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1 - Linear operators
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e M. Reed and B. Simon, Modern methods in mathematical physics, Vol. 1,
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Notation: in this section, 7{ denotes a separable complex Hilbert space, (-|-)
its scalar product, and || - || the associated norm.
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The finite dimensional case ( = C%

The spectrum of a matrix A € C?*? is the finite set
o(A) = {z € C|(z — A) € C"™ non-invertible} .
As C? is finite dimensional, (z — A) non-invertible < (z — A) non-injective:
o(A) = {z € C|3Ix € C*\ {0} s.t. Ax = zx} = {eigenvalues of A} .

A matrix A € C™?js called hermitian if A* = A (i.e. A;; = A;;, V1 <i,5 < d).

Key properties of hermitian matrices:

e the spectrum of a hermitian matrix is real: 0(A) C R;
e any hermitian matrix A can be diagonalized in an orthonormal basis:
d
A = Z )\Z‘Xin, )\z c O'(A) C ]R, X - Rd, X;-ka = 52']'7 AXZ' = )\ZX27
i=1

e there exists a functional calculus for hermitian matrices.
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Functional calculus for hermitian matrices

Let A be a hermitian matrix of C?*? such that

d
A= Z Nixx:, N€o(A)CR, x;¢€ Cc?

79
1=1
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Functional calculus for hermitian matrices

Let A be a hermitian matrix of C?*? such that

d
A= Z )\z'Xz'X* A € O'(A) CR, x;€ Cd, Xika = 52']', Ax;

79 7
1=1

For any f : R — C, the matrix
d
FIA) =) Fu)xx;
i=1

is independent of the choice of the spectral decomposition of A.
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Functional calculus for hermitian matrices

Let A be a hermitian matrix of C?*? such that

d
A= Z )\z’Xz’X* A € O'(A) CR, x;€ (Cd, Xika = 52']', AX; = \iX;.

79 7
1=1

For any f : R — C, the matrix
d
FIA) =) Fu)xx;
i=1
is independent of the choice of the spectral decomposition of A.

Functional calculus can be extended to self-adjoint operators in Hilbert spaces.

Functional calculus is extremely useful in quantum physics, e.g. to define

—tH associated with a Hamiltonian /;

1

+ e(H—ep)/(kpT)
1" and chemical potential (Fermi level) .

e the propagator e

e the density matrix ] of a fermionic system at temperature
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Bounded linear operators on Hilbert spaces

Definition-Theorem (bounded linear operator). A bounded operator on H
is a linear map A : H — H such that

< OQ.

Au
Al = sup 124
weH\{0} [wl]

The set 3(H ) of the bounded operators on 7{ is a non-commutative algebra
and || - || is a norm on B(H).

Remark. A bounded linear operator is uniquely defined by the values of
the sesquilinear form H x H 3 (u,v) — (u|Av) € C.

Definition-Theorem (adjoint of a bounded linear operator). Let A € B(H).
The operator A* € B(H) defined by

V(u,v) e H X H, (u|A™v) = (Au|v),
is called the adjoint of A. The operator A is called self-adjoint if A* = A.

Endowed with its norm || - || and the x operation, 5(7#) is a C*-algebra.
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(Non necessarily bounded) linear operators on Hilbert spaces

Definition (linear operator). A linear operator on 7 is a linear map
A : D(A) — H, where D(A) is a subspace of # called the domain of A.
Note that bounded linear operators are particular linear operators.

Definition (extensions of operators). Let A; and A, be operators on . A is
called an extension of A, if D(A;) C D(A,) and if Vu € D(A;), Asu = Aju.

Definition (unbounded linear operator). An operator A on  which does
not possess a bounded extension is called an unbounded operator on 7.

Definition (symmetric operator). A linear operator A on 7{ with dense
domain D(A) is called symmetric if

V(u,v) € D(A) x D(A), (Au|v) = (u]Av).

Symmetric operators are not very interesting. Only self-adjoint operators
represent physical observables and have nice mathematical properties:

e real spectrum;

e spectral decomposition and functional calculus.
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Definition (adjoint of a linear operator with dense domain). Let A be a
linear operator on 7 with dense domain D(A), and D(A*) the vector space
defined as

D(A") ={veH|Tw, € Hst.Vu € D(A), (Au|v) = (u|w,)} .
The linear operator A* on , with domain D(A*), defined by
Vv e D(A"), A*v=w,,

(if w, exists, it is unique since D(A) is dense) is called the adjoint of A.
(This definition agrees with the one on Slide 6 for bounded operators.)

Definition (self-adjoint operator). A linear operator A with dense domain
is called self-adjoint if A* = A (that is if A symmetric and D(A*) = D(A)).

Case of bounded operators:

symmetric < self-adjoint.

Case of unbounded operators:

symmetric (easy to check) z self-adjoint (sometimes difficult to check)
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Some unbounded self-adjoint operators arising in quantum mechanics

e position operator along the ; axis:
- H = L*(RY),
- D(7)) = {u € L*(RY) | rju € L*(RY)}, (7;0)(r) = r;0(r);
e momentum operator along the ; axis:
- H = L*(RY),
- D(p;) {u c L*(RY) | O, U € Lz(Rd)}, (Djd)(r) = —i&nj¢(r);

¢ Kinetic energy operator:
-H = LQ(Rd)a

1

- D(T) = H*(R?) := {u € L*(RY) | Au € L*RN}, T = —545

e Schridinger operators in 3D: let V € L2 (R* R) (V(r) = —% OK)
-H = L*(R?),

1
- D(H) = HXR%), H = —SA + V.

I
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Linear operators and Green’s functions

Kernel of a linear operator on L*(RY)
Let A be a linear operator on L?(R%) with domain D(A).
The kernel of A, if it exists, is the distribution A(x, x’) such that

Vo € D(A), (Ag)(x)="" / Ax,x") p(x) dx" .

Rd
Schwartz kernel theorem ’66: all ''well-behaved'' operators have kernels.

Green’s function of a linear operator on L%(RY)

If A is invertible, the kernel G(x, x') of A, if it exists, is called the Green’s
function of A. The solution u to the equation Au = f then is

u(x) =" | G(x,x)f(x)dx' " fora.a.xecR’
Rd

Remark: the Green’s functions used in many-body perturbation theory
are related to, but are not exactly, this kind of Green’s functions.
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Definition-Theorem (spectrum of a linear operator). Let A be a closed’
linear operator on 7.

e The openset p(A) = {z € C| (2 — A) : D(A) — H invertible} is called
the resolvent set of A.

! The operator A is called closed if its graph I'(A) := {(u, Au), u € D(A)} is a closed subspace of H x H.
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Definition-Theorem (spectrum of a linear operator). Let A be a closed’
linear operator on 7.

e The openset p(A) = {z € C| (2 — A) : D(A) — H invertible} is called
the resolvent set of A. The analytic function

p(A) 2z R.(A) = (2 — A~ € B(H)
is called the resolvent of A. Itholds R.(A)—R.(A) = (2'—2)R.(A)R..(A).
e The closed set o(A) = C \ p(A) is called the spectrum of A.
o If A is self-adjoint, then 0(A) C R and it holds 0(A) = 0,(A) Uo.(A),

where 0,(A) and o.(A) are respectively the point spectrum and the con-
tinuous spectrum of A defined as

op(A) = {z€C|(2—A) : D(A) — H non-injective} = {eigenvalues of A}

0.(A) = {2z€C|(z—A) : D(A) — H injective but non surjective}.

! The operator A is called closed if its graph I'(A) := {(u, Au), u € D(A)} is a closed subspace of H x H.
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On the physical meaning of point and continuous spectra

Theorem (RAGE, Ruelle 69, Amrein and Georgescu ’73, Enss ’78).

Let H be a locally compact self-adjoint operator on L*(R?).
[Ex.: the Hamiltonian of the hydrogen atom satisfies these assumptions.]

Let 7, = Span {eigenvectors of H } and . = 7—[;.
[Ex.: for the Hamiltonian of the hydrogen atom, dim(7#,) = dim(#,.) = oc.]

Let 5, be the characteristic function of the ball By = {r € R? | |r| < R}.
Then

(¢po € Hy) < Ve >0, dR >0, Vt >0, ‘(1 — XBR)e_ithbgHiQ <e¢g;

T
(o€ Ho) & VR >0, I /0 Ixspe o[, dt = 0.

T—+o00

H, : set of bound states, H. : set of diffusive states
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Diagonalizable self-adjoint operators and Dirac’s bra-ket notation

Let A be a self-adjoint operator that can be diagonalized in an orthonormal
basis (e,),cn (this is not the case for many useful self-adjoint operators!).

Dirac’s bra-ket notation: A = Z Anlen)(enl, A €R, (enlen) = dmn.

neN

Then,
e the operator A is bounded if and only if || A|| = sup,, |\,| < oo3
o D(A) = {Ju) = ¥talen) | oenl 1+ al)lua? < 00)}s
e 5,(A) = {\},cyand o (A) = {accumulation points of {\,}, _}\op(A);
e H, =7 and H. = {0} (no diffusive states);
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Diagonalizable self-adjoint operators and Dirac’s bra-ket notation

Let A be a self-adjoint operator that can be diagonalized in an orthonormal
basis (e,),cn (this is not the case for many useful self-adjoint operators!).

Dirac’s bra-ket notation: A = Z Anlen)(enl, A €R, (enlen) = dmn.

neN

Then,
e the operator A is bounded if and only if | A|| = sup,, |\,| < oo3
= {lu) = 2 entnlen) | 3nen(l+ [Aal?)[un]? < 00) }5
e 5,(A) = {\},cyand o (A) = {accumulation points of {\,}, _}\op(A);
e H, =7 and H. = {0} (no diffusive states);

¢ functional calculus for diagonalizable self-adjoint operators: for all
f : R — C, the operator f(A) defined by

D(f(A) { = ulen) | Y (1+[f(A un|2<00} =Y f)len)en

neN neN neN
is independent of the choice of the spectral decomposition of A.
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Theorem (functional calculus for bounded functions). Let B(RR, C) be the
x-algebra of bounded C-valued Borel functions on R and let A be a self-
adjoint operator on 7{. Then there exists a unique map

Oy B(R,C) > f s f(A) € B(H)

satisfies the following properties:

1. &4 is a homomorphism of x-algebras:

(af+B89)(A) = af(A)+B9(A), (fg)(A) = f(A)g(4), [f(A)=f(A);

2 [IF(A)] < sup (@)l

3.if f,,(x) — x pointwise and | f,,(x)| < |z| for all n and all z € R, then
Vu e D(A), fu(Au— Auin H;

4.if f,(x) — f(x) pointwise and sup,, sup,.p | f»(z)| < 0o, then
VueH, fu(Adu— f(A)uin H;

In addition, if v € H is such that Au = \u, then f(A)u = f(\)u.
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Theorem (spectral projections and functional calculus - general case -).

Let A be a self-adjoint operator on 7.

e For all \ € R, the bounded operator P} := 1) . ,(A), where 1), y(-)
is the characteristic function of | — oo, \|, is an orthogonal projection.

e Spectral decomposition of A: for all w € D(A) and v € H, it holds
(v|Au) = / A d(v|P{'u), which we denoteby A = / AdP;.
R R

e Functional calculus: let f be a (not necessarily bounded) C-valued Borel
function on R. The operator f(A) can be defined by
|

Df(A)) = {u e H Auuﬁﬂwmﬁ0<w}
and

V(u,v) € D(f(A) x H, | l/f (v| PAu).
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Electronic problem for a given nuclear configuration {R;}, _,._,,
Ex: water molecule H,O
MZS NZlO 2’1:8 2221,2321
Uext Z |I' o Rk‘
| N
_§;A +ZzlveXt rz + Z z—I‘j| (I'1,---,I'N>:E\I’(I'1,---,rN)

1<i<y<N

|\Ij<r1’ ce

Vp € Gy,

\Ij(rp(1)7 e

arp(N)> — g(p)\lf(rh e

arN)a

(Pauli principle)

,Ty)|* probability density of observing electron 1 at ry, electron 2 at ro, ...
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Electronic problem for a given nuclear configuration {Rk}1§ <M

Ex: water molecule H,O
MZS,NZlO 21:8 2221,23:1

Uext Z |I' . Rk‘

N N
1
_§ZA +Zvext I'Z —+ Z Z—I‘j| (rlg"'7rN):qu(r17"',I'N)
1=1 1=1 1<i<y<N
|W(ry, -+, ry)|* probability density of observing electron 1 at r;, electron 2 at ro, ...

N
VeHy=N\H, Hi=LRC)
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Electronic problem for a given nuclear configuration {Rk}1§ <M

Ex: water molecule H,O
MZS,NZlO 21:8 2221,23:1

Uext Z |I' . Rk‘

N N
1
_§ZA +Zvext I'Z —+ Z Z—I‘j| (rlg"'7rN):qu(r17"',I'N)
1=1 1=1 1<i<y<N
|W(ry, -+, ry)|* probability density of observing electron 1 at r;, electron 2 at ro, ...

N
VeHy= /\7—[1, H, = L*(R%,C*) with spin
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Electronic problem for a given nuclear configuration {Rk}1§ <M

Ex: water molecule H,O
M=3 NZlO 2’1:8 2’221,2321

Uext Z |I' L Rk‘

N N
1
_§ZA —|—Z’UeXt I'Z -+ Z Z_r]| (rl,"',rN>:qu(r1,"',I'N)
1=1 1=1 1<i<y<N
|W(ry, -+, ry)|* probability density of observing electron 1 at r;, electron 2 at ro, ...

N
VeHy=A\H, Hi= L2<R3 @)

Theorem (Kato ’51). The operator Hy .= —— Z Arﬁrz Vext (1) + Z

— T
1<z<j<N L ‘7|

with domain D(Hy) := Hy N H*(R3Y) is self- ad301nt on 7—[ N
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Theorem (spectrum of ).

1. HVZ theorem (Hunziger ’66, van Winten ’60, Zhislin ’60)
o.(Hy) = XN, +00) with Xy = mino(Hy_1) < 0and Xy < 0iff N > 2.

2. Bound states of neutral molecules and positive ions (Zhislin ’61)
M

IfN < 7 := Z 21, then Hy has an infinite number of bound states.
k=1

Ground state Excited states

| /N

| | | LH ””%
I I [ TTIHI
0

EN

XN Continuous spectrum

3. Bound states of negative ions (Yafaev ’72)
If N > 7 + 1, then Hy has at most a finite number of bound states.



2 - Electronic Hamiltonians

19

Assumptions

1. Non-degeneracy of the /V-particle ground state

EY; is a simple eigenvalue of Hy, HyUVY = E}UY,

2. Stability of the NV-particle system
2ER < By + EX 4.

Wl = 1.
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Photoemission spectroscopy (PES)

-
T

System with NV electrons System with N — 1 electrons
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Inverse photoemission spectroscopy (IPES)

-

System with /V electrons System with NV + 1 electrons

U(HNH)
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Goal: compute the excitation energies F, | — EY and E}, | — EY

e Wavefunction methods: scales from N (CISD) to ;! (full CI).

e Time-dependent density functional theory (TDDFT): lots of problems
(especially for extended systems).
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Goal: compute the excitation energies F, | — EY and E}, | — EY

e Wavefunction methods: scales from N (CISD) to ;! (full CI).

e Time-dependent density functional theory (TDDFT): lots of problems
(especially for extended systems).

e GW: decent to very good results (especially for extended systems).

Electronic excitations for perfect crystals (N — +00)

| | | ! | |
°r % %) EQZ <
) z 0
a & g %0‘1{ i
8 < 2 3
61 < Qs © SANG) -
S 588 Ll
S Q% g o 20 1
9 O O.8ao 5 !
) O3 N m
o 5 9QG2 : m
g4l B <895 47%.--- O e
3 28 09< | ¥ E Q
z P I ALCE "y 2
3 =) o
= 2f 0‘3%“’& & o S A
© %sgﬁ g ()
T e .F.l
oF V&S milDA -
| e O:GW(LDA)
, | | 1 | \ |




2 - Electronic Hamiltonians

23

Electronic ground state density

pu(r) =N U (r, 1o, -+ e [P dry - - - dry

R3(N-1)

One-body electronic ground state density matrix

/YJO\f(rar/) =N qj(])\f<r7r2a Tt 7rN) \Ij?\f<r,7r27' T 7rN> ClI'g' )

R3(N-1)
One-body Green’s function
G(r,v', t —t') = =i (W' [T (Un(r, )W) (', )W)

'dI‘N
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Electronic ground state density

p(r) =N (W0 (r, 1o, -+ ,ry)|*dry - - - dry
R3(N-1)

One-body electronic ground state density matrix

79\7(1’71'/) =N V-1 ‘PS)V<I'>I'2, T 7I'N) qj?\f(r,ar% nee >I‘N> dry---dry
R3(V—

One-body Green’s function
G(r,v', t —t') = =i (W' [T (Un(r, )W) (', )W)

No concept of wavefunction for infinite systems (such as perfect crystals)
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Electronic ground state density

p(r) =N (W0 (r, 1o, -+ ,ry)|*dry - - - dry
R3(N-1)

One-body electronic ground state density matrix

AW(r, ') =N U (r,ro, -+, ey) U (r, 1o, - -+ 1) dry-- - dry

R3(N-1)
One-body Green’s function
G(r,v', t —t') = =i (W' [T (Un(r, )W) (', )W)

No concept of wavefunction for infinite systems (such as perfect crystals)

Thermodynamic limit problem (for periodic crystals):

e e le i e e ZL3 Y 10 0 : 0
S P e =
V5 T) 2 el x), G D) 2 Gu(rx'1).



3 - One-body Green’s function and self-energy

Let X be a Banach space (typically X = B(#,)).

Fourier transform: let f € L'(R;, X)

VweER, [Fflw) = flw)= - £(£) et dt,

—0o0
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Let X be a Banach space (typically X = B(#,)).

Fourier transform: let f € L'(R;, X)

VweER, [Fflw) = flw)= £(£) et dt,

Laplace transform of causal functions: let f € L>°(R;, X) s.t. f(t) =0fort <0
400

VeeU={ze€C|S3(z) >0}, [Lfl(z)= f(t) e dt = /Om f(t) e dt.
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Let X be a Banach space (typically X = B(#,)).

Fourier transform: let f € L'(R;, X)

VweR, [Ffllw)=flw)= f(t) e dt.

Laplace transform of causal functions: let f € L>°(R;, X) s.t. f(t) =0fort <0
400 +00

VeeU={ze€C|S3(z) >0}, [Lfl(z)= _ f(t) e dt = O f(t) e dt.

Laplace transform of anti-causal functions: let f ¢ L>*(R;, X)) s.t. f(t) =0fort > 0

Vie —{2eC|3() <0y, £A() = [ f(t) e di = / £(£) e dt.



3 - One-body Green’s function and self-energy

Let X be a Banach space (typically X = B(#,)).

Fourier transform: let f € L'(R;, X)

VweR, [Ffllw)=flw)= f(t) e dt.

Laplace transform of causal functions: let f € L>°(R;, X) s.t. f(t) =0fort <0
400 +00

VeeU={ze€C|S3(z) >0}, [Lfl(z)= _ f(t) e dt = O f(t) e dt.

Laplace transform of anti-causal functions: let f ¢ L>*(R;, X)) s.t. f(t) =0fort > 0

Vie —{2eC|3() <0y, £A() = [ f(t) e di = / £(£) e dt.

The Fourier and Laplace transforms can be extended to some distribution spaces.
(extension of the Fourier transform to the space of tempered distributions).
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Second quantization formalism (for fermions)

e Fock space
+00 N
F=Hy, Ho=C., H=LRC), Hy=/\H.
N=0

e Creation and annihilation operators

a € AM,B(F), o' € BH,BE), la(¢)] = llale)']| = [l

Vo € Hy, a<¢)‘7'lN Hy — Hn-1, aT(¢>HN CHN — Hiva, CLT(¢) — (CL(¢))*,

YWy € Hy, (a(@)Wn)(ry, - ,ry_1) = V' N g o(r)Wy(r,ry, -+ ,ry_1)dr.

e Canonical commutation relations (CCR)

Vo, € Hi,  a(@)a(®)' +a(¥)la(¢) = (¢|¢) Idr.
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Particle Green’s function

e Time representation: G, € L>*(R;, B(#,)) defined by
VieR, V(f,g) € HixHi, (g|Gpt)|f) = —i@(t)(\IJéV\a(g)e_”(HNH_EéV)aT(f)|\Ifév>.

’W/
-

System with NV electrons System with NV + 1 electrons
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Particle Green’s function

e Time representation: G, € L>*(R;, B(#,)) defined by
VieR, VY(f,g) € HixHi, (9|Gp(t)|f) = —z’@(t)<\Ifév\a(g)e_“(HNH_EéV)aT(f)|\Ifév>.

¢ Frequency representation (Fourier transform)

Gplw) = (FGp)(w), Gy e H '(Ry, B(Hy)).
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Particle Green’s function

e Time representation: G, € L>*(R;, B(#,)) defined by
VtER, V(f.g) € HixHi, (gGy(t)]f) = —iO@) (WY alg)e TV i-Fal(f)wy).
¢ Frequency representation (Fourier transform)
Golw) = (FG)(w), Gy e H 'Ry, B(Hy)).

e Complex plane representation (analytic continuation of the Laplace transform)

- B A - Hi — H
_ o 0 1 Ax + 1 N+1

The singularities of > — ép(z) are contained in o(Hy 1 — EY).

A
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Hole Green’s function

e Time representation: Gy, € L>=(R;, B(H,)) defined by
VteR, V(f.g) € HixHi, ({glGu)lf) = iO(=t)(Tf]al @ a(F)] u).

~_
T

System with /V electrons System with NV — 1 electrons
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Hole Green’s function

e Time representation: Gy, € L>=(R;, B(H,)) defined by
Vi ER, (f.g) € HixHi, (glGh(t)f) = iO(=1)(W]al (Gl v a(F)|wy).
¢ Frequency representation (Fourier transform)
Gh(w) = (FG(w),  Gne H MRy, B(H:)).
e Complex plane representation (analytic continuation of the Laplace transform)

A*_: 7’[1 — HN_1

Gu(z) = A" (2 — (By — Hy_1)) 'A_ where fooe a(f)es)

The singularities of z — G),(z) are contained in o(EY — Hy_1).

A

Y
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Properties of the particle and hole Green’s functions

e Spectral functions (operator-valued measures on R )
Vb€ BR,), Ab)=—7'SG,(b)

Au(b) = +7'SGu(D)
A(b) = Ap(b) + Au(b)
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28

Properties of the particle and hole Green’s functions

e Spectral functions (operator-valued measures on R )
Vb€ BR,), Ayb) = -7 'SGy(b) = A 1y(Hyq — EY)A% >0,

An(D) = +77'SGR(b) = A" 1,(EY — Hy_1)A_ > 0,
A(b) = A, (b) + An(b) > 0.
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Properties of the particle and hole Green’s functions

e Spectral functions (operator-valued measures on R )
Wb e B(R,), Apb) = -7 'SGy(b) = A 1y(Hy 1 — EY)AT >0,

An(D) = +77'SGR(b) = A" 1,(EY — Hy_1)A_ > 0,
A(b) = A, (b) + An(b) > 0.

Supp(A;) C o(EY — Hy-1), Supp(A,) C o(Hy1 — EY)

Sum rule:
AR)=A AL =1—9%,  AR)=AA_ =93,  AR)=1.
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Properties of the particle and hole Green’s functions

e Spectral functions (operator-valued measures on R )
Wb e B(R,), Apb) = -7 'SGy(b) = A 1y(Hy 1 — EY)AT >0,

An(D) = +77'SGR(b) = A" 1,(EY — Hy_1)A_ > 0,
A(b) = A, (b) + An(b) > 0.

Supp(A;) C o(EY — Hy-1), Supp(A,) C o(Hy1 — EY)

Sum rule:
AR)=A AL =1—9%,  AR)=AA_ =93,  AR)=1.

e It holds 3, = —iGy,(07).
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28

Properties of the particle and hole Green’s functions

e Spectral functions (operator-valued measures on R )
Wb e B(R,), Apb) = -7 'SGy(b) = A 1y(Hy 1 — EY)AT >0,

An(D) = +77'SGR(b) = A" 1,(EY — Hy_1)A_ > 0,
A(b) = A, (b) + An(b) > 0.

Supp(A;) C o(EY — Hy-1), Supp(A,) C o(Hy1 — EY)

Sum rule:

AR)=A AL =1—9%,  AR)=AA_ =93,  AR)=1.

e It holds 3, = —iGy,(07).

e Galitskii-Migdal formula
1 d . 1
EJOV = 5 Tl‘le ((d_T — 1 (—éA —+ Uext)) Gh(T)
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Green’s functions of non-interacting systems

System of non-interacting electrons subjected to an effective potential 1/
ANV 1
Hony = Z (—§Ari -+ V(ri)> on Hy, hy = —§A +V on H;.

1=1
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Green’s functions of non-interacting systems

System of non-interacting electrons subjected to an effective potential 1/
N

1 1
Hony = Z (—§Ari + V(ri)> on Hy, hi = —§A +V on H;.

1=1

Ground state of non-interacting systems

N
Y =1 A Adn, W =Lacyg(hs) = > o) (¢il.
1=1
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Green’s functions of non-interacting systems

System of non-interacting electrons subjected to an effective potential 1/

N
1 1
Hony = Z (—§Ari + V(ri)> on Hy, hi = —§A +V on H;.

1=1

Ground state of non-interacting systems
N
(DO — ¢1 ARERA ¢N9 7(0),]\7 — ]1]—oo,u0](h1) — Z |¢Z><¢z‘
i=1

Particle and hole Green’s functions

éO,p@') = (1 - 78,]\7)(2 — )71~ 78,]\7)7 éO,h<Z) = 78,]\7(2 - hl)_178,N-
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Green’s functions of non-interacting systems

System of non-interacting electrons subjected to an effective potential 1/

N
1 1
Hony = Z (—§Ari + V(ri)> on Hy, hi = —§A +V on H;.

1=1

Ground state of non-interacting systems
N

(I)O — ¢1 ARRRIA ¢N7 78,]\7 — ]1]—OO,M0](h1) — Z |¢Z><¢Z‘

1=1

Particle and hole Green’s functions

Gop(z) = (1 - 78,N)(Z - hl)_l(l — 78,N)7 Gon(z) = 78,]\7(2 - hl)_l%(ijv-
Time-ordered Green’s function for interacting and non-interacting systems

G=Gp+Gn  Go=Gop+ Gon
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Green’s functions of non-interacting systems

System of non-interacting electrons subjected to an effective potential 1/

N
1 1
Hony = Z (—§Ari + V(ri)> on Hy, hi = —§A +V on H;.

1=1

Ground state of non-interacting systems
N
(DO — ¢1 ARERA ¢Na 7(0),]\7 — ]1]—oo,u0](h1) — Z |¢Z><¢z‘
i=1
Particle and hole Green’s functions

Gop(z) = (1 - 78,N)(Z - hl)_l(l — 78,N)7 Gon(z) = 78,]\7(2 - hl)_l%?,N:

Time-ordered Green’s function for interacting and non-interacting systems

G=Gp+Gy  Go=GCGop+Gon =  |Golz)=(z—hy)"

(resolvent of 1 at 2)
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Dynamical Hamiltonian

Non-interacting systems: éo(z) = (z — h1)_1

~ ~

Interacting systems: G(z) = (z—H(z))™!, H(z): dynamical Hamiltonian
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Dynamical Hamiltonian

Non-interacting systems: éo(z) (2 — h1)_1
~ 1

Interacting systems: G(z) = (z=—H(z))"!, H(z): dynamical Hamiltonian

~

Proposition. Let z € C \ R. The dynamical Hamiltonian is a well-defined
closed unbounded operator on #; with dense domain D(z) C H*(R?).
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Dynamical Hamiltonian

Non-interacting systems: éo(z) (2 — h1)_1
~ 1

Interacting systems: G(z) = (z=—H(z))"!, H(z): dynamical Hamiltonian

~

Proposition. Let z € C \ R. The dynamical Hamiltonian is a well-defined
closed unbounded operator on #; with dense domain D(z) C H*(R?).

Self-energy operator

~

Vz € C\R, X(2) := (Go(2)) ' —(G(2)) "
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Dynamical Hamiltonian

Non-interacting systems: éo(z) (2 — h1)_1
~ 1

Interacting systems: G(z) = (z=—H(z))"!, H(z): dynamical Hamiltonian

~

Proposition. Let z € C \ R. The dynamical Hamiltonian is a well-defined
closed unbounded operator on #; with dense domain D(z) C H*(R?).

Self-energy operator

~

Vz e C\R, 3(z2):=(Go(z) '=(G(2))" < G(z)=Go(2)+Go(2)Z(2)G(2).

(Dyson equation)
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Dynamical Hamiltonian

Non-interacting systems: éo(z) (2 — h1)_1
~ 1

Interacting systems: G(z) = (z=—H(z))"!, H(z): dynamical Hamiltonian

~

Proposition. Let z € C \ R. The dynamical Hamiltonian is a well-defined
closed unbounded operator on #; with dense domain D(z) C H*(R?).

Self-energy operator

~ ~

Vze C\R, X(2):=(Go(2))'=(G(2))"" & H(z)=h+3(z).
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Dynamical Hamiltonian

Non-interacting systems: éo(z) (2 — h1)_1
~ 1

Interacting systems: G(z) = (z=—H(z))"!, H(z): dynamical Hamiltonian

~

Proposition. Let z € C \ R. The dynamical Hamiltonian is a well-defined
closed unbounded operator on H; with dense domain D(z) C H*(R?).

Self-energy operator

~ ~

Vze C\R, X(2):=(Go(2))'=(G(2))"" & H(z)=h+3(z).

Road map:

1. construct a non-interacting Green’s function éo
(using e.g. the Kohn-Sham LDA Hamiltonian);

2. construct an approximation iapp(z) of the self-energy operator;
3. seek the singularities of G**P(z) := (z — (hy + L*P(2))) "L,
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The (bare) Coulomb operator v,

In the vacuum and neglecting relativistic effects, the electrostatic potential
created by a time-dependent charge distribution p at point r and time ¢ is

Vil = [

V(7) = vedo(T), vepk) = @ﬂ(k)-

1
r — 1| Pl ) e
_ A
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The (bare) Coulomb operator v,

In the vacuum and neglecting relativistic effects, the electrostatic potential
created by a time-dependent charge distribution p at point r and time ¢ is

Vil = [

V(7) = vedo(T), vepk) = @P(k)-

1
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_ A

Screening: in the presence of the molecular system, the perturbation of the
electrostatic potential created at point r and time ¢ by a time-dependent
external charge distribution 0p, is given, in the linear response regime, by

t
oV (r,t) = / W (e,v' t —1t') dp(r', 1) dt.
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The (bare) Coulomb operator v,

In the vacuum and neglecting relativistic effects, the electrostatic potential
created by a time-dependent charge distribution p at point r and time ¢ is

Vil = [

V(7) = vedo(T), vepk) = @P(k)-

1
r — 1| Pl ) e
_ A

Screening: in the presence of the molecular system, the perturbation of the
electrostatic potential created at point r and time ¢ by a time-dependent
external charge distribution 0p, is given, in the linear response regime, by

t
oV (r,t) = / W (e,v' t —1t') dp(r', 1) dt.

The dynamically screened Coulomb operator is defined by

VreR, W(r)=0(r)Wy(r)+O(—1)W.(-7) = 03/2(5(7') — Xsym(T))vg/?
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The (bare) Coulomb operator v,

In the vacuum and neglecting relativistic effects, the electrostatic potential
created by a time-dependent charge distribution p at point r and time ¢ is

Vil = [

V(7) = vedo(T), vepk) = @P(k)-

1
r — 1| e ) e
_ A

Screening: in the presence of the molecular system, the perturbation of the
electrostatic potential created at point r and time ¢ by a time-dependent
external charge distribution 0p, is given, in the linear response regime, by

t
oV (r,t) = / W (e,v' t —1t') dp(r', 1) dt.

The dynamically screened Coulomb operator is defined by
VreR, W(r)=0O0(r)Wi(r)+O(—1)W,(—7) = v/2(6(r) — Xsym(T))vg/?
c L®(R, B(L*(RY)))
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Notation

¢ Kernel of a space-time operator A

A((I‘l,t1>, (I'Q,tg)) < A<12>

o If A is a time-translation invariant space-time operator

A(127) = A((r1, 1), (ro, ty)) = lim A((ry, 1), (2, 1)) = [A((t1—t2) )] (r1, 12).

+
t—t3
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Hedin’s equations (Hedin ’65)

e Dyson equation

The Hedin-Lundqvist Equations

G(12) = Gy(12) + / d(34)G(13)3(34)G(42) e e
9, ,=2Gi” .+ 0, @QL

o Self. energy Self-energy: X (12) =i [d (34) W (1¥3) G(14)[ (42;3)  [H 1I]

$(12) = i / d(34)G(13)W (411)(32; 4) @&

Sereened interaction: W (12) = v(12) + [ d (34) W (13) P (34) v(42)  [H 11I]
e Screened interaction o= po sy e sl
W ( 1 2) — UC ( 12) _|_ / d(34> UC < 13) P <34) W (42) Trred. Polarisation: P (12) = —i [ d (34) G(23)G(42)T (34;1)  [H IV]
.
e Irreducible polarization i

Vertex function: ' (12;3) = 6 (12) 6 (13) + [ d (4567) 3eG0 G(46)G(75)T (67;3) [H V]

bﬂwm, * 5G >

P(12) = —i / d(34)G(13)G(417)T(34; 2)

e Vertex function

0(12;3) = 6(12)8(13) + / d(4567)52<12> 51

el 5>G(46)G(75)F(67; 3)
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GW approximation (Hedin ’65)

e Dyson equation

G(12) = Gy(12) + / d(34)Go(13)2(34)G(42)

The Hedin-Lundqvist Equations

The Dyson eq.: G (12) = G© (12) + [d(34) G© (13) £ (34) G (42)  [H]]

(0) (0)

o Self. energy Self-energy: X (12) =i [d (34) W (1¥3) G(14)[ (42;3)  [H 1]

$(12) = i / d(34)G(13)W (417)1'(32; 4) @4

Screened interaction: W (12) = v(12) + [ d (34) W (13) P (34) v(42)  [H ITI]
e Screened interaction PO VO ST
W(12> — UC<12> _|_ /d(34>vc<13)P<34)W(42> Trred. Polarisation: P (12) = —i [ d (34) G(23)G(42)l' (34;1)  [H V]
e Irreducible polarization o
Vertex function: ' (12;3) = 8 (12) 6 (13) + [ d (4567) 3oG8 G(46)G(75)T (67;3) [H V]
P(12) = —i/d(34)G(13)G(4l+)F(34; 2) [> M
e Vertex function 7 7
02(12) .
['(12;3) = 6(12)6(13) + d(4567)6G(45>G(46)G(75)F(67; 3)

N eglectvthis term
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GW equations (Hedin ’65)

e Dyson equation

G™PP(12) = Gy(12) + /d(34)G0(13)Zapp(34)Gapp(42)
e Self-energy

YPPP(12) = iGMPP(12)W*PP(217T)
e Screened interaction

W2PP(12) = 1,(12) + / d(34)v,(13) PP (34) WP (42)

e Irreducible polarization

PYP(12) = —iG*P(12)G*P(21)
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GW equations in a mixed time-frequency representation

e Dyson equation

G (w) = Go(w) + Go(w) S (w)GPP(w)
e Self-energy

YAPP(7) = 1G*PP(07) © vedp(T) + G*PP (1) © WEPP(—7)
e Screened interaction

/M?Capp(w) = [(1 — vcﬁapp(w)>1 — 1] Ve
e Irreducible polarization

PP(1) = —iG*PP(1) © G*™P(—7)

Hadamard product of two operators: (A® B)(ry,ry) = A(ry,r5)B(rg, 11).
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GW equations on imaginary axes

e Dyson equation
G+ iw) = Golp + iw) + Golp + iw) 5P (1 + iw) G2 (1 + iw)

e Self-energy

~ 1 Too _
ZapI)(,LL—I—Z'w) _ _V%LDAQ’UC—Q—/ Gapp<u+i(w_w/>)@Wcapp(@-w/) de
n —00

e Screened interaction
__ . 1
WP (jw) = [(1 -~ UCPapp(iw)) - 1] Ve

e Irreducible polarization

~ 1 [T - ~
PP (i) = 7 G™PP(u + iw') © G*PP(u +i(w — w)) du’
™ —0o0

Y
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GW flowchart
Kohn—Sham LDA - G0
Y Y
() LDA Gapp
yapp papp
\Wapp/

The existence of a solution to these equations is an open problem.
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GyW; method

Kohn—Sham LDA G

0

! ! RPA
0 LDA GapP
Py

Theorem (EC, Gontier, Stoltz ’15). The GoW, method is well defined.
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Self-consistent GW; method

Kohn—Sham LDA

Y

Y
Q

! RPA
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Self-consistent GW; method

Kohn—-Sham LDA - G0
Y Y RPA
,Y%LDA G2pP
\ /;
yapp P,
Wy

Theorem (EC, Gontier, Stoltz ’15). The self-consistent GW; method is well
defined in the perturbative regime (A small enough).
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Summary of the current mathematical results

EC, D. Gontier and G. Stoltz, A mathematical analysis of the GW method for
computing electronic excited state energies of molecules, arXiv 1506.01737.

e The fundamental objects (G, G, 2, P, W) involved in the GW
formalism are mathematically well-defined.

e Some of their properties (sum rules, signs, Galitskii-Migdal formula)
have been rigorously established.

e The GyW version of the GW approach is well defined.

e The self-consistent GW; method is well-defined in the perturbation regime.

Work in progress

e Analysis of the partially self-consistent GW method
(self-consistency on the eigenvalues only).

e Analysis of the fully self-consistent GW method.
¢ Infinite systems (periodic crystals, disordered materials).

e Numerical algorithms.
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Definition (Schwartz space). A function ¢ : R — C of class C** is called
rapidly decreasing if for all p € N,
vd'0

Np(@) = max max sup £ (1)

< OQ.

The vector space of all C*™° rapidly decreasing functions from R to C is
denoted by S(R) and is called the Schwartz space.

Gaussian functions and gaussian-polynomial functions are in S(R).

Definition (convergence in S(R)). A sequence (¢, ),y of functions of S(R)
converges in S(R) to ¢ € S(R) if

VpeN, N,(¢,—¢) — 0.

n——400
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Definition (Fourier transform in S(R)). The Fourier transform of a func-
tion ¢ € S(R) is the function denoted by ¢ or F¢ and defined by

+00

Vw eR, ow)=Fow):= o(t) e dt.

Remark. Other sign and normalization conventions are also commonly
used in the physics and mathematical literatures.

Theorem (some properties of S(R)). The Schwartz space S(R) is stable by
1. translation, scaling, complex conjugation;

2. derivation and multiplication by polynomials;

AN

3. Fourier transform (Vp € N, 3C, € R, s.t.V¢ € S(R), N,(¢) < C, Npyi2(0)).

Besides, the Fourier transform defines a sequentially bicontinuous lin-
ear map from S(R) onto itself, with inverse 7! defined by

1 +00

Vi € S(R), VteR, [F Wt =— (W) e ™ dw.

T or s
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Definition (tempered distributions). We denote by S’(IR) the vector space of
the linear forms u : S(R) — C satisfying the following continuity property :
there exists p € N and C € R, such that

Vo e S(R),  [u,@)| < CNy(9). (1)

Theorem (canonical embedding of L”(R) in S'(R)). Let 1 < p < +00 and
f € LP(R). Then, the linear form v, : S(R) — C defined by

+00

VpeSR), (upd)i= [  [)o(t)di

is a tempered distribution, and if f; and f; are both in L?(R) and such that
U = Ufyy then f1 — fg.

We can therefore, with no ambiguity, denote f instead of v ,:

+00

feI’R)— S(R) and Vo e SR), (f,¢) = F(£)o(t) dt.




A1l - Fourier transform 47

Definition-Theorem (basic operations on S'(R))

1. Let u € S'(R). The derivative of v is the element of S'(R) denote by %
and defined by
du do
R —, ¢) = —(u, —).
2. Letu € S'(R) and p : R — C a polynomial function. The product pu is
the element of S’'(R) defined by

Vo € S(R), (pu,¢) = (u, po).

3. Let v € S'(R). The Fourier transform of u is the element of S'(R) de-
noted by u or Fu and defined by

Vo € S(R), (T, d) = (u, ).

Crucial point: the above definitions are consistent with the usual defini-
+00

tions for '"nice' functions (ex: u(w) = / u(t)e™" dt for all u € L'(R)).
Exercise: define the translation, scaling, and complex conjugation opera-
tions on S'(R).
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Definition (convergence in S'(R)). A sequence (u,),cy of elements of S'(R)
converges in S’'(R) to v € S'(R) if and only if

Vo € S(R),  (un, ) — (u,9).

Nn——+00

Theorem (some properties of the Fourier transform on S’(R)).
1. Let u € S'(R). Then

F (%) = jwi(w) and F (tu(t)) = Z%(“)

2. The Fourier transform is a sequentially bicontinuous linear map from
S’(R) onto itself, with inverse 7 ' defined by

Vo € S(R), (Flu,d)ss = (u,F '¢)s.s.

Exercise: compute the Fourier transform of a translated tempered distri-
bution, of a scaled tempered distribution, and of the complex conjugate of
a tempered distribution.
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Two important cases

1. The Dirac distribution at ¢, € R is the tempered distribution denoted by
01, and defined by

qu € S<R>7 <5t07 ¢> — ¢<t0>'

Computation of the Fourier transform o;:

Vo € S<R>7 <5t07 ¢> - <5t07 ¢> — Cb(to) — / Qb(w)ewt@ dw = <ewt07 ¢>

Thus, the Fourier transform of J;, is the smooth function gto(w) = e,

2. The Heaviside function is the function of L>*°(R) — S’(R) defined by
Ot)=1ift>0 and O(t) =0ift < 0.

Fourier transform of the Heaviside function O(¢):

where Vo € S(R), (p.v. (—) , @) = lim /R\[_ 1—dw = lim /_+OO ~ d(w) dw.
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Proof of (2). For all ) > 0, we set O, (t) = O(t)e .
e Since for all ) > 0, 0, € L'(R), we have

a e iwt e —(n—iw)t L il W
O,(w) = O,(t)e™" dt = 0 e dt = m— = o w2+z772 o

e We have O, ® e, Indeed, for all ¢ € S(R),

77—>07L

©nd = [ enonar= [ emowa L [ o de=(0.0)

00 n—>0Jr

1
e We have @ (H Too + 1 p.V. ( ) Indeed, for all ¢ € S(R),

77—>07L

(O, ¢) = /m T (w) dwti /m Cp(w) dw — wh(0)+i(p.v. (3>¢>

o M F W e NP W2 0t

e By sequential continuity of the Fourier transform in S'(R), we have

0,%e = 6 2898
77%0Jr 770

We obtain (2) by uniqueness of the limit in S'(R).
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Remark. The space S'(R) contains

e all the functions of the form p(¢) f(¢), where p is a polynomial function
and f € LP(R) for some 1 < p < o0

e all the compactly supported distributions on R;

e all the periodic distributions on R. In addition,

A i 2
u T'-periodic distribution = u = Z cp(u) Opy, Withw = %

keZ

where the c;(u) are the Fourier coefficients of u. If u is a locally inte-
grable function, then

T T
cp(u) = / u(t)e™ ! dt = / u(t)e® ™ T gt
0 0

The space S’'(R) does not contain the distributions which rapidly grow at
infinity, such as the exponential function.
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Theorem (Fourier transform on L*(R)). Up to a normalization constant,
the Fourier transform is a unitary operator on L*(R): for all v € L*(R),
u € LAR) and ||a)| ;2 = (27)Y?||u| 2.

Theorem (Convolution and Fourier transform).

1. The convolution product of two functions f and g of L'(R) is the function
of L'(R) denoted by f * g and defined (almost everywhere) by

Froy= [ =gt at 3
We have for all f and g in L'(R),
f*g(w) = flw)glw). 4)
2. We have for all f and ¢ in L'(R) such that f and § also are in L'(R),
Folw) = 5-(F*)(w) )

The definition (3) and the equalities (4)- (5) can be extended to wider classes
of tempered distributions. In particular, |6y x v = u/|for all u € S'(R).
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Definition (causal function). A function f € R, — C is called causal if
f =0a.e. on (—00,0).

Definition (Hilbert transform on S(RR,)). The Hilbert transform of a func-
tion ¢ € S(R,) is the function of C*°(R,,) denoted by h¢ and defined as

<)

ho — %p.V. (1) 5 or equivalently as [)&5: F (_i sgn(°).7:_1$) ’

Proposition (Hilbert transform on LQ(Rw)). The Hilbert transform ) de-
fines a unitary operator on L*(R,,), with inverse —b, which commutes with
the translations and the positive dilations, and anticommutes with the re-
flexions.

The Hilbert transform can be extended by continuity to a large class of
tempered distributions. In particular, it is well defined on the set of Fourier
transforms of bounded functions.
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Theorem (Karmers-Kronig relations). Let f € L°°(R;) be a causal function
and let f be its Fourier transform. Then,

Rf— —p (%f) and %f:h<§)%f). (6)

Elements of proof. Since f is causal, we have f = O f. Hence,

f=5 (@*f) 2177 <7T50+’L'p.v. (1» *f:%(fﬂ'hf)-

Therefore,

f=ibf
Inserting the identity f = 8%]?+z%f, and identifying the real and imaginary
parts, we get

RF— —h (%f) and %f:h(mf).
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Definition (Laplace transform of a causal function). Let
U={z€C |z >0}

be the upper-half plane, and f : R — C be a causal function of L?(R) for
some 1 < p < co. The Laplace transform of [ is the C-valued function on

the upper-half plane U denoted by f or £ f and defined by
+00

VzeU, f[f(z)=Lf(z)= F(t)e™ dt.

Remark. The Laplace transform can in fact be defined for any causal tem-
pered distribution.

Remark. Other (equivalent) definitions can be found in the mathematics
and physics literatures.



