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0 Motivations
e The Bethe-Salpeter: basic theory
Q The Bethe-Salpeter in practice

e Prototypical results
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Exp. at 30 K from: P. Lautenschlager et al., Phys. Rev. B 36, 4821 (1987).



Motivation

@ Which kind of spectra?
@ Which kind of tools?




Motivation

Why do we have to study more than (TD)DFT?

Absorption spectrum of bulk silicon in DFT

Silicon
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How can we understand this?




Motivation

Why do we have to study more than (TD)DFT?

Absorption spectrum of bulk silicon in DFT
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Spectroscopy is exciting!




Motivation

Why do we have to study more than (TD)DFT?
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Solid argon: absorption



Motivation

MBPT vs. TDDFT: different worlds, same physics

MBPT

@ based on Green’s functions

@ one-particle G: electron addition and removal - GW
two-particle L: electron-hole excitation - BSE

@ moves (quasi)particles around
@ is intuitive (easy)

v

TDDFT

@ based on the density

@ response function x: neutral excitations
@ moves density around

@ is efficient (simple)




Motivation

Independent particles: Kohn-Sham

Independent transitions: Silicon

Optical Absorption
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Motivation

GW corrections

Standard perturbative GoW,
Ho(r)pi(r) + Vie(r)pi(r) = eipi(r)

Ho(r)i(r) + / ' £(r,r,w = ) (') = E 6,(r)

First-order perturbative corrections with ¥ = iGW:

Ei —ei = (0i|X — Vic|pi)

Hybersten and Louie, PRB 34 (1986);
Godby, Schliiter and Sham, PRB 37 (1988)



Motivation

Independent (quasi)particles: GW

Independent transitions: oo
Optical Absorption
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Motivation

What is wrong?

What is missing?




Motivation

Photoemission: one-particle Green’s function

Direct Photoemission Inverse Photoemission
hv
hv c
\_/ \C/
V AV

One-particle excitations — poles of one-particle Green’s function G



Motivation

GW approximation




Motivation

Absorption: two-particle Green’s function

"._‘\ v
Two-particle excitations — poles of two-particle Green’s function L
Excitonic effects = electron - hole interaction



Motivation

Absorption: two-particle Green’s function

M
v
Two-particle excitations — poles of two-particle Green’s function L
Excitonic effects = electron - hole interaction



Motivation

Absorption: two-particle Green’s function

v

Two-particle excitations — poles of two-particle Green’s function L
Excitonic effects = electron - hole interaction
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e The Bethe-Salpeter: basic theory



BSE

TDDFT vs. MBPT

TDDFT

@ Key variable: density p(1)

v

MBPT

@ Key variable: Green’s function G(12)




BSE

TDDFT vs. MBPT

TDDFT

@ Key variable: density p(1)
@ Linear response:

dp(1)

X(13) = 5y @

MBPT

@ Key variable: Green’s function G(12)
@ Linear response:

. 6G(12)
L(1234) = Yoo

A




BSE

TDDFT vs. MBPT

TDDFT

@ Key variable: density p(1)
@ Linear response:

p(1)

X(12) - 5Vexl(2)

@ Dyson equation:
x(12) =x°(12)+/d34x°(13)[V(34)+fxc(34)]><(42)

with fc(34) = & Vie(3)/5p(4)

MBPT

@ Key variable: Green’s function G(12)
@ Linear response:

; 6G(12)
6 Vext(34)
@ Dyson equation = Bethe-Salpeter equation:

L(1234) =

55(56)
6G(78)

L(1234) = Lo(1234) + / d5678L0(1256)[v(57)5(56)5(78)+ ]L(7834)

v




BSE

TDDFT - MBPT connection

The connection

—iG(11) = p(1) = L(1122) = x(12)




BSE

Reminder: Dyson equation

Dyson equation

G(12) = Go(12) + / d34Go(13)[E(34) + Veu(34)]G(42)

where Gy is the Hartree Green'’s function:
Go(w) = (w—Ho) ™' = Gy '(w) = (w — Ho)

where H, is the Hartree Hamiltonian = T + V4

From now on: integration over repeated variables is understood



BSE

Reminder: Dyson equation

G(12) = Go(12) + / d34Go(13)[Z(34) + Vext(34)]G(42)
where Gy is the Hartree Green'’s function:
Go(w) = (w — Ho) ™' = Gy (w) = (w — Ho)

where H, is the Hartree Hamiltonian = T + V4

From now on: integration over repeated variables is understood

G '(12) = Gy '(12) — £(12) — Vex(12)




BSE

The Bethe-Salpeter equation

Exercise
Formal derivation

5G(12) 5G'(56)

L(1234) = — i s = HIG(19) Gy 2 G(62)
_ 4 ig(15)°1G: (59) (s—VVt(éi?) —26)] p2)

:—iG(13)G(42)+iG(15)G(62)[6VH(5)5(56) 0%.(56) ]

o Vext(34)  0Veu(34)
5V(5)8(56) 6):(56)] 6G(78)

:—iG(13)G(42)+iG(15)G(62)[ 58 575 BVe )

5%(56)
3G(78)

L(1234) =Lo(1234) + Lo(1256) [v(57)5(56)5(78) A ] L(7834)




BSE

The Bethe-Salpeter equation

Approximations

L=Lo+ Lo(v+i5—z)L

G




BSE

The Bethe-Salpeter equation

Approximations

X
L=1Ly+ Lo(v+/E)L

Approximation:

Y ~ iGW




BSE

The Bethe-Salpeter equation

Approximations

5(GW)

L:L0+L0(V— )L

0G
Approximation:

Gy GTW

Y ~ iGW e 5G




BSE

The Bethe-Salpeter equation

Approximations

Final result:

L= L0—|—I_0(V— W)L




BSE

The Bethe-Salpeter equation

Bethe-Salpeter equation

L(1234) = Lo(1234)+
Lo(1256)[v(57)6(56)5(78) — W(56)5(57)5(68)]L(7834)
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BSE

Time-dependent Hartree-Fock

Bethe-Salpeter equation

L(1234) = Lo(1234)+
Lo(1256)[v(57)8(56)5(78) — W(56)5(57)5(68)]L(7834)




BSE

Time-dependent Hartree-Fock

Bethe-Salpeter equation

L(1234) = Lo(1234)+
Lo(1256)[v(57)5(56)5(78) — v(56)8(57)5(68)]L(7834)




BSE

Absorption spectra in BSE

Bulk silicon

G. Onida, L. Reining, and A. Rubio, RMP 74 (2002).
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Q The Bethe-Salpeter in practice



Abs(w) = lim Imey(q,w)
q—0
Abs(w) = — lim Im [ve—o(q) Xe=0,6'=0(d, w)]
q—0

X =P+ Pvy
Absorption — response to Vey + V75

EELS

Eels(w) = — c||i£)n0 Im[1/em(q,w)]

Eels(w) = — c||i£>n0 Im [Va-o(d)Xa=0,6'=0(q, w)]

X =P+ P(w+V)x

Eels — response to Veyx




Solving BSE

L(1234) = Lo(1234)+
Lo(1256)[v(57)5(56)5(78) — W(56)5(57)5(68)]L(7834)



Solving BSE

L(1234) = Lo(1234)+
Lo(1256)[v(57)5(56)5(78) — W(56)5(57)5(68)]L(7834)



Solving BSE

L(1234) = Lo(1234)+
Lo(1256)[v(57)5(56)5(78) — W(56)5(57)5(68)]L(7834)

Static W

Simplification:

W(I’1,I‘2, L — tg) = W(r1,r2)5(t1 = tg)
[(1 234) = [(r1 o g, g, t — t/) = Z(r1 ,Fo, I3, 1y, w)




Practice

Solving BSE

Dielectric function

[(I"1 I'2I"3I'40J) = Lo(l"1 r2r3r4w) aF / dl"5d|'6dl"7dl'8 Lo(l'1 rgrsrgw)x

X [V(r5r7)5(r5r6)5(r7rg) — W(r5r6)5(r5r7)6(r6r8)][(r7r8r3r4w)

em(w) =1 _;iLno [vezo(q)/drdr e (r,r, r’,r’,w)}




Solving BSE

L(I‘1 r2r3r4w) = L()(I'1 r2r3r4w) + / drsdrgdr;drg Lo(r1 r2r5r6w)><

X [V(r5r7)5(r5rs)5(r7rg) — W(r5r6)5(r5r7)5(r6rg)]L(r7r8r3r4w)

How to solve it?



Solving BSE

L(I‘1 r2r3r4w) = L()(I‘1 r2r3r4w) + / drsdrgdr;drg Lo(r1 r2r5r5w)><

X [V(r5r7)5(r5rs)5(r7r8) — W(r5r6)5(r5r7)5(r6rg)]L(r7r8r3r4w)

How to solve it?

Transition space

Lnym)(nsne) (@) = (&, (F1) Py (2) | L(P1 723 4w) | B, (3) P, (Fa)) = ((L))




Practice

Exercise

£(r1)g; i(rs)o;
Loty v oy o) = S - f,-)¢ (r1()d /_(r(ZZ:?_(rsEi)l (rs)

Calculate:

fn1 B fn2
—_ mZhe 5 s
W — (Eny — Epy) Mo




Practice

Solving BSE

BSE in transition space

We consider only resonant optical transitions
for a nonmetallic system: (nyny) = (vkck) = (vc)

[:Lo—FLo(V— W)l
L=[1—-Lo(V- W) Lo
L=('~ (- W)

L(VC)(V’C’)(W) = [(Ec — Ev = w)durbcer + (Fv — fc) ((V — W>>]_1(fcr — )




Solving BSE

L(vc)(v’c’)(w) = [(Ec - Ev - w)(svv’écc’ + (fv - fc)<<V - W>>]_1(fc’ - fv’)



Practice

Solving BSE

Luoyviey(w) = [(Ec — Ev — w)owdeer + (v — 1) (V= W)™ (for — 1)

L— [Hexc — w/]_1

HYOW') = (B, — E,)bwidcer + (f — F)(velv — WV'E)



Solving BSE

Excitonic hamiltonian

HEOW') = (B — E))owr b + (F, — £5)(ve|v — WIV'C))

4

Spectral representation of a hermitian operator

A\ (A
[Hexe — LU/]1 Z|Ei—)\|

HechA = EAAA

_ AE\VC)A:(V c’)
Liveyvren(w) = Z ﬁ(fc' — fyr)
>\

\




Absorption spectra in BSE

Independent (quasi)particles

Abs(w) Z| v|D|c)[?S(E; — w)

v

Excitonic effects

[Her + Hrole+Hei—roie] Ax = ExAA

Abs(w Z]ZA("C (vID|c)*8(Ex — w)

e mixing of transitions: |(v|D|c)? — |3, AV (v|D|c)?
@ modification of excitation energies: E; — E, — E,




Practice

BSE calculations

A three-step method

@ LDA calculation
= Kohn-Sham wavefunctions ¢;

@ GW calculation
= GW energies E; and screened Coulomb interaction W

© BSE calculation
solution of Hexe Ay = ENA) with:
HYQWV' ) = (Ey — E))oudeer + (f, — 1) (ve|7 — WIV'C')
= excitonic eigenstates Ay, Ex
= spectra ey (w)
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@ Prototypical results



Results

Continuum excitons

Bulk silicon

w(eV)

G. Onida, L. Reining, and A. Rubio, RMP 74 (2002).



Results

Bound excitons

Solid argon
T L T 4 T L T | ] T
15— .
exp
= = IP-RPA
. * GW-RPA
e 117
10}~ -

% ol £ i Tl
11 12 13 14 15
o (eV)

F. Sottile, M. Marsili, V. Olevano, and L. Reining, PRB 76 (2007).



Results

Exciton analysis

Exciton amplitude: W (s, fe) = > AV (rn)pe(re)
vc

Graphene nanoribbon Manganese Oxide

D. Prezzi, et al., PRB 77 (2008). C. Radl, et al., PRB 77 (2008).



The Wannier model

Bethe-Salpeter equation

HechA = EAAA
HEQY ) = (B = Ev)ouiSeer + (7 — W))

<

Wannier model

@ two parabolic bands

k2 VZ
Ec—Ev—Eg-FZ — —Z

@ no local fields (v = 0) and effective screened W
1
wr,r)= ———
(r.r) elr—r|

@ solution = Rydberg series for effective H atom

Reir .
Ex=E,— T‘j’ with Ry = %




Many thanks!

©
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