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 I. What is a model Hamiltonian ? Why do we need them? 

 

Model Hamiltonians are simpler than the exact electronic Hamiltonian: 

 
-  They only treat a few number of 

electrons (here 1 per copper center) 
-  They only keep a few number of 

configurations (here spin distributions) 
-  They allow the treatment of collective 

effects as they can be used on larger 
(eventually infinite) systems  
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I. How model Hamiltonians are usually anticipated from 
chemical intuition ?  

Jij 

1. Reduction of dimensionality : here from 3D to 2D    
Based on the crystallography  (large distance between 
the planes)  

3.Orbital order: Crystal field theory: the SOMO is dx2-y2 
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j,i

jiij Ŝ.ŜJĤ5. Possible appropriate model : The Heisenberg Dirac 
van Velck model applied to a 2D system 

2. Reduction of the number of treated electrons: 
La3+, O2- (rare gaz electronic structures) 
La2CuO4 : 2(+3)+x+4(-2)=0  x=+2 
Cu2+: [Ar]3d9       1 unpaired electron 

4.Reduction of the number of configurations: 
- Large distance between the copper centers : 
     The unpaired electrons are essentially localized 
     The single degree of freedom is the spin ms= ±1/2 
     The model space is constituted of products of  
     atomic ground states:  

;......;...;... ↓↑↓↑↑↑↓↓↑↓↑↓



 Experiment        Theory    
Magnetic susceptibility 
Relaxation time of magnetization, 
Blocking temperature,  
EPR, FDMRS spectroscopy etc. 

« Assume » a certain Hmodel 

Spectrum and wavefunctions  
of Hexact , using sophisticated methods 
(correlated, relativistic …) 
or DFT energies 

« deduce»  Hmodel ( Local int.) 

« Exact » 
Full System 

« Approximate » 
Only fragments WFT 

Periodic calculations DFT 

? 
Validity of Hmodel 

Understanding of   
microscopic origins  

Propose new models  
and rationalizations « Fitting » of electronic interactions J, λ, 

tensors D (Zero-Field splitting) and g etc. 
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- Exact diagonalization  
+ extrapolation 
-  RSRG-EI  
-  DCM 
-  QMC  
-  CC 
-  PT… 

Whole model system 

Collective effects 

H=J ΣSi.Sj +…. 
<i,j> 

Model Hamiltonian  
on the whole system 

Model Fragment 

Model Hamiltonian 
on fragments 
H=JS1.S2 +…. 

Extraction of 
dominant interactions 

S0 

Effective Hamiltonian theory 

Information: reduction  S0 

(H)= (Heff) = 

Whole real system Embedded real fragment 

Charges +TIPS 

H=HBO+SO 

All  electrons 

Spin-orbit  
Coupling  

DFT dynamic  
correlations 

 

WFT 
 (MRCI or MRPT2) 
non-dynamic and  

dynamic correlations 

SO-RASSI 
Method 

All electron Hamiltonian 
on fragments 

Density Functional Theory (DFT) 
and Wave Function Theory  (WFT) 

  

 

From microscopic to macroscopic treatments : a multi-scale approach 
 



II. Presentation and some derivations 
of simple model Hamiltonians 
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 II.a Prerequisite: 

   Exact Hamiltonian in the Born Oppenheimer approximation: 
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   Slater determinants for 2 electrons in two spin orbitals: 
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Some important integrals : 

Repulsion of two e- in orbital a: 

Repulsion of two e- in orbitals a and b: 

Exchange integrals between e-  

in a and b: 



Perturbation theory (Rayleigh- Schrödinger): 
V̂ĤĤ 0 += perturbation 
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Perturbation theory is a procedure which aims at systematically improve the calculated 
eigenvalues and eigenfunctions of the Hamiltonian    .   
 

Note that the perturbation might diverge or oscillate. 
 

It considers that the perturbation can be written as function of an ordering parameter λ, that will 
later be set to unity: 
 
The eigenvalues and eigenfunctions are expanded in Taylor’s series in λ: 

Ĥ
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The wave function can be written as (in intermediate normalization) :   
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which means that the corrections are all orthogonal to the zeroth order wave function: 
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Solving the equation                      order by order: iii EĤ Ψ=Ψ
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iΨ

)0(
i0

)0(
i

)0(
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Expanding the correcting wavefunctions in the basis on which the Hamiltonian works : 
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From the equation of the first order, it comes : 
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No guarantee that at a given order the energy is an upperbound of the exact energy,  
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Prerequisite : Model H can be derived from the quasi-degenerate 
perturbation theory 

0 
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0 0 

N=2 N=3 N=4 N=4 

0 

0 
0 

0 

N infinite 
 
 

Effective hamiltonian theory 

- Electronic effective interactions should be physically based  
    Model Hamiltonian should provide rationalizations (identify electronic mechanisms) 
                    can be analytically derived from quasi-degenerate perturbation theory 



Most methods of quantum chemistry work with symmetry-adapted MOs as they 
are orthogonal.  
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Prerequisite: Model Hamiltonians work in local orbitals 

a b 

AOs are not orthogonal. But it is possible to get orthogonal local orbitals by rotating the 
SA MOs.   
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Othogonalization tails 



II.b The simplest Hückel model : expression and physical content 

Hückel Hamiltonian in second quantization : 
          is a hopping operator and  
t=tab is the hopping integral between               
the magnetic orbitals a and b 
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Physical content of t between neutral and ionic forms in polyelectronic systems:  
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Interaction between 

Physical content of t for a one-electron system :  

batbĤabĤa 1ab
exactHuckel ϑ=== where      is the single-electron part of  1ϑ̂

exactĤ

 For a 1 el. / 2 centers  : Hamiltonian matrix, energies, wavefunctions  

If εa=εb then E(D+)=|t| 
      E(D-)=-|t| 
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The sign of t is opposite to the overlap between the AO from which are built the OAO a and b 



- Consider a chain of 2n atoms with 1 AO and 1 electron per site treated using the Hückel 
Hamiltonian and working in the basis of Slater determinants 
- α and β electrons are independent         1e- α for 2 sites ( ¼ filled band of α e-). 

- One diagonalizes the Hückel Hamiltonian matrix in the basis of Valence Bond determinants 

keeping only the α spins 

 
 

 Hückel matrix  
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Physical content of the Hückel model   

Lack of electron correlation : the ionic forms have the same weight as the neutral ones 

- Which VB determinants have the largest coefficient? 
 
Those having the largest number of interactions (hoppings)  
The antisymmetrization introduces a global « antiferromagnetic » order, but since the α 

and β spins are independent, there is still a charge disorder. 
 



  

II.c Treatment of non-dynamic correlation : the Hubbard Hamiltonian 
 

t 

Hamiltonian in second quantization : 
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One way to account for non-dynamic correlation is to introduce an energetic penalty to 
ionic determinants. This will increase the weigth of neutral determinants in comparison 
to ionic ones.   

tij=Hopping integral  
(β of Hückel) 
U=Energetic penalty  
of ionic forms 

Its model space is the CASSCF space :  
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Example at half-filling: 



  

 Physical content of  Hubbard interactions 

Between neutral forms : one may eventually introduce exchange integrals Kij 

Examples : 2 determinants differing by the ms of two  
interacting centers I and J may interact through Kij 
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Interaction between 

Between neutral and ionic forms or between ionic forms: tij 
Examples : neutral and ionic determinants may interact through a hopping integral 
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The operator is a scalar product  
between the spin vectors 

II.d Heisenberg-Dirac-van Vleck (HDvV) model 
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ba1 =ϕ ba2 =ϕJ Singulet (S) 
Triplet    (T) 

For very large U values, one may keep only the neutral determinants :  
the single degree of freedom is the spin. 

J : effective exchange 

The model space is constituted of all neutral determinants, products of local ground 
states, i.e. local highest spin states (due to the Hund’s rule).   
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!! This definition ensures that the highest spin state is at zero 
of energy 
here     is the number of unpaired electron(s) on site i in̂



The eigenvectors of     and     are not eigenvectors of     and     : 

2. Spin operators 

Ŝ : Spin kinetic momentum S
2

S
2 m,s)1s(sm,sŜ += !

ZŜ         : projection of     onto 
   the quantization axis (OZ) SSSZ m,smm,sŜ !=

For one electron :    s=1/2,   ms=±1/2  
     * ms=1/2  : |↑>= |1/2, 1/2 >   = |+ > 
     * ms=-1/2 : |↓>= |1/2, -1/2 >  = |- > 

±±=±±=± !!
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ŜiŜŜ
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For one electron :     
s=1/2,   ms=±1/2  
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In practice, one introduces the operators step up and step down :  

Ŝ



« Easy » manipulation of Heisenberg  

Coupling two kinetic moments 

Generalization to n spins : 

Ex : s1=1/2, s2=1/2 
 

S =1/2+1/2, 1/2-1/2 
 * S=1, Ms=-1,0,1                 Spin Multiplicity gs=2S+1=3 
 * S=0, Ms=0                        Spin Multiplicity gs=2S+1=1  

S=s1+s2, s1+s2-1,…, |s1-s2| 
MS=-S,-S+1,…, S 

One couples the moments 2 by 2 : 

Ex : s1=1/2, s2=1/2, s3=1/2 
 

S’ = s1+s2=1/2+1/2, 1/2-1/2 
s1=1/2, s2=1/2   

 * S’=1, Ms=-1,0,1                                    Spin Multiplicity gs=2S+1=3 
 * S’=0, Ms=0                                           Spin Multiplicity gs=2S+1=1 

S=S’+s3 : S’=1,0, s3=1/2  
  * S=1+1/2=3/2  Ms=-3/2,-1/2,1/2,3/2                  Spin Multiplicity gs=2S+1=4 
  * S=1-1/2=1/2   Ms=-1/2, 1/2                              Spin Multiplicity gs=2S+1=2 
  * S=0+1/2         Ms=-1/2, 1/2                              Spin Multiplicity gs=2S+1=2 



Numbering the spin states from the spin distributions: 

•  One numbers the spin distributions for each possible Ms starting from Msmax  
•  In each subspace of Ms<Msmax one removes the K highest spin states which were 
found in the sub-spaces of higher Ms. It remains N-K spin states of S=Ms .  
•  One determines all the spin states that can be generated from m electrons in M 
orbitals.  

Ex : s1=1/2, s2=1/2, s3=1/2 
Ms=3/2     distribution   : ↑ ↑ ↑, is the Ms=3/2 of a quadruplet state (2S+1=4) 
Ms =1/2    3 possible distributions : ↓ ↑ ↑,    ↑ ↓ ↑,    ↑ ↑ ↓  ,  
From which one may buid the Ms=1/2 component of the quadruplet state. It remains  
3-1=2 states which have an Ms=1/2 component, they must be doublet states. 

Ex : s1=1/2, s2=1/2, s3=1/2, s4=1/2 
Ms=2         distribution   : ↑ ↑ ↑ ↑ , is the Ms=2 component of a quintuplet state 
Ms =1        4 possible distributions : ↓ ↑ ↑ ↑,    ↑ ↓ ↑ ↑,    ↑ ↑ ↓ ↑  , ↑ ↑ ↑ ↓  
From which one may build the Ms=1 component of the quintuplet. It remains 4-1=3 
states having an Ms=1 component. They must be triplet states. 
Ms=0         6 possible distributions : ↓ ↓ ↑ ↑ , ↓ ↑ ↓ ↑ , ↓ ↑ ↑ ↓ , ↑ ↓ ↓ ↑ ,↑ ↓ ↑ ↓ , ↑ ↑ ↓ ↓ 
From which one may build the Ms=0 of one quintuplet and of 3 triplets.  
It remains 6-1-3=2 states. They must be singlet states.   

The Hamiltonian does not mix spin distributions of different Ms: [ ] 0Ŝ,Ĥ z =



Heisenberg Hamiltonian matrix for 2 electrons in 2 orbitals : 

Ex: S1=1/2, S2=1/2 

Ms=1         distribution   : ↑ ↑ ,  1 triplet 
Ms =0        2 possible distributions : ↓ ↑,   ↓ ↑,   
From which one may buid the Ms=0 component of the triplet and one singlet state.  

0
4
1

4
1

4
1

21 =⎟
⎠

⎞
⎜
⎝

⎛ −−=↑↑⎟
⎠

⎞
⎜
⎝

⎛ −− JSSJ zz
ˆˆ

24
1

4
1

4
1

21
JJSSJ zz =⎟

⎠

⎞
⎜
⎝

⎛ −−−=↑↓⎟
⎠

⎞
⎜
⎝

⎛ −− ˆˆ

Diagonal elements : 

Off-diagonal elements : 

( ) ( ) ( ) ( ) ( ) ↓↑−=↓↑+−+−−+
−

=↑↓+− +−−+

2
1111

22
1

222211112121
JmmssmmssJSSSSJ ssss

ˆˆˆˆ

The matrix writes : 

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

−

−

↓↓

↑↑

↓↑

↑↓

↓↓↑↑↓↑↑↓

=

0000
0000
0022
0022

//
//

)ˆ( . JJ
JJ

HHeis

( )2121
12

2112 24 +−−+ +−⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−−= SSSSJISSJH zz

Heis ˆˆˆˆˆˆˆˆ .



 Eigenvalues and eigenvectors: 
The Ms=-1 and Ms=+1 of the triplet are eigenvectors and their energy is zero 
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Energy  of the singlet 

Eigenvalues in the Ms=0 subspace (2×2 matrix) : 
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Derivation of the Heisenberg model from the Hubbard model 
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Direct exchange : 
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Exchange integral of the exact electronic Hamiltonian : 
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The triplet is lower in energy than the singlet : Hund’s rule 
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( )
( ) KTE

U
tKSE

u
N

g
N

−=

−=
24

2
2

2

2 J
U
tKEST =−=

Δ

U
tKifJ

U
tKifJ

2

2

20

20

>>

<< Antiferromagnetic system 

Ferromagnetic system 

Tt < St 

St < Tt 

( ) ( )bbaaabbaSg +µ−+λ=

( )abbaT u −=
2
1

Variationally 

positiveµ>λ

neutral 

Kinetic exchange : ionic determinant contribution to the singlet state 

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

UKtt
KUtt
ttK
ttK

0
0

Ionic 

bbaaabba

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

−

+

−

KU
KUt

K
tK

000
002
000
020

u
I

g
I

u
N

g
N SSTS

U=Jaa-Jab 

KTE

UtKUSE g

−=

+−+
=

)(

)(
2
162 22



  

  Validity domain of the model Hamiltonians 
 

The Mott –Hubbard  
diagram  

Dioniques	
d'énergie	2U	

Monoioniques	
d'énergie	U	

Neutres	
d'énergie	0	 t/U	

E	

Hückel limit Heisenberg limit 

U         ∞ U         0 

Diionic 
Energy 2U 

Single-ionic 
Energy U 

Neutral 
Energy 0 

Spin gap 

Charge gap 

Strongly correlated Uncorrelated 



 

     II. e Anisotropic Spin Hamiltonian for transition metal complexes 
 

S=10  

Zero-Field Splitting:  
Degeneracy lift of the Ms components of the  
ground spin state S=10 

Spin-orbit coupling :  
projection of the SO states on |S,Ms> 

12 Mn : 8 Mn3+ (d4), 4 Mn 4+ (d3)  
Antiferromagnetically coupled 

Strong axial anisotropy : slow relaxation of the magnetization 
Axial anisotropy parameter D<0 (Ms=±10 ground states)   

Single Molecule Magnets  



Interlude 
  

Various couplings of two spin momenta : scalar, vector and tensorial products 
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Phenomenological Hamiltonian : 

 
 

 
 
D = 3/2 Dzz : axial parameter     E = 1/2 ( Dxx – Dyy ) : rhombic parameter  
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 Usual model for magnetic anisotropy   
 

Giant spin (for the ground state) either for mononuclear or polynuclear systems  

⎟⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜

⎝

⎛

=

z

y

x

Ŝ
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This Hamiltonian should reproduce the energy difference between the spin orbit states 
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 Other interlude.  Basic elements of crystal field theory 

The first theory has been developed to explain the properties of metal ions in ionic crystals. 
According to this theory, the free doublet of a ligand is considered as a negative charge  
which repels the electrons of the d-orbitals of the metal ion. 

Without field Spherical field 

 Oh  D4h 

t2g 

eg 

Ex : Oh 
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dx2-y2 and dz2 pointing through the ligands are more destabilized than the orthers.  
An elongation (or compression) may lift their degeneracy. 
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Ex : D4h 



Beyond numbers : analytical derivation of the ZFS tensor components :  
example in a Ni(II) model complex 

Approximation : To consider all the states would be too complex and unecessary 

States can be selected according to the magnitude of their spin-orbit coupling with the 
ground state and their energy 
 

T 

T1 T2 T3 d8 in Oh 
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Different orbital sets 
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∑

∑

ζ=

−

φφφφ
+φ+φ=φφ

∉α α

αα

First test : No ZFS in Oh symmetry 
 

The three components are degenerate 
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ZFS results from a symmetry lowering + spin-orbit coupling 
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Heff		for	a	D4h	geom.	In	the	magneLc	axes	frame:	

Heff |T+> |T0> |T-> 

<T+| 0 0 

<T0| 0 0 

<T-| 0 0 
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 Rationalization of the D sign :  
Axial deformation : ZFS in D4h symetry 
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Proposed by Abragam 

Compression along Z :      Δ1<Δ2       D<0 
Elongation along Z :  Δ1>Δ2       D>0 
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Δ2 Δ2

Rationalization of the D sign 

Lift of degeneracy « axial » 
between Ms=0 and Ms=1 and Ms=-1 

No tunnel splitting 



Heff	pour	une	géométrie	D2h	et	dans	le	système	d’axes	propres	
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 Rationalization of the rhombic  component E : 
deformation in the (X,Y) plane : 

 ZFS in D2h symmetry 
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III. Extraction of model Hamiltonians 
interactions from the effective 

Hamiltonian theories and ab initio 
calculations  



 
    III.a Rational reduction of information : the effective and 

intermediate Hamiltonian theory 
 

Bloch, Nucl.Phys 8 91 (1958); J. de Cloizeaux  Nucl. Phys. 20, 321 1960  

Choice of the target space :  

{ }iS Ψ=

Choice of the model space 
{ }iS φ=0

i
i

iP φφ∑=0̂
Projector onto the model space 

'SS ⊂ mNS =)dim( mNS =)dim( 0Biunivocal relation 

 

Controlled Extraction : The quality of Heff can be appreciated by the weight of the 
model function in the ab initio wavefunction 
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 : The projections onto the model space S0 are orthonormalized 

(Hexact)= 

Heff is dressed under the effect of the external space 

Diagonalization 
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 The effective Hamiltonian for a two-dimension model space : des 
Cloizeaux formalism 

O
eff PHPH ˆˆˆˆˆ

0 Ω= The wave operator : ii Ψ=ΨΩ
~ˆ QDPT up to an 

infinite order 



III.b Extraction of the Hückel parameters for both symmetric and  
non-symmetric systems  

a b 

g 

u 

baif ε=ε 2/))D(E)D(E(t ug −=
From symmetry- 
adapted solutions ! 

For a bi-metallic complex where the metal is surrounded by a coordination sphere of ligands  
Q : the antisymmetric combination of the coordination sphere stretchings 
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 III.c Extraction of Heisenberg model from both SA and BS solutions   
 

J)1S(E)0S(E ==−=
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1) Using energies & SA wavefunctions (WFT) 

More information can be obtained from the 
wavefunctions as we will see later on. 

MRCI solutions are eigenfunctions of S2 : The anatycal expression of J can be 
obtained from the energies computed at the correlated level of calculation 
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21 ZZ
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2) Using the energies of broken symmetry DFT solutions and the derivation from 
Hubbard 

It might be necessary to spin decontaminate these solutions, as        is not a 
real triplet and       is not half a singlet and half a triplet. 
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Remembering that the Hubbard matrix (from which HDvV H is derived) writes: 
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One may attribute a value to the effective exchange from the two BS solutions from 
the Ising Hamiltonian : 
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As DFT gives single 
determinants, one needs to 
match with single spin 
distribution: Ising Hamiltonian 



III. d. Extraction of  anisotropic spin Hamiltonians in  
mononuclear and binuclear complexes 

Mono nuclear complexes : giant spin Hamiltonian : 
 

 
 

D = 3/2 Dzz : axial parameter     E = 1/2 ( Dxx – Dyy ) : rhombic parameter  
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D and E from 
the energies  
only :  
possible for  
integer spin  
systems 

   

For half-integer spins, the extraction cannot be performed from the energies only. One 
uses the effective Hamiltonian theory and therefore the wavefunctions.  

E 
|3/2,3/2>, |3/2-3/2>,  
|1/2,1/2>, |1/2-1/2>, 

D ?, E? 

|3/2,3/2>, |3/2-3/2>, 

 |1/2,1/2>, |1/2-1/2> 

Extraction of  
D and E from 
the energies  
only :   
Impossible for  
half-integer  
spin systems 
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•  Example: [Ni(HIM2-py)2NO3]+ 
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Rotation matrix : R 

Analytical expression of  
the model Hamiltonian  
matrix 

Numerical expression of  
the effective Hamiltonian  
matrix 

Numerical expression of  
the ZFS tensor 

D=-10.60cm-1,	E=0.76cm-1	

Not traceless 



Bi-nuclear complexes : Giant-Spin and Multi-Spin Hamiltonians 
in the weak exchange limit  

Giant-Spin Hamiltonian Reproduces the energy of a single spin state (ex: 
quintuplet) 
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Objectives:- to check the validity of these Hamiltonians for bi-nuclear complexes 
          

Multi-Spin Hamiltonian : reproduces the energy of all 
spin states of a spatial configuration Singlet, Triplet, 
Quintuplet 
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Main results concerning the Giant-Spin Hamiltonian ? 
 

I. The Giant Spin Hamiltonian for a bi-nuclear complex of Ni(II) can be used  
in the strong exchange limit (i.e. spin mixing is negligible, J is large). 
 
 
 
 
 
 
In the proper magnetic axes frame, the ZFS tensor is diagonal:  

  Extraction of the easy or hard axes (or plane) of 
magnetization 

Stevens  
operators 

4
4

4
4

2
4

2
4

0
4

02
2

2
2

0
2

0
2

k
4

k
4 OBOBOBOBOBOBH ˆˆˆˆˆˆŜ.D.Ŝˆ
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D = 3/2 Dzz : axial parameter     E = 1/2 ( Dxx – Dyy ) : rhombic parameter  
 

This model can be used safely but the additional Stevens operator are not 
only necessary for treating the spin mixing with excited states! 



« fitted » parameters  
from the spectrum only 

 (cm-1) Axial + Rhombic EPR  Da fixed; 
J, Dabfitted 

J +5.41 +9.66 +7.86 
Da,Ea -9.43, 2.04 -4.78 -4.82 

Dab,Eab 0.36, -0.05 -0.64 -1.54 
Errors % 0.07 - 7.1 

Main results concerning the Multi- Spin Hamiltonian 
 



|MSa,MSb> |-1,-1> |-1,0> |0,-1> |-1,1> |0,0> |1,-1> |1,0> |0,1> |1,1> 

<-1,-1| J+2/3Da 
+2/3Dab 

0 0 Ea Eab Ea 0 0 0 

<-1,0| 0 -1/3Da J-1/3Dab 0 0 0 Ea Eab 0 

<0,-1| 0 J-1/3Dab -1/3Da 0 0 0 Eab Ea 0 

<-1,1| Ea 0 0 
-J+2/3Da 
-2/3Dab 

J-1/3Dab 0 0 0 Ea 

<0,0| Eab 0 0 J-1/3Dab -4/3Da J-1/3Dab 0 0 Eab 

<1,-1| Ea 0 0 0 J-1/3Dab 
-J+2/3Da 
-2/3Dab 

0 0 Ea 

<1,0| 0 Ea Eab 0 0 0 -1/3Da J-1/3Dab 0 

<0,1| 0 Eab Ea 0 0 0 J-1/3Dab -1/3Da 0 

<1,1| 0 0 0 Ea Eab Ea 0 0 
J+2/3Da 
+2/3Dab 

(cm-1) 

Multi-spin 
Hamiltonian 



•  Confrontation of Heff to Hmod
 : invalidates Hmodel 

•  Reproduces all differences between the effective and model 
Hamiltonians.  

•  The four-rank tensor matrix a priori has 81 elements. 

•  All tensors have their own magnetic axes frame. The extraction requires 
to introduce rotation matrices to reduce the number of parameters 
(proper axes of the tensor) 

•  The extraction of all relevant parameters is particularly difficult… 

bbaabbaabababbbaaaba SSDSSSDSSDSSDSSSJH
!!!!!!!!!!!!

⊗⊗++++= ...ˆ

  

Proposition of an appropriate Multi-Spin Hamiltonian 
 



In come cases, one observes deviations to these spacings due to Higher order effects : 
n

jiji SSSSJH ⎟
⎠
⎞⎜

⎝
⎛λ+= ˆ.ˆˆ.ˆˆ )()(
!!!!
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For S=1 : Biquadratic term  
2

44 ⎟
⎠
⎞⎜

⎝
⎛λ+= jiji SSSSJH ˆ.ˆˆ.ˆˆ )()(
!!!!

Spectre :  3J(4)-3λ(4) 2J(4) 
S=2 
S=1 
S=0 

 

 III. e  Heisenberg Hamitonian for S=1    
 

Model space constituted of products of atomic ground state  

∑
><

=
ij

jiij SSJH ˆ.ˆˆ !!

T1 T-1 

Ex: S=1 S0={         ,             ,           } 111100 +−−+ TTTTTT

Spectre :  3J(2) 2J(2) 
S=2 
S=1 
S=0 



Physical content of the exchange integral at the 2nd order perturbation 

T+T- and T-T+ T0T0 

Model space 

ta 

tb 

Outer space 

∑+−=
i i

2
ieff

U
tKJ

Where 
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2
aeff

U
t

U
tKJ

Physical content of both the exchange integral and the biquadratic term : 4th order 

The analytical derivation of the biquadratic operator requires to go up to the fourth 
order: It accounts for the coupling of the model space with ionic, neutral local non-Hund 
states and di-ionic functions 

non-Hund states di-ionic 

S0S0 : 4Kintra S1S1 : 6Kintra 
Ua+Ub S2S2 : 8Kintra 

Neutral with  
double occ. 

⎟⎟
⎠

⎞
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a

a

U
t

U
tB
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∑
∈
∈
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ij
eff KK

Ua 

Ub 

Only singly-ionic functions are accounted for. 





 

Physical content of the Hamiltonian at the fourth order of perturbations 
 

where  )2(JJ =

This Hamiltonian in only valid for bi-nuclear systems!  

No transferability for the treatment of larger systems (materials) ! 

K
BJJ
2

)4( +=

K4
J

K
B

U2
JB

U2
JB

U2
J

U2
J 22

bab

2

a

2
)4( −++++=λ

2
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 Hamiltonian for the treatment of larger systems : 
role of the three-body operator 
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Ĥ

Physical content of  the three-body operator introduces coupling such that :  

T+T-T0 

T+S0T- 

T0T+T- 

+ + - 

Ionic conf. Ionic conf. 

ta 

ta 

tb 

tb 

ta ta 

ta ta 

tb 

tb 

tb 

tb 

4th order of perturbation but the essential contribution to the deviation 



  

     Extraction of magnetic Hamitonian for S=1 from WFT and DFT calculations 
 

1) Using energies & wavefunctions (WFT) 

MRCI solutions are eigenfunctions of S2 

1.Calculation of the analytical model matrix (7*7 for a trimer of Ni) 
2. Calculation of the numerical effective Hamiltonian matrix from  
    both energies and wavefunctions.  
3. Identification of the matrix elements 
4. Resolution of the system of equations 

Provide a value for all interactions, J, λ and B 



2) Using the energies of broken symmetry DFT solutions and the derivation 
from Hubbard  

KU
t2KE

K2E
0E

U
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t2E
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⎛
+−=λ

−−−=

1 2 3 4 

From the energy differences between the different solutions and the analytical  
equations all the interactions can be extracted except de spin polarization. 

  

 Extraction of complex interactions from DFT calculations S=1 systems   
 



III. f Four-body spin mechanism 

3

4

80
U
tjring ∝

Expression of the Hamiltonian 

4th order of perturbation but numerous ! Same physical  
origin than the aromatic contribution in benzene rings! 

E=U E=U E=U E(Hubbard)=0 E=0 
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d

3rd
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dd2rd//
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Extraction of the four-body spin interaction from WFT 

1. Determination of the model matrix 

2. Calculation of the numerical matrix from the effective Hamiltonian theory and  
ab initio energies and wavefunctions. 
 
3. Identification of the matrix elements   numerical values of the interactions 

The largest interaction is Jr1 (10 to 20% of the AF magnetic coupling for cuprate  
ladders).even if this is a 4th order effect 

Crucial to conciliate experimental data in ladders  

Main coupling between :                      and 



1. Broken symmetry DFT solutions are computed for Ms=2, Ms=1, Ms=0 
2. From the analytical expression of the energies of the different solutions  
all the interactions can be extracted. 

ddcbaabcd

d//dcababcd

//dcbaabcd

1rd//
dabcabcd

JJEE

JJEE

JJEE
8
J

3
JJJEE

+=−

+=−

+=−

+
++

=−

⊥

⊥

⊥

Extraction of the four-body spin interaction from DFT 

3. Resolution of the system of equations 
 
The DFT results are in agreement with WFT extraction in cuprate ladders for 
33% of exact Fock exchange.in the B3JYP functional.  



 III. g  Doping magnetic systems of spin s=1/2 with hole: 
   t-J model Hamiltonians 

Doped materials : a fraction x of n-valent counterions are substituted by n’-valent 
counterions 

La2CuO4 : 2.(3+) +y +4.(2-)=0         y=2+        Formal oxydation degree : Cu(2+), Cu(II) 

La2-xCaxCuO4 : (2-x).(3+) +x(2+)+y +4.(-2)=0,  if x=0.5  then  Cu(2.5+) + 

Introduction of holes in the lattice : 

+ + 

t J 

( ) jijiij
ij

ijjiij ŜŜ)2,n̂n̂(JaaaatĤ
!!

+δ++=∑
><

++

A refined t-J model has been extracted for cuprates which  introduces additional operators 

+ 

+ 
t2 

t1 

J2 

J1 

+ 

Three body-operator : exchange transfer  
or singlet propagation 

Four-body operator :  

+ + 

Dependance of the interactions on the position of the + charges of the surrounding…    

Hole-hole repulsion V, second neighbour interaction 



III. h Doping magnetic systems of spin s>1/2: the double exchange model : 

Mixed valence system involving magnetic centers with several open shells 

ta 

2t 
t 3J/2 

Q- 

Q+ 

D- 

D+ 

Q 

D 

The spectrum contains  
4 states, 2 quartet and  
2 doublet states 

tb 

For strongly interacting 
centers one would expect a 
doublet ground state 

For weakly interacting 
centers one gets a 
quadruplet ground state 



Doping magnetic systems of spin s>1/2 with holes : the usual double 
exchange model : Zener +Girerd Papefthymiou 

Model space constituted of products of atomic ground states 
Competition between t and J 

( ) ( )( )

tE

1SS1SS
2
J

2/1S
)2/1S(t),S(E

max

max

S

maxmax
max

SS

±=

+−+−
+

+
±=±≠Solution for a dimer : 

Mixed valence system involving magnetic centers with several open shells 

Due to the Hund’s rule, the hopping induces   
a ferromagnetic order 

The exchange integral (>0) favors  
an antiferromagnetic order 

J 

ta 

2t 
t 3J/2 

Q- 

Q+ 

D- 

D+ 

Q 

D 

The spectrum contains  
4 states, 2 quartet and  
2 doublet states 

U
tJ b
22

−≈

U 

tb 



A double exchange model which combines  
the Anderson Hasegawa model and the antiferromagnetic 

contribution of Girerd and Papaefthymiou 
Anderson and Hasegawa model considers the non-Hund states. The model space  
is enlarged to products of an excited atomic state by an atomic ground state. 

- 

T+D- D+S0 

t S0 is a non-Hund state 

D+S0 is directly coupled to the model space of the usual DE model by a term proportional to t 

Δ is the energy of the non-Hund state functions 

The usual model is inconsistent : Δ =2K < U  

Here again it is possible to extract all the interactions from WFT (symmetry adapted  
solutions) and DFT (broken solutions)  
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Mna Mnb Mna Mnb 

t 

Mna Mnb 

J 

Holes are localized on Mn sites Mn3.5+O2-Mn3.5+ 1. 

Mn3+O-Mn3+ 

( ) ( )( )11
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StSEDouble exchange : 

2. Holes are localized on the bridging oxygens 
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221 HSSSJSJJSEHeisenberg : 

J1 : exchange integral between Mn and O 
J2 : exchange integral between 2 Mn sites J1 Mna Mnb 

J1 
O 

J2 

The two models lead to the same spectrum (except for the S=9/2 state 
which is not described in the double exchange model) ! 

III. i Versatility of model Hamiltonians : double exchange versus Heisenberg  



 Conclusions   

-  Model Hamiltonians can be analytically derived from the exact electronic 
Hamiltonian (or Hubbard Ham.) including SOC and the perturbation theory 

1.  The physical content of effective interactions is known  
2.  An order of magnitude of the interactions can be anticipated from the 

perturbation theory order to which they appear and the number of 
contributing mechanisms 

 
-  Owing to the effective Hamitonian theory, all these interactions can be extracted 

from the energies and wavefunctions computed ab initio 
1.  The extraction is controlled: one knows the magnitude of the projections 

and all the matrix elements of the model Ham : the relevance of both the 
model space and the operator of the model can be rationally deduced.. 

2.  Model (effective) Hamiltonian can involve more than two-body operators.  

-  Model Hamiltonian are versatile, they can mimick different physics 



Thank you for you kind attention ! 



Olivier Kahn, Molecular Magnetism Wiley VCH 1993 
CJ. Calzado, C. Angeli, D. Taratiel, R.Caballol, JP. Malrieu: J. Chem. Phys. 131. (2009). 044327-1-044327-14 
CJ. Calzado, J. Cabrero, J.P. Malrieu, R. Caballol: J. Chem. Phys. .116. 7. (2002) 2728  
CJ. Calzado, J. Cabrero, J.P. Malrieu, R. Caballol:J. Chem. Phys. . 116. 10. (2002) 3985 
T. Terencio, R. Bastardis, N. Suaud, D. Maynau, J. Bonvoisin, J. P. Malrieu, C. J. Calzado and N. Guihéry 
Phys. Chem. Chem. Phys., 13, 12314-12320 (2011),  
L. Noodleman, J. G. Norman, J. Chem. Phys. 1979, 70,  
4903 –4906; b) L. Noodleman, J. Chem. Phys. 1981, 74, 5737 –5743; c) J. G. Norman, P. B. Ryan, L. Noodleman,  
J. Am. Chem. Soc. 1980, 102,4279 – 4282.  
K. Yamaguchi, F. Jensen, A. Dorigo, K. N. Houk, Chem. Phys. Lett.1988, 149, 537 –542. ;  
A Ovchinnikov, J. K. Labanowski, Phys. Rev. A 1996, 53, 3946 –3952. 
F. Neese Coord. Chem Rev. 253 (2009) 526–563 and references therein,  
Furio Cora : PCCP 2009 11 10757;  
F Illas , I de PR Moreira, C. de Graaf, V. Barone TCA 2000 104, 265;  
Bencini Inorganica Chimica  Acta 361 (2008) 3820–3831   
E. Ruiz, J. Cano, S. Alvarez, P. Alemany, J. Comput. Chem. 20 (1999) 1391;  
C. Albonico, A. Bencini, Inorg. Chem. 27 (1988) 1934. 
Onofrio Nicolas; Mouesca Jean-Marie JOURNAL OF PHYSICAL CHEMISTRY A 114   20  6149-6156 2010 
Onofrio Nicolas; Mouesca Jean-Marie INORGANIC CHEMISTRY  50 12  5577-5586 2011 
Orio Maylis; Mouesca Jean-Marie INORGANIC CHEMISTRY 47  12  5394-5416  2008   
Mouesca JM JOURNAL OF CHEMICAL PHYSICS  113  23   10505-10511    2000   
Blanchet-Boiteux C; Mouesca JM. JOURNAL OF PHYSICAL CHEMISTRY A  104 10   2091-2097   2000  
Noodleman L; Peng CY; Case DA; et al. COORDINATION CHEMISTRY REVIEWS  144   199-244    1995 
 

         
 
   

Bibliography 



N. Guihéry, JP Malrieu; J. Chem. Phys, 119 (2003) 8956 
D. Taratiel, N. Guihéry; J. Chem. Phys. 121 (2004) 7127 
R. Bastardis, N. Guihéry, C. de Graaf, PRB 74 (2006) 014432-1-10N.  
N. Guihéry Theo. Chem. Account 116 (2006) 576;  
R. Bastardis, N. Guihéry, N. Suaud, C. de Graaf J. Chem. Phys. 125 194708 2006 
R. Bastardis, N. Suaud, N. Guihéry, N. Suaud, PRB 75 (2007) 132403 
C. Boilleau, N. Suaud, R. Bastardis, N. Guihéry and J.P. Malrieu Theor. Chem. Acc. 126, 231 (2010) 
Chibotaru LF; Girerd JJ; Blondin G; et al. JACS 125 41 12615-12630   DOI: 10.1021/ja030027t 2003 
Soncini Alessandro; Mallah Talal; Chibotaru Liviu F. JACS 132 23, 8106-8114 2010 
Girerd JJ; Blondin G ABSTRACTS OF PAPERS OF THE AMERICAN CHEMICAL SOCIETY   
213  438-INOR   Part: Part 2   Published: APR 13 1997 
Blondin G; Girerd JJ JOURNAL OF BIOLOGICAL INORGANIC CHEMISTRY, 1, 2 170-172  
DOI: 10.1007/s007750050037   Published: APR 1996 
Bominaar EL; Hu ZG; Munck E; et al. JACS  117   26   6976-6989   DOI: 10.1021/ja00131a021 1995 
Bominaar EL; Borshch SA; Girerd JJ JACS 116, 17 7957-7957   DOI: 10.1021/ja00096a089 1994 
Borshch SA; Bominaar EL; Blondin G; et al. JACS 115  12   5155-5168  1993 
Blondin G; Girerd JJ CHEMICAL REVIEWS 90 8 1359-1376   DOI: 10.1021/cr00106a001 1990 
Girerd JJ; Papaefthymiou V; Surerus KK; et al. PURE AND APPLIED CHEMISTRY 61  
5 805-816   DOI: 10.1351/pac198961050805 1989 
Munck E; Papaefthymiou V; Surerus KK; et al. ACS SYMPOSIUM SERIES  372 302-325 1988 
Girerd JJ; Blondin G; Papaefthymiou V; et al. ABSTRACTS OF PAPERS OF THE  
AMERICAN CHEMICAL SOCIETY 194  189-INOR 1987 
Zener, C. Ph s. Rev. 1951,82, 403. 
De Gennes, 6 .-G. Phys. Rev. 1960,118,141-154. 
Anderson P. W. , Hasegawa H., Phys. Rev 1955, 100, 675 
 
                                                                                                                
Renaud Ruamps et al. J Chem. Theor. Chem 2010 6 1, 55 



A; Abragam abd B. Bleaney, Electron Paramagnetic resonance of transition ions  
Maganas Dimitrios; Sottini Silvia; Kyritsis Panayotis; et al. Inorg. Chem  50, 18 8741-8754   2011 
Atanasov Mihail; Ganyushin Dmitry; Pantazis Dimitrios A.; et al. Inorg. Chem 50 16, 7460-7477 2011 
Duboc Carole; Ganyushin Dmitry; Sivalingam Kantharuban; et al.JPC A 114 39, 10750-10758 2010 
Cirera Jordi; Ruiz Eliseo; Alvarez Santiago; et al. Chem. A . Eur. J 15, 16, 4078-4087 2009    
Piligkos Stergios; Bill Eckhard; Collison David; et al. JACS 129, 4, 760-761  2007  
Neese Frank ,JACS,128, 31,10213-10222   Article Number: JA061798A   2006 
Langley Stuart K.; Ungur Liviu; Chilton Nicholas F.; et al., Chem. A . Eur. J  , 17, 33 9209-9218 2011 
Liu Jun-Liang; Guo Fu-Sheng; Meng Zhao-Sha; et all. CHEMICAL SCIENCE 2 7,2011  
Borta Ana; Jeanneau Erwann; Chumakov Yuri; et al. NEW JOURNAL OF CHEMISTRY  35 6,1270-1279, 2011 
Lin Po-Heng; Burchell Tara J.; Ungur Liviu; et al. ANGEWANDTE CHEMIE-INTERNATIONAL EDITION  48   
50 9489-9492   DOI: 10.1002/anie.200903199  2009 
Chibotaru Liviu F.; Ungur Liviu; Aronica Christophe; et al. JACS  130  37  12445-12455 2008 
Soncini Alessandro; Chibotaru Liviu F : PHYSICAL REVIEW B 77  22  Article Number: 220406  2008 
Petit Sarah; Pilet Guillaume; Luneau Dominique; et al. DALTON TRANSACTIONS 40 4582-4588 2007 
Chibotaru LF; Hendrickx MFA; Clima S; et al. JPC A 109 32 7251-7257  2005 
Mironov VS; Chibotaru LF; Ceulemans A JACS 125 32  9750-9760    2003  
 M.R. Pederson, S.N. Khanna, Phys. Rev. B 60 (1999) 9566; 
J. Kortus, M.R. Pederson, T. Baruah, N. Bernstein, C.S. Hellberg, Polyhedron 22 (2003) 1871; 
J. Ribas-Arino, T. Baruah, M.R. Pederson, J. Chem. Phys. 123 (2005) 044303; 
R. Takeda, S. Mitsuo, S. Yamanaka, K. Yamaguchi, Polyhedron 24 (2005) 2238; 
J. Ribas-Arino, T. Baruah, M.R. Pederson, J. Am. Chem. Soc. 128 (2006) 9497. 
R. Maurice, N. Guihéry, R. Bastardis and C. de Graaf J. Chem. Theory Comput., 6, 55 (2010) 
R. Maurice, C. de Graaf and N. Guihéry Phys. Rev. B 81, 214427 (2010) 
R. Maurice, C. de Graaf and N. Guihéry J. Chem. Phys. 133, 084307 (2010) 
R. Maurice, A. M. Pradipto, N. Guihéry, R. Broer, and C. de Graaf J. Chem. Theory Comput., 2010, 6 (10), pp 
3092–3101 
R. Maurice, K. Sivalingam, D. Ganyushin, N. Guihéry, C. de Graaf and F. Neese Inorg. Chem., 2011, 50 (13), 
pp 6229–6236 
R. Maurice, R. Bastardis, C. de Graaf, N. Suaud, T. Mallah and N. Guihéry, J. Chem. Theory Comput., 5, 2977 
(2009) 
                                                                                               
 


