e What is convenient is that this second-quantized representation is valid for any number N of
electrons:

N
> k() = D (erlblesalas = h

1=1 1,J

The information about N has been completely transferred to the states. It does not appear in the
operator anymore.

EXERCISE: | Let us consider another orthonormal basis {gb x(X) } « of spin-orbitals that we

decompose in the current basis as follows, |pp) = Z Ugprleq)-

(1) Show that the matrix U is unitary (UT = U~1).

(2) Explain why d = Z & and show that Z<¢I|ﬁ|¢J)d}dj = h.
Q I,J
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A . . A d N .
EX2: | By using the relation e ** Be* = B + / d¢§ — < 4B ‘5‘4) , which holds for any A and
0

dg
any B operator, prove the Baker-Campbell-Hausdorff (BCH) expansion:

+ oo
N A 1 . . A A A A N A A A A
e *Be' =B+ > —[B Al [B, Alnt1 = [[B, Aln, 4], [B,A]1 = [B, A]
n=1
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Using EX2, show that in second quantization the unitary transformation can be simply written as
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EX7: | Show that E§.) = (U(0|[Epy — Egp, H][W®) and B = 2(HCAS - E(O))C<0>

where H%Asz(i|ﬁ|j) and C0O) = C’Z.(O)

Note: E; '=0 isknownas generalized Brillouin theorem.
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EXERCISE:

(1) Show that each contribution to the electronic Hamiltonian reads in second quantization as follows,

T = ! /drz:\IfJr (r,0)V2¥(r, o), Vie = /drvne(r) n(r),

A SRAlCEIV AR TERGY
Wee //drdr (r,0) (r|,a> /|(r,a) (r, o)
r —r

_i//@mwn@m<v—&r—r>@y
2

r —r’|
(2) At the non-relativistic level, real algebra can be used, ¢;(X) = @is(r,7) = ¢Pi(r)dsr,

X 1 1
h = — —VE —|_ ,Une (I‘) >< and 'lI)ee = X .
2 Ir1 — ra|
Show that the Hamiltonian, that is here a spin-free operator, can be rewritten in the basis of the molecular

orbitals {¢p(r)} as follows
P

pqbpg + 2
p’q’lr.,s




hpg = <¢p|ﬁ|¢q> and

1

r1 — ro|

(prlas) = [ [ desdrs 6,(e0)6r(r2)

Pq(r1)ds(r2) = (pq|rs).
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