Triples

. l ., 1. 1 . A

. +00 n -
P14 Y — =47 T T
n! 2 6 24

\_Cl Y,
CC

9



Conventional (non-variational) optimisation of the CC amplitudes

Find the CC amplitudes (i.e. f) such that

H (eT| (I)O)> = Ecc <6T| CI)O)>

Schrodinger equation for the CC wave function
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Coupled Cluster (CC) theory

/

o) & [() = e | @)

\

Not unitary!

T=t+ f itf’d a; + Z Zt“bazaz id; Z 2 tlj’,’j‘ azaZaZ 14,0, + ...

a=N+1 i=1

a,b=N+1i,j=1 a,b,c=N+1 i,j,k=1

Excitation operator

T+ -T
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Unitary CC (uCC) theory
(standard in quantum algorithms for quantum chemistry)

WecD)) =€ [y - |P,cc®)) =€ | D)
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Unitary CC (uCC) theory

W) = e/ [Dg) = [Py =€ | @)

|

M N
=14 ) ) it ala + Z Zz atataa; Z Z e dlatalaag, + ...
a=N+1 i=1 a,b=N+11,j=1 a,b,c=N+1 i,j,k=1

R Excitation operator

— %

—o—

—

- §;




Unitary CC (uCC) theory

W) = e [Dg) = [Py =€ | @)

|

T =1+ Z Zz a'a, + Z Zzab atala,a, + Z Z (e dlatala ah, + ...

a=N+1 i=1 a,b=N+11,j=1 a,b,c=N+1 i,j,k=1

De-excitation operator

Pa with the same CC amplitudes

Kl

@;



Unitary CC (uCC) theory

Wec®) =€/ [®g) = [Hyec) =’ |®)

Unitary transformation

[(‘Pucc(t) | \Pucc(t» — (q)o | q’o) ]

The square norm is preserved!
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Unitary CC (uCC) theory

|chc(t)> = €T| (Do> — |\Pucc(t)> =€\T_i| (Do>

Unitary transformation

[(TuCC(t) | Wicc(D) = 1]

The square norm is preserved!
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Unitary CC (uCC) theory

Pec®) = e [Dg) = [Py =€ | @)

Variational evaluation of the energy:

{ (WD H W o)) }

E cc = min

u

(Wacc(®) | Fucc(t))
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Unitary CC (uCC) theory

Pec®) = e [Dg) = [Py =€ | @)

Variational evaluation of the energy:

e e T Puce®)
uCC = min
t (Wocc(t) | Wyce(h))

= min { (W oo 1 H ¥ ycc(D) }
t
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Unitary CC (uCC) theory

Pec®) = e [Dg) = [Py =€ | @)

Variational evaluation of the energy:

e e T Puce®)
uCC = min
t (Wocc(t) | Wyce(h))

= min { (W oo 1 H ¥ ycc(D) }
t

Method of choice in variational quantum eigensolvers (VQE)!
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Complements
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Molecular orbitals written as linear combinations of atomic orbitals

Atomic orbitals
(basis set)

[\

C”p(r) = Cy, x4(r) + Cp, X 5(T)
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Molecular orbitals written as linear combinations of atomic orbitals

¢p(r) = Cy, x4(r) + Cp, X 5(T)

/A
notation
=" 2 ot

"]

Atomic orbitals
(basis set)
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Molecular orbitals written as linear combinations of atomic orbitals

¢p(r) — CAp )(A(r) + CBp )(B(r)

M

notation
anlo Z;(ﬂ(r)
p=1 [

Optimized
molecular orbital coefficients
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Molecular orbitals written as linear combinations of atomic orbitals

Size of the atomic orbital basis

l

/A
9,0 =) C,, 1,r)
u=1
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Conventional (non-variational) optimisation of the CC amplitudes

H <eT| (I)O)> = Ecc (ef| (DO))

Schrodinger equation for the CC wave function

108



Conventional (non-variational) optimisation of the CC amplitudes

H <ef| (I)O)> = Ecc (ef| (I)O))

e 'He'| D) = Eqc e e D)
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Conventional (non-variational) optimisation of the CC amplitudes

e 'He' D) = Ecc e e D)

% Cc(t) | q’o) = ECC | q’o)
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Conventional (non-variational) optimisation of the CC amplitudes

%Cc(t) | D) = Ecc | Pp) Effective N-electron

\ , Schrddinger equation

Known!
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Conventional (non-variational) optimisation of the CC amplitudes

% HlD,) =F D Effective N-electron
CC( ) | O> cC | O> Schrodinger equation
l—

To-be-determined

. N A A A N
Hoct)y=e 'He' = (1 —T+5T2— ...>H<1 +T+5T2+ )

112



Conventional (non-variational) optimisation of the CC amplitudes

% HlD,) =F D Effective N-electron
CC( ) | O> cC | O> Schrodinger equation
i —

To-be-determined

. N A A A N
Hoct)y=e 'He' = (1 —T+5T2— ...>H<1 +T+=T"+ >

Expansion stops exactly at fourth order in T
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