
Second quantization

• What is convenient is that this second-quantized representation is valid for any number N of
electrons:

N
X

i=1

ĥ(i) ⌘
X

I,J

h'I |ĥ|'J iâ†I âJ ⌘ ĥ

The information about N has been completely transferred to the states. It does not appear in the
operator anymore.

EXERCISE: Let us consider another orthonormal basis
n

'̃K(X)
o

K
of spin-orbitals that we

decompose in the current basis as follows, |'̃P i =
X

Q

UQP |'Qi.

(1) Show that the matrix U is unitary (U† = U�1).

(2) Explain why â†
P̃

=
X

Q

UQP â†Q and show that
X

I,J

h'̃I |ĥ|'̃J iâ†Ĩ âJ̃ ⌘ ĥ.

(3) Show how the diagonalization of ĥ in the one-electron space leads automatically to the
diagonalization in the N -electron space (use exercise page 10).
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Multi-configurational self-consistent field

Analytical gradient and Hessian in Hartree-Fock

EX2: By using the relation e��Â B̂ e�Â = B̂ +

Z

�

0
d⇠

d

d⇠

 

e�⇠Â B̂ e⇠Â

!

, which holds for any � and

any B̂ operator, prove the Baker-Campbell-Hausdorff (BCH) expansion:

e�Â B̂ eÂ = B̂ +
+1
X

n=1

1

n!
JB̂, ÂK

n

JB̂, ÂK
n+1 = [JB̂, ÂK

n

, Â], JB̂, ÂK1 = [B̂, Â]

= B̂ + [B̂, Â] +
1

2
[[B̂, Â], Â] + . . .

• Analytical formulas for the gradient and the hessian:

E() = E(0) + h�0|[̂, Ĥ]|�0i
| {z }

+
1

2
h�0|[̂, [̂, Ĥ]]|�0i+ . . .

X

ai


ai

h�0|[Ê
ai

� Ê
ia

, Ĥ]|�0i ! E
[1]
0,ai = h�0|[Ê

ai

� Ê
ia

, Ĥ]|�0i

= �2h�0|ĤÊ
ai

|�0i = 0 (Brillouin theorem)
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Multi-configurational self-consistent field

Spin-orbital rotation

• Let {|P i} denote an orthonormal basis of spin-orbitals and {|P̃ i} another orthonormal basis

obtained by unitary transformation:

|P̃ i =
X

Q

U
QP

|Qi

• U can be written as U = e�
with † = �  U† =

⇣

e�
⌘†

= e�†
= e = U�1

• 
PQ

can be used rather than U
PQ

for parametrizing the spin-orbital rotation

EX1: Using EX2, show that in second quantization the unitary transformation can be simply written as

â†
P̃

=
X

Q

⇣

e�
⌘

QP

â†
Q

= e�̂ â†
P

e̂ = â†
P̃

where ̂ =
X

PQ


PQ

â†
P

â
Q
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Multi-configurational self-consistent field

• Newton method:

E(�) ⇡ E(0) + �TE
[1]
0 +

1

2
�TE

[2]
0 � ! E

[1]
�+
⇡ E

[1]
0 + E

[2]
0 �+ = 0 ! E

[2]
0 �+
|{z}

= �E[1]
0

Newton step

• Convergence reached when E
[1]
0 = 0

EX7: Show that E
o[1]
0,pq = h (0)|[Ê

pq

� Ê
qp

, Ĥ]| (0)i and E
c[1]
0 = 2

⇣

HCAS � E(0)
⌘

C(0)

where HCAS
ij

= hi|Ĥ|ji and C(0) =

2

6

6

6

6

4

.

.

.

C
(0)
i

.

.

.

3

7

7

7

7

5

Note: E
o[1]
0 = 0 is known as generalized Brillouin theorem.
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Second quantization

EXERCISE:

(1) Show that each contribution to the electronic Hamiltonian reads in second quantization as follows,

T̂ ⌘ �
1

2

Z

dr
X

�

 ̂†(r,�)r2
r ̂(r,�), V̂ne ⌘

Z

dr vne(r) n̂(r),

Ŵee ⌘
1

2

Z Z

drdr0
X

��0

 ̂†(r,�) ̂†(r0,�0) ̂(r0,�0) ̂(r,�)

|r� r0|

=
1

2

Z Z

drdr0
n̂(r)n̂(r0)� �(r� r0)n̂(r)

|r� r0|
.

(2) At the non-relativistic level, real algebra can be used, 'I(X) = 'i�(r, ⌧) = �i(r)��⌧ ,

ĥ ⌘ �
1

2
r2

r + vne(r)⇥ and ŵee ⌘
1

|r1 � r2|
⇥ .

Show that the Hamiltonian, that is here a spin-free operator, can be rewritten in the basis of the molecular
orbitals

n

�p(r)
o

p
as follows

Ĥ =
X

p,q

hpqÊpq +
1

2

X

p,q,r,s

hpr|qsi
⇣

ÊpqÊrs � �qrÊps

⌘
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Second quantization

where Êpq =
X

�

â†p,� âq,� , hpq = h�p|ĥ|�qi and

hpr|qsi =
Z Z

dr1dr2 �p(r1)�r(r2)
1

|r1 � r2|
�q(r1)�s(r2) = (pq|rs).
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