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Motivation

Theoretical spectroscopy

Calculate and reproduce
Understand and explain
Predict

Exp. at 30 K from: P. Lautenschlager et al., Phys. Rev. B 36, 4821 (1987).
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Theoretical Spectroscopy

Which kind of spectra?
Which kind of tools?
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Why do we have to study more than (TD)DFT?

Absorption spectrum of bulk silicon in DFT

How can we understand this?
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Why do we have to study more than (TD)DFT?

Absorption spectrum of bulk silicon in DFT

Spectroscopy is exciting!
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Why do we have to study more than (TD)DFT?

Bulk silicon: absorption
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Why do we have to study more than (TD)DFT?

Solid argon: absorption
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MBPT vs. TDDFT: different worlds, same physics

MBPT
based on Green’s functions
one-particle G: electron addition and removal - GW
two-particle L: electron-hole excitation - BSE
moves (quasi)particles around
is intuitive (easy)

TDDFT
based on the density
response function χ: neutral excitations
moves density around
is efficient (simple)
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Independent particles: Kohn-Sham

Independent transitions:

ε2(ω) =
8π2

Ωω2

∑
ij

|〈ϕj |e·v|ϕi〉|2δ(εj−εi−ω)
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GW corrections

Standard perturbative G0W0

H0(r)ϕi (r) + Vxc(r)ϕi (r) = εiϕi (r)

H0(r)φi (r) +

∫
dr′ Σ(r, r′, ω = Ei ) φi (r′) = Ei φi (r)

First-order perturbative corrections with Σ = iGW :

Ei − εi = 〈ϕi |Σ− Vxc |ϕi〉

Hybersten and Louie, PRB 34 (1986);
Godby, Schlüter and Sham, PRB 37 (1988)
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Independent (quasi)particles: GW

Independent transitions:

ε2(ω) =
8π2

Ωω2

∑
ij

|〈ϕj |e·v|ϕi〉|2δ(Ej−Ei−ω)
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What is wrong?

What is missing?
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GW bandstructure: photoemission

Direct Photoemission Inverse Photoemission

One-particle excitations→ poles of one-particle Green’s function G
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Absorption

Two-particle excitations→ poles of two-particle Green’s function L
Excitonic effects = electron - hole interaction
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TDDFT vs. MBPT

TDDFT
Key variable: density ρ(1)

Linear response:

χ(12) =
δρ(1)

δVext (2)

Dyson equation:

χ(12) = χ0(12) +

∫
d34χ0(13)[v(34) + fxc(34)]χ(42)

with fxc(34) = δVxc(3)/δρ(4)

MBPT
Key variable: Green’s function G(12)

Linear response:

L(1234) = −i
δG(12)

δVext (34)

Dyson equation = Bethe-Salpeter equation:

L(1234) = L0(1234) +

∫
d5678L0(1256)

[
v(57)δ(56)δ(78) + i

δΣ(56)

δG(78)

]
L(7834)
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TDDFT - MBPT connection

The connection

−iG(11) = ρ(1) ⇒ L(1122) = χ(12)
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Reminder: Dyson equation

Dyson equation

G(12) = G0(12) +

∫
d34G0(13)[Σ(34) + Vext (34)]G(42)

where G0 is the Hartree Green’s function:

G0(ω) = (ω − H0)−1 ⇒ G−1
0 (ω) = (ω − H0)

where H0 is the Hartree Hamiltonian = T + VH

From now on: integration over repeated variables is understood

Exercise

G−1(12) = G−1
0 (12)− Σ(12)− Vext (12)
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The Bethe-Salpeter equation

Exercise

Formal derivation

L(1234) =− i
δG(12)

δVext (34)
= +iG(15)

δG−1(56)

δVext (34)
G(62)

= + iG(15)
δ[G−1

0 (56)− Vext (56)− Σ(56)]

δVext (34)
G(62)

=− iG(13)G(42) + iG(15)G(62)
[δVH(5)δ(56)

δVext (34)
− δΣ(56)

δVext (34)

]
=− iG(13)G(42) + iG(15)G(62)

[δVH(5)δ(56)

δG(78)
− δΣ(56)

δG(78)

] δG(78)

δVext (34)

L(1234) =L0(1234) + L0(1256)
[
v(57)δ(56)δ(78) + i

δΣ(56)

δG(78)

]
L(7834)
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The Bethe-Salpeter equation

Approximations

L = L0 + L0
(
v + i

δΣ

δG
)
L

Approximation:

Σ ≈ iGW
δ(GW )

δG
= W + G

δW
δG
≈W
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The Bethe-Salpeter equation

Approximations

L = L0 + L0
(
v−δ(GW )

δG
)
L

Approximation:

Σ ≈ iGW
δ(GW )

δG
= W + G

δW
δG
≈W
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The Bethe-Salpeter equation

Approximations

Final result:

L = L0 + L0(v −W )L
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The Bethe-Salpeter equation

Bethe-Salpeter equation

L(1234) = L0(1234)+

L0(1256)[v(57)δ(56)δ(78)−W (56)δ(57)δ(68)]L(7834)
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Time-dependent Hartree-Fock

Bethe-Salpeter equation

L(1234) = L0(1234)+

L0(1256)[v(57)δ(56)δ(78)−W (56)δ(57)δ(68)]L(7834)
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Time-dependent Hartree-Fock

Bethe-Salpeter equation

L(1234) = L0(1234)+

L0(1256)[v(57)δ(56)δ(78)− v(56)δ(57)δ(68)]L(7834)
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Absorption spectra in BSE

Bulk silicon

G. Onida, L. Reining, and A. Rubio, RMP 74 (2002).
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Absorption

Abs(ω) = lim
q→0

ImεM(q, ω)

Abs(ω) =− lim
q→0

Im [vG=0(q)χ̄G=0,G′=0(q, ω)]

χ̄ = P + Pv̄ χ̄

Absorption→ response to Vext + V macro
ind

EELS

Eels(ω) =− lim
q→0

Im[1/εM(q, ω)]

Eels(ω) =− lim
q→0

Im [vG=0(q)χG=0,G′=0(q, ω)]

χ = P + P(v0 + v̄)χ

Eels→ response to Vext
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Solving BSE

L(1234) = L0(1234)+

L0(1256)[v(57)δ(56)δ(78)−W (56)δ(57)δ(68)]L(7834)

Static W
Simplification:

W (r1, r2, t1 − t2)⇒W (r1, r2)δ(t1 − t2)

L̄(1234)⇒ L̄(r1, r2, r3, r4, t − t ′)⇒ L̄(r1, r2, r3, r4, ω)
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Solving BSE

Dielectric function

L̄(r1r2r3r4ω) = L0(r1r2r3r4ω) +

∫
dr5dr6dr7dr8 L0(r1r2r5r6ω)×

× [v̄(r5r7)δ(r5r6)δ(r7r8)−W (r5r6)δ(r5r7)δ(r6r8)]L̄(r7r8r3r4ω)

εM(ω) = 1− lim
q→0

[
vG=0(q)

∫
drdr′e−iq(r−r′)L̄(r, r, r′, r′, ω)

]
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Solving BSE

L̄(r1r2r3r4ω) = L0(r1r2r3r4ω) +

∫
dr5dr6dr7dr8 L0(r1r2r5r6ω)×

× [v̄(r5r7)δ(r5r6)δ(r7r8)−W (r5r6)δ(r5r7)δ(r6r8)]L̄(r7r8r3r4ω)

How to solve it?

Transition space

L̄(n1n2)(n3n4)(ω) = 〈φ∗n1
(r1)φn2 (r2)|L̄(r1r2r3r4ω)|φ∗n3

(r3)φn4 (r4)〉 = 〈〈L̄〉〉
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Exercise

L0(r1, r2, r3, r4, ω) =
∑

ij

(fj − fi )
φ∗i (r1)φj (r2)φi (r3)φ∗j (r4)

ω − (Ei − Ej )

Calculate:

〈〈L0〉〉 =
fn1 − fn2

ω − (En2 − En1 )
δn1n3δn2n4
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Solving BSE

BSE in transition space

We consider only resonant optical transitions
for a nonmetallic system: (n1n2) = (vkck)⇒ (vc)

L̄ = L0 + L0(v̄ −W )L̄

L̄ = [1− L0(v̄ −W )]−1L0

L̄ = [L−1
0 − (v̄ −W )]−1

L̄(vc)(v ′c′)(ω) = [(Ec − Ev − ω)δvv ′δcc′ + (fv − fc)〈〈v̄ −W 〉〉]−1(fc′ − fv ′)
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Solving BSE

L̄(vc)(v ′c′)(ω) = [(Ec − Ev − ω)δvv ′δcc′ + (fv − fc)〈〈v̄ −W 〉〉]−1(fc′ − fv ′)

H(vc)(v ′c′)
exc = (Ec − Ev )δvv ′δcc′ + (fv − fc)〈vc|v̄ −W |v ′c′〉
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Solving BSE

L̄(vc)(v ′c′)(ω) = [(Ec − Ev − ω)δvv ′δcc′ + (fv − fc)〈〈v̄ −W 〉〉]−1(fc′ − fv ′)

L̄→ [Hexc − ωI ]−1

H(vc)(v ′c′)
exc = (Ec − Ev )δvv ′δcc′ + (fv − fc)〈vc|v̄ −W |v ′c′〉
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Solving BSE

Excitonic hamiltonian

H(vc)(v ′c′)
exc = (Ec − Ev )δvv ′δcc′ + (fv − fc)〈vc|v̄ −W |v ′c′〉

Spectral representation of a hermitian operator

[Hexc − ωI ]−1 =
∑
λ

|Aλ〉〈Aλ|
Eλ − ω

HexcAλ = EλAλ

L̄(vc)(v ′c′)(ω) =
∑
λ

A(vc)
λ A∗(v ′c′)

λ

Eλ − ω
(fc′ − fv ′)
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Absorption spectra in BSE

Independent (quasi)particles

Abs(ω) ∝
∑
vc

|〈v |D|c〉|2δ(Ec − Ev − ω)

Excitonic effects

[Hel + Hhole+Hel−hole]Aλ = EλAλ

Abs(ω) ∝
∑
λ

∣∣∑
vc

A(vc)
λ 〈v |D|c〉

∣∣2δ(Eλ − ω)

mixing of transitions: |〈v |D|c〉|2 → |
∑

vc A(vc)
λ 〈v |D|c〉|

2

modification of excitation energies: Ec − Ev → Eλ
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BSE calculations

A three-step method
1 LDA calculation
⇒ Kohn-Sham wavefunctions ϕi

2 GW calculation
⇒ GW energies Ei and screened Coulomb interaction W

3 BSE calculation
solution of Hexc Aλ = EλAλ with:

H(vc)(v ′c′)
exc = (Ec − Ev )δvv ′δcc′ + (fv − fc)〈vc|v̄ −W |v ′c′〉
⇒ excitonic eigenstates Aλ,Eλ
⇒ spectra εM(ω)
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Continuum excitons

Bulk silicon

G. Onida, L. Reining, and A. Rubio, RMP 74 (2002).
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Bound excitons

Solid argon

F. Sottile, M. Marsili, V. Olevano, and L. Reining, PRB 76 (2007).



bg=whiteMotivation BSE Practice Results

Exciton analysis

Exciton amplitude: Ψλ(rh, re) =
∑
vc

A(vc)
λ φ∗v (rh)φc(re)

Graphene nanoribbon Manganese Oxide

D. Prezzi, et al., PRB 77 (2008). C. Rödl, et al., PRB 77 (2008).
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The Wannier model

Bethe-Salpeter equation

HexcAλ = EλAλ

H(vc)(v′c′)
exc = (Ec − Ev )δvv′δcc′ + 〈〈v̄ −W 〉〉

Wannier model
two parabolic bands

Ec − Ev = Eg +
k2

2µ
→ −∇

2

2µ

no local fields (v̄ = 0) and effective screened W

W (r, r′) =
1

ε0|r− r′|

solution = Rydberg series for effective H atom

En = Eg −
Reff

n2 with Reff =
R∞µ
ε2

0



bg=whiteMotivation BSE Practice Results

Some results

Sodium tetramer Silicon nanowire
G. Onida, et al., PRL 75 (1995). M. Bruno, et al., PRL 98 (2007).

Diamond(100)(2x1) Liquid water
M. Palummo, et al., PRL 94 (2005). V. Garbuio, et al., PRL 97 (2006).
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A bit of history
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Further extensions

coupling with antiresonant terms (EELS, finite systems,...)

V. Olevano and L. Reining, PRL 86 (2001).

self-consistent GW calculations & BSE (update of W and wfns.)

F. Bruneval, N. Vast, L. Reining, M. Izquierdo, F. Sirotti, and N.
Barrett, PRL 97 (2006).

efficient schemes to solve BSE
- Haydock recursive algorithm

E. L. Shirley, PRL 80 (1998).
- time-evolution algorithm (initial value problem)

W. G. Schmidt, S. Glutsch, P. H. Hahn, and F. Bechstedt, PRB
67 (2003).

- minimisation (conjugated gradient) algorithm

F. Fuchs, C. Rödl, A. Schleife, and F. Bechstedt, PRB 78
(2008).
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Further extensions

finite momentum transfer (IXS)

J. A. Soininen and E. L. Shirley, PRB 61 (2000).

spin-polarized systems

C. Rödl, F. Fuchs, J. Furthmüller, and F. Bechstedt, PRB 77 (2008).

beyond static W : dynamical BSE

A. Marini and R. Del Sole, PRL 91 (2003).

finite-temperature BSE: exciton-phonon coupling

A. Marini, PRL 101 (2008).

excited-state dynamics: forces from BSE

S. Ismail-Beigi and S.G. Louie, PRL 90 (2003).

core excitations (XAS,RIXS,...)

E. L. Shirley, PRL 80 (1997).
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