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Connection to regular DFT 

Is there any ÒdiscontinuityÓ in the N-centered ensemble picture? 
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M. J. P. Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021).
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M. J. P. Hodgson, J. Wetherell, and E. Fromager, Phys. Rev. A 103, 012806 (2021).

Regular IP and EA theorems
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Application: Two-electron spin-polarised 1D atom  

HODGSON, WETHERELL, AND FROMAGER PHYSICAL REVIEW A103, 012806 (2021)

FIG. 7. (Top) The exact xc potential plus the LZ shift. There is
no discontinuous shift in the potential as! + ! 0+ (numerical noise
on the far right). (Middle) The exact xc potential. There is a dis-
continuous shift in the potential as! + ! 0+ . (Bottom) The density
and xc potential for! + = 0. We choosev! +

s (x) to asymptotically
approach 0.

2. The local density approximation

Figure 8 shows the LDAÕs prediction for the EA. Once
again it is clear that the ensemble-weight dependence is im-
portant for the EA prediction within theN-centered system;
see Sec.IV A 2.

As for the IP, the LDA yields an accurate LZ-shifted KS
energy for ! + < 0.5; see Fig.8. Figure 9 shows that the
LDA xc potential decays too quickly (a standard issue of the
LDA) which yields an error in" LDA,! +

N+ 1 , however, this error is
canceled by the LDA LZ shift, as in Sec.IV A 2. Therefore,
in this case, with the addition of a reliable approximation to

FIG. 8. Same as Fig.6 but an LDA to the xc energy has been
employed. The ensemble-weight dependence is clearly crucial for
obtaining an accurate EA. For reference, the exact" ! +

N+ 1 is shown.

FIG. 9. The LDA xc potential as! + ! 0+ and ! + = 0. The
LDA xc potential does not visibly change as! + ! 0. The exact xc
potential is shown for reference.

the ensemble-weight derivative of the xc energy, one could
obtain an accurate EA from the LDA within theN-centered
approach.

For both the left and the right ensemble systems as! !
0 the LDA LZ-shifted KS energies are reliable approxima-
tions to the exact LZ-shifted KS energies for theN-electron
system owing to a cancellation of errors between the LDA
KS energies and the LDA LZ shift; see Figs.4, 5, and 8.
Further investigation is required to determine whether this
cancellation of errors occurs for other types of system. These
results imply that with an accurate local approximation to the
ensemble-weight derivative of the xc energy, in the spirit of
previous works on neutral excitations [74,79], theN-centered
approach within the LDA could yield accurate fundamental
gaps for a low computational cost.

V. ÒLEFT-TO-RIGHTÓ DISCONTINUOUS SHIFT IN THE
N-CENTERED EXCHANGE-CORRELATION POTENTIAL

In the original formulation of N-centered ensemble
DFT [63], it was emphasized that modeling derivative discon-
tinuities in order to recover the fundamental gap from the KS
gap is unnecessary. Instead, one should focus on the weight
dependence of the ensemble xc energy. Still, in the light of our
numerical results and by analogy with Gross-Oliveira-Kohn
DFT [66,80Ð82] for neutral excitations, one may wonder if
a clear and formal connection can be established between
weight derivatives and derivative discontinuities in the con-
text of N-centered ensemble DFT. Below we establish this
connection.

The asymptotic behavior of the left and rightN-centered
ensemble densities revealed thatI = " (" ! "
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tends to zero inÞnitely far from the center of the system, as
a consequence of JanakÕs theorem. In theN-centered picture,
the potential is unique up to a constant. If we make the (arbi-
trary) choice that theN-centered ensemble xc potential always
tends to zero at inÞnite distance,

v! "
xc (|x| ! # ) = v! +
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FIG. 7. (Top) The exact xc potential plus the LZ shift. There is
no discontinuous shift in the potential as! + ! 0+ (numerical noise
on the far right). (Middle) The exact xc potential. There is a dis-
continuous shift in the potential as! + ! 0+ . (Bottom) The density
and xc potential for! + = 0. We choosev! +

s (x) to asymptotically
approach 0.

2. The local density approximation

Figure 8 shows the LDAÕs prediction for the EA. Once
again it is clear that the ensemble-weight dependence is im-
portant for the EA prediction within theN-centered system;
see Sec.IV A 2.

As for the IP, the LDA yields an accurate LZ-shifted KS
energy for ! + < 0.5; see Fig.8. Figure 9 shows that the
LDA xc potential decays too quickly (a standard issue of the
LDA) which yields an error in" LDA,! +

N+ 1 , however, this error is
canceled by the LDA LZ shift, as in Sec.IV A 2. Therefore,
in this case, with the addition of a reliable approximation to

FIG. 8. Same as Fig.6 but an LDA to the xc energy has been
employed. The ensemble-weight dependence is clearly crucial for
obtaining an accurate EA. For reference, the exact" ! +

N+ 1 is shown.

FIG. 9. The LDA xc potential as! + ! 0+ and ! + = 0. The
LDA xc potential does not visibly change as! + ! 0. The exact xc
potential is shown for reference.

the ensemble-weight derivative of the xc energy, one could
obtain an accurate EA from the LDA within theN-centered
approach.

For both the left and the right ensemble systems as! !
0 the LDA LZ-shifted KS energies are reliable approxima-
tions to the exact LZ-shifted KS energies for theN-electron
system owing to a cancellation of errors between the LDA
KS energies and the LDA LZ shift; see Figs.4, 5, and 8.
Further investigation is required to determine whether this
cancellation of errors occurs for other types of system. These
results imply that with an accurate local approximation to the
ensemble-weight derivative of the xc energy, in the spirit of
previous works on neutral excitations [74,79], theN-centered
approach within the LDA could yield accurate fundamental
gaps for a low computational cost.

V. ÒLEFT-TO-RIGHTÓ DISCONTINUOUS SHIFT IN THE
N-CENTERED EXCHANGE-CORRELATION POTENTIAL

In the original formulation of N-centered ensemble
DFT [63], it was emphasized that modeling derivative discon-
tinuities in order to recover the fundamental gap from the KS
gap is unnecessary. Instead, one should focus on the weight
dependence of the ensemble xc energy. Still, in the light of our
numerical results and by analogy with Gross-Oliveira-Kohn
DFT [66,80Ð82] for neutral excitations, one may wonder if
a clear and formal connection can be established between
weight derivatives and derivative discontinuities in the con-
text of N-centered ensemble DFT. Below we establish this
connection.

The asymptotic behavior of the left and rightN-centered
ensemble densities revealed thatI = " (" ! "
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xc (|x| !

# )), for 0 ! ! " < N
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N+ 1 " v! +
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for 0 < ! + ! N
N+ 1. In the PPLB approach, the xc potential

tends to zero inÞnitely far from the center of the system, as
a consequence of JanakÕs theorem. In theN-centered picture,
the potential is unique up to a constant. If we make the (arbi-
trary) choice that theN-centered ensemble xc potential always
tends to zero at inÞnite distance,

v! "
xc (|x| ! # ) = v! +
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Ĥ ≡ −
1
2

N=2

!
i=1

d2

dx2
i

+ −
N=2

!
i=1

3
1 + |xi |

+
N=2

!
i<j

1
1 + |xi − xj |

×

v#+
Hxc(r ) ⟶

|r |→+∞
0

xc potential

Nucleus



!44

Application: Two-electron spin-polarised 1D atom  

HODGSON, WETHERELL, AND FROMAGER PHYSICAL REVIEW A103, 012806 (2021)

FIG. 7. (Top) The exact xc potential plus the LZ shift. There is
no discontinuous shift in the potential as! + ! 0+ (numerical noise
on the far right). (Middle) The exact xc potential. There is a dis-
continuous shift in the potential as! + ! 0+ . (Bottom) The density
and xc potential for! + = 0. We choosev! +
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approach 0.

2. The local density approximation

Figure 8 shows the LDAÕs prediction for the EA. Once
again it is clear that the ensemble-weight dependence is im-
portant for the EA prediction within theN-centered system;
see Sec.IV A 2.

As for the IP, the LDA yields an accurate LZ-shifted KS
energy for ! + < 0.5; see Fig.8. Figure 9 shows that the
LDA xc potential decays too quickly (a standard issue of the
LDA) which yields an error in" LDA,! +

N+ 1 , however, this error is
canceled by the LDA LZ shift, as in Sec.IV A 2. Therefore,
in this case, with the addition of a reliable approximation to

FIG. 8. Same as Fig.6 but an LDA to the xc energy has been
employed. The ensemble-weight dependence is clearly crucial for
obtaining an accurate EA. For reference, the exact" ! +

N+ 1 is shown.

FIG. 9. The LDA xc potential as! + ! 0+ and ! + = 0. The
LDA xc potential does not visibly change as! + ! 0. The exact xc
potential is shown for reference.

the ensemble-weight derivative of the xc energy, one could
obtain an accurate EA from the LDA within theN-centered
approach.

For both the left and the right ensemble systems as! !
0 the LDA LZ-shifted KS energies are reliable approxima-
tions to the exact LZ-shifted KS energies for theN-electron
system owing to a cancellation of errors between the LDA
KS energies and the LDA LZ shift; see Figs.4, 5, and 8.
Further investigation is required to determine whether this
cancellation of errors occurs for other types of system. These
results imply that with an accurate local approximation to the
ensemble-weight derivative of the xc energy, in the spirit of
previous works on neutral excitations [74,79], theN-centered
approach within the LDA could yield accurate fundamental
gaps for a low computational cost.

V. ÒLEFT-TO-RIGHTÓ DISCONTINUOUS SHIFT IN THE
N-CENTERED EXCHANGE-CORRELATION POTENTIAL

In the original formulation of N-centered ensemble
DFT [63], it was emphasized that modeling derivative discon-
tinuities in order to recover the fundamental gap from the KS
gap is unnecessary. Instead, one should focus on the weight
dependence of the ensemble xc energy. Still, in the light of our
numerical results and by analogy with Gross-Oliveira-Kohn
DFT [66,80Ð82] for neutral excitations, one may wonder if
a clear and formal connection can be established between
weight derivatives and derivative discontinuities in the con-
text of N-centered ensemble DFT. Below we establish this
connection.

The asymptotic behavior of the left and rightN-centered
ensemble densities revealed thatI = " (" ! "

N " v! "
xc (|x| !

# )), for 0 ! ! " < N
N" 1, andA = " (" ! +

N+ 1 " v! +
xc (|x| ! # )),

for 0 < ! + ! N
N+ 1. In the PPLB approach, the xc potential

tends to zero inÞnitely far from the center of the system, as
a consequence of JanakÕs theorem. In theN-centered picture,
the potential is unique up to a constant. If we make the (arbi-
trary) choice that theN-centered ensemble xc potential always
tends to zero at inÞnite distance,

v! "
xc (|x| ! # ) = v! +

xc (|x| ! # ) = 0, (12)
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FIG. 7. (Top) The exact xc potential plus the LZ shift. There is
no discontinuous shift in the potential as! + ! 0+ (numerical noise
on the far right). (Middle) The exact xc potential. There is a dis-
continuous shift in the potential as! + ! 0+ . (Bottom) The density
and xc potential for! + = 0. We choosev! +

s (x) to asymptotically
approach 0.

2. The local density approximation

Figure 8 shows the LDAÕs prediction for the EA. Once
again it is clear that the ensemble-weight dependence is im-
portant for the EA prediction within theN-centered system;
see Sec.IV A 2.

As for the IP, the LDA yields an accurate LZ-shifted KS
energy for ! + < 0.5; see Fig.8. Figure 9 shows that the
LDA xc potential decays too quickly (a standard issue of the
LDA) which yields an error in" LDA,! +

N+ 1 , however, this error is
canceled by the LDA LZ shift, as in Sec.IV A 2. Therefore,
in this case, with the addition of a reliable approximation to

FIG. 8. Same as Fig.6 but an LDA to the xc energy has been
employed. The ensemble-weight dependence is clearly crucial for
obtaining an accurate EA. For reference, the exact" ! +

N+ 1 is shown.

FIG. 9. The LDA xc potential as! + ! 0+ and ! + = 0. The
LDA xc potential does not visibly change as! + ! 0. The exact xc
potential is shown for reference.

the ensemble-weight derivative of the xc energy, one could
obtain an accurate EA from the LDA within theN-centered
approach.

For both the left and the right ensemble systems as! !
0 the LDA LZ-shifted KS energies are reliable approxima-
tions to the exact LZ-shifted KS energies for theN-electron
system owing to a cancellation of errors between the LDA
KS energies and the LDA LZ shift; see Figs.4, 5, and 8.
Further investigation is required to determine whether this
cancellation of errors occurs for other types of system. These
results imply that with an accurate local approximation to the
ensemble-weight derivative of the xc energy, in the spirit of
previous works on neutral excitations [74,79], theN-centered
approach within the LDA could yield accurate fundamental
gaps for a low computational cost.

V. ÒLEFT-TO-RIGHTÓ DISCONTINUOUS SHIFT IN THE
N-CENTERED EXCHANGE-CORRELATION POTENTIAL

In the original formulation of N-centered ensemble
DFT [63], it was emphasized that modeling derivative discon-
tinuities in order to recover the fundamental gap from the KS
gap is unnecessary. Instead, one should focus on the weight
dependence of the ensemble xc energy. Still, in the light of our
numerical results and by analogy with Gross-Oliveira-Kohn
DFT [66,80Ð82] for neutral excitations, one may wonder if
a clear and formal connection can be established between
weight derivatives and derivative discontinuities in the con-
text of N-centered ensemble DFT. Below we establish this
connection.

The asymptotic behavior of the left and rightN-centered
ensemble densities revealed thatI = " (" ! "

N " v! "
xc (|x| !

# )), for 0 ! ! " < N
N" 1, andA = " (" ! +

N+ 1 " v! +
xc (|x| ! # )),

for 0 < ! + ! N
N+ 1. In the PPLB approach, the xc potential

tends to zero inÞnitely far from the center of the system, as
a consequence of JanakÕs theorem. In theN-centered picture,
the potential is unique up to a constant. If we make the (arbi-
trary) choice that theN-centered ensemble xc potential always
tends to zero at inÞnite distance,

v! "
xc (|x| ! # ) = v! +

xc (|x| ! # ) = 0, (12)
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FIG. 7. (Top) The exact xc potential plus the LZ shift. There is
no discontinuous shift in the potential as! + ! 0+ (numerical noise
on the far right). (Middle) The exact xc potential. There is a dis-
continuous shift in the potential as! + ! 0+ . (Bottom) The density
and xc potential for! + = 0. We choosev! +

s (x) to asymptotically
approach 0.

2. The local density approximation

Figure 8 shows the LDAÕs prediction for the EA. Once
again it is clear that the ensemble-weight dependence is im-
portant for the EA prediction within theN-centered system;
see Sec.IV A 2.

As for the IP, the LDA yields an accurate LZ-shifted KS
energy for ! + < 0.5; see Fig.8. Figure 9 shows that the
LDA xc potential decays too quickly (a standard issue of the
LDA) which yields an error in" LDA,! +

N+ 1 , however, this error is
canceled by the LDA LZ shift, as in Sec.IV A 2. Therefore,
in this case, with the addition of a reliable approximation to

FIG. 8. Same as Fig.6 but an LDA to the xc energy has been
employed. The ensemble-weight dependence is clearly crucial for
obtaining an accurate EA. For reference, the exact" ! +

N+ 1 is shown.

FIG. 9. The LDA xc potential as! + ! 0+ and ! + = 0. The
LDA xc potential does not visibly change as! + ! 0. The exact xc
potential is shown for reference.

the ensemble-weight derivative of the xc energy, one could
obtain an accurate EA from the LDA within theN-centered
approach.

For both the left and the right ensemble systems as! !
0 the LDA LZ-shifted KS energies are reliable approxima-
tions to the exact LZ-shifted KS energies for theN-electron
system owing to a cancellation of errors between the LDA
KS energies and the LDA LZ shift; see Figs.4, 5, and 8.
Further investigation is required to determine whether this
cancellation of errors occurs for other types of system. These
results imply that with an accurate local approximation to the
ensemble-weight derivative of the xc energy, in the spirit of
previous works on neutral excitations [74,79], theN-centered
approach within the LDA could yield accurate fundamental
gaps for a low computational cost.

V. ÒLEFT-TO-RIGHTÓ DISCONTINUOUS SHIFT IN THE
N-CENTERED EXCHANGE-CORRELATION POTENTIAL

In the original formulation of N-centered ensemble
DFT [63], it was emphasized that modeling derivative discon-
tinuities in order to recover the fundamental gap from the KS
gap is unnecessary. Instead, one should focus on the weight
dependence of the ensemble xc energy. Still, in the light of our
numerical results and by analogy with Gross-Oliveira-Kohn
DFT [66,80Ð82] for neutral excitations, one may wonder if
a clear and formal connection can be established between
weight derivatives and derivative discontinuities in the con-
text of N-centered ensemble DFT. Below we establish this
connection.

The asymptotic behavior of the left and rightN-centered
ensemble densities revealed thatI = " (" ! "

N " v! "
xc (|x| !

# )), for 0 ! ! " < N
N" 1, andA = " (" ! +

N+ 1 " v! +
xc (|x| ! # )),

for 0 < ! + ! N
N+ 1. In the PPLB approach, the xc potential

tends to zero inÞnitely far from the center of the system, as
a consequence of JanakÕs theorem. In theN-centered picture,
the potential is unique up to a constant. If we make the (arbi-
trary) choice that theN-centered ensemble xc potential always
tends to zero at inÞnite distance,

v! "
xc (|x| ! # ) = v! +

xc (|x| ! # ) = 0, (12)
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FIG. 7. (Top) The exact xc potential plus the LZ shift. There is
no discontinuous shift in the potential as! + ! 0+ (numerical noise
on the far right). (Middle) The exact xc potential. There is a dis-
continuous shift in the potential as! + ! 0+ . (Bottom) The density
and xc potential for! + = 0. We choosev! +

s (x) to asymptotically
approach 0.

2. The local density approximation

Figure 8 shows the LDAÕs prediction for the EA. Once
again it is clear that the ensemble-weight dependence is im-
portant for the EA prediction within theN-centered system;
see Sec.IV A 2.

As for the IP, the LDA yields an accurate LZ-shifted KS
energy for ! + < 0.5; see Fig.8. Figure 9 shows that the
LDA xc potential decays too quickly (a standard issue of the
LDA) which yields an error in" LDA,! +

N+ 1 , however, this error is
canceled by the LDA LZ shift, as in Sec.IV A 2. Therefore,
in this case, with the addition of a reliable approximation to

FIG. 8. Same as Fig.6 but an LDA to the xc energy has been
employed. The ensemble-weight dependence is clearly crucial for
obtaining an accurate EA. For reference, the exact" ! +

N+ 1 is shown.

FIG. 9. The LDA xc potential as! + ! 0+ and ! + = 0. The
LDA xc potential does not visibly change as! + ! 0. The exact xc
potential is shown for reference.

the ensemble-weight derivative of the xc energy, one could
obtain an accurate EA from the LDA within theN-centered
approach.

For both the left and the right ensemble systems as! !
0 the LDA LZ-shifted KS energies are reliable approxima-
tions to the exact LZ-shifted KS energies for theN-electron
system owing to a cancellation of errors between the LDA
KS energies and the LDA LZ shift; see Figs.4, 5, and 8.
Further investigation is required to determine whether this
cancellation of errors occurs for other types of system. These
results imply that with an accurate local approximation to the
ensemble-weight derivative of the xc energy, in the spirit of
previous works on neutral excitations [74,79], theN-centered
approach within the LDA could yield accurate fundamental
gaps for a low computational cost.

V. ÒLEFT-TO-RIGHTÓ DISCONTINUOUS SHIFT IN THE
N-CENTERED EXCHANGE-CORRELATION POTENTIAL

In the original formulation of N-centered ensemble
DFT [63], it was emphasized that modeling derivative discon-
tinuities in order to recover the fundamental gap from the KS
gap is unnecessary. Instead, one should focus on the weight
dependence of the ensemble xc energy. Still, in the light of our
numerical results and by analogy with Gross-Oliveira-Kohn
DFT [66,80Ð82] for neutral excitations, one may wonder if
a clear and formal connection can be established between
weight derivatives and derivative discontinuities in the con-
text of N-centered ensemble DFT. Below we establish this
connection.

The asymptotic behavior of the left and rightN-centered
ensemble densities revealed thatI = " (" ! "

N " v! "
xc (|x| !

# )), for 0 ! ! " < N
N" 1, andA = " (" ! +

N+ 1 " v! +
xc (|x| ! # )),

for 0 < ! + ! N
N+ 1. In the PPLB approach, the xc potential

tends to zero inÞnitely far from the center of the system, as
a consequence of JanakÕs theorem. In theN-centered picture,
the potential is unique up to a constant. If we make the (arbi-
trary) choice that theN-centered ensemble xc potential always
tends to zero at inÞnite distance,

v! "
xc (|x| ! # ) = v! +

xc (|x| ! # ) = 0, (12)
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FIG. 7. (Top) The exact xc potential plus the LZ shift. There is
no discontinuous shift in the potential as! + ! 0+ (numerical noise
on the far right). (Middle) The exact xc potential. There is a dis-
continuous shift in the potential as! + ! 0+ . (Bottom) The density
and xc potential for! + = 0. We choosev! +

s (x) to asymptotically
approach 0.

2. The local density approximation

Figure 8 shows the LDAÕs prediction for the EA. Once
again it is clear that the ensemble-weight dependence is im-
portant for the EA prediction within theN-centered system;
see Sec.IV A 2.

As for the IP, the LDA yields an accurate LZ-shifted KS
energy for ! + < 0.5; see Fig.8. Figure 9 shows that the
LDA xc potential decays too quickly (a standard issue of the
LDA) which yields an error in" LDA,! +

N+ 1 , however, this error is
canceled by the LDA LZ shift, as in Sec.IV A 2. Therefore,
in this case, with the addition of a reliable approximation to

FIG. 8. Same as Fig.6 but an LDA to the xc energy has been
employed. The ensemble-weight dependence is clearly crucial for
obtaining an accurate EA. For reference, the exact" ! +

N+ 1 is shown.

FIG. 9. The LDA xc potential as! + ! 0+ and ! + = 0. The
LDA xc potential does not visibly change as! + ! 0. The exact xc
potential is shown for reference.

the ensemble-weight derivative of the xc energy, one could
obtain an accurate EA from the LDA within theN-centered
approach.

For both the left and the right ensemble systems as! !
0 the LDA LZ-shifted KS energies are reliable approxima-
tions to the exact LZ-shifted KS energies for theN-electron
system owing to a cancellation of errors between the LDA
KS energies and the LDA LZ shift; see Figs.4, 5, and 8.
Further investigation is required to determine whether this
cancellation of errors occurs for other types of system. These
results imply that with an accurate local approximation to the
ensemble-weight derivative of the xc energy, in the spirit of
previous works on neutral excitations [74,79], theN-centered
approach within the LDA could yield accurate fundamental
gaps for a low computational cost.

V. ÒLEFT-TO-RIGHTÓ DISCONTINUOUS SHIFT IN THE
N-CENTERED EXCHANGE-CORRELATION POTENTIAL

In the original formulation of N-centered ensemble
DFT [63], it was emphasized that modeling derivative discon-
tinuities in order to recover the fundamental gap from the KS
gap is unnecessary. Instead, one should focus on the weight
dependence of the ensemble xc energy. Still, in the light of our
numerical results and by analogy with Gross-Oliveira-Kohn
DFT [66,80Ð82] for neutral excitations, one may wonder if
a clear and formal connection can be established between
weight derivatives and derivative discontinuities in the con-
text of N-centered ensemble DFT. Below we establish this
connection.

The asymptotic behavior of the left and rightN-centered
ensemble densities revealed thatI = " (" ! "

N " v! "
xc (|x| !

# )), for 0 ! ! " < N
N" 1, andA = " (" ! +
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for 0 < ! + ! N
N+ 1. In the PPLB approach, the xc potential

tends to zero inÞnitely far from the center of the system, as
a consequence of JanakÕs theorem. In theN-centered picture,
the potential is unique up to a constant. If we make the (arbi-
trary) choice that theN-centered ensemble xc potential always
tends to zero at inÞnite distance,

v! "
xc (|x| ! # ) = v! +
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FIG. 7. (Top) The exact xc potential plus the LZ shift. There is
no discontinuous shift in the potential as! + ! 0+ (numerical noise
on the far right). (Middle) The exact xc potential. There is a dis-
continuous shift in the potential as! + ! 0+ . (Bottom) The density
and xc potential for! + = 0. We choosev! +

s (x) to asymptotically
approach 0.

2. The local density approximation

Figure 8 shows the LDAÕs prediction for the EA. Once
again it is clear that the ensemble-weight dependence is im-
portant for the EA prediction within theN-centered system;
see Sec.IV A 2.

As for the IP, the LDA yields an accurate LZ-shifted KS
energy for ! + < 0.5; see Fig.8. Figure 9 shows that the
LDA xc potential decays too quickly (a standard issue of the
LDA) which yields an error in" LDA,! +

N+ 1 , however, this error is
canceled by the LDA LZ shift, as in Sec.IV A 2. Therefore,
in this case, with the addition of a reliable approximation to

FIG. 8. Same as Fig.6 but an LDA to the xc energy has been
employed. The ensemble-weight dependence is clearly crucial for
obtaining an accurate EA. For reference, the exact" ! +

N+ 1 is shown.

FIG. 9. The LDA xc potential as! + ! 0+ and ! + = 0. The
LDA xc potential does not visibly change as! + ! 0. The exact xc
potential is shown for reference.

the ensemble-weight derivative of the xc energy, one could
obtain an accurate EA from the LDA within theN-centered
approach.

For both the left and the right ensemble systems as! !
0 the LDA LZ-shifted KS energies are reliable approxima-
tions to the exact LZ-shifted KS energies for theN-electron
system owing to a cancellation of errors between the LDA
KS energies and the LDA LZ shift; see Figs.4, 5, and 8.
Further investigation is required to determine whether this
cancellation of errors occurs for other types of system. These
results imply that with an accurate local approximation to the
ensemble-weight derivative of the xc energy, in the spirit of
previous works on neutral excitations [74,79], theN-centered
approach within the LDA could yield accurate fundamental
gaps for a low computational cost.

V. ÒLEFT-TO-RIGHTÓ DISCONTINUOUS SHIFT IN THE
N-CENTERED EXCHANGE-CORRELATION POTENTIAL

In the original formulation of N-centered ensemble
DFT [63], it was emphasized that modeling derivative discon-
tinuities in order to recover the fundamental gap from the KS
gap is unnecessary. Instead, one should focus on the weight
dependence of the ensemble xc energy. Still, in the light of our
numerical results and by analogy with Gross-Oliveira-Kohn
DFT [66,80Ð82] for neutral excitations, one may wonder if
a clear and formal connection can be established between
weight derivatives and derivative discontinuities in the con-
text of N-centered ensemble DFT. Below we establish this
connection.

The asymptotic behavior of the left and rightN-centered
ensemble densities revealed thatI = " (" ! "

N " v! "
xc (|x| !

# )), for 0 ! ! " < N
N" 1, andA = " (" ! +

N+ 1 " v! +
xc (|x| ! # )),

for 0 < ! + ! N
N+ 1. In the PPLB approach, the xc potential

tends to zero inÞnitely far from the center of the system, as
a consequence of JanakÕs theorem. In theN-centered picture,
the potential is unique up to a constant. If we make the (arbi-
trary) choice that theN-centered ensemble xc potential always
tends to zero at inÞnite distance,

v! "
xc (|x| ! # ) = v! +

xc (|x| ! # ) = 0, (12)
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Moving the discontinuity away from the system 
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Conclusions and perspectives 

" An alternative formulation of DFT for charged excitations has been proposed.#

" The theory is referred to as ! -centered ensemble DFT.#

" In this context, the exact fundamental gap is described without derivative discontinuities. 

" The latter can simply be moved away from the system.   

" The weight dependence of the ensemble xc functional becomes the key ingredient.#

" Ensemble LDA functionals can be constructed from finite uniform electron gas models! .#

" We currently work on a many-body ensemble density-functional perturbation theory.  #

N

*



Funding 

!49

 

�$�I�I�D�L�U�H���V�X�L�Y�L�H���S�D�U������
Stéphanie Loison 
Responsable des Programmes 
Grant Manager 
Tél. : +33 (0)3 68 85 51 67 
loison@icfrc.fr 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
8 allée Gaspard Monge 
BP 70028 
F-67083 Strasbourg Cedex 
Tél.  : +33 (0)3 68 85 51 34  
�K�W�W�S�V�������L�F�I�U�F���I�U��
 

 
 
 
 
 
 
 
 
  
 
 
 
 
Monsieur, 
 
Le LabEx Chimie des Systèmes Complexes vous a accordé un financement de 
113000€ pour votre projet intitulé « Towards a systematically improvable density 
matrix functional embedding theory for strongly correlated electronic systems». Nous 
vous souhaitons tout d’abord toutes nos félicitations et la pleine réussite de ce projet.  
 
En tant que lauréat du programme Emerging Investigators du LabEx CSC, vous vous 
engagez à respecter les conditions suivantes : 
 

x Les crédits attribués par le LabEx CSC sont dédiés au financement des projets 
lauréats. Ils doivent être considérés comme des crédits internes et ne peuvent 
pas être soumis à un prélèvement par l’unité d’accueil.  

 
x Le budget prévu à destination des salaires des doctorants, post-doctorants, 

techniciens ou ingénieurs, ainsi que pour l’équipement lourd doit être 
strictement dédié à cet objet et ce sur la durée validée pour le projet. 

 
x Les crédits de fonctionnement peuvent faire l’objet d’une mutualisation 

partielle au sein de l’unité de recherche concernée, selon les accords internes 
à l’unité si cela ne nuit pas à la réalisation du projet. 

 
x Les résultats du projet financé seront publiés par le lauréat sans que le PI (chef 

d'équipe) soit coauteur de l'article. Le lauréat sera l’unique auteur 
correspondant et en dernier dans la liste des auteurs. 
 

En cas de non-respect de ces conditions, l’unité d’accueil et ses équipes pourraient ne 
plus pouvoir postuler à des financements du LabEx CSC et de la FRC, pendant une 
période de 3 ans. 

 
x Pour le suivi des projets financés par le LabEx CSC, il est indispensable de 

faire mention du LabEx CSC (ANR-10-LABX-0026_CSC) dans les sources de 
financements et/ou les remerciements figurant dans vos articles et 
présentations. 
 
 

 
 

Wais Hosseini 
Coordinateur du LabEx CSC 

Strasbourg, le 07/08/2019 
 
Objet : Courrier d’attribution de financement 

Monsieur Emmanuel Fromager 
Université de Strasbourg, Institut Le Bel 
4 rue Blaise Pascal                           
CS 90032 
67081 Strasbourg cedex 

ÒLab of ExcellenceÓ project: #
LabEx CSC (ANR-10-LABX-0026-CSC)

CoLab ANR project#



!50B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018). 
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190.

Exact gap from ensemble weight derivatives 

IN − AN = ! N
i=N+1 − ! N

i=N +
∂E#−xc [nN

0 ]
∂#−

#−=0

+
∂E#+xc [nN

0 ]
∂#+

#+=0



!51
B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018). 
B. Senjean and E. Fromager, Int. J. Quantum Chem. 2020; 120:e26190. 
! M. Levy and F. Zahariev, Phys. Rev. Lett. 113, 113002 (2014).*

Alternative formulation of the IP theorem  

IN = − ! #−
i=N −

[

E#−
Hxc [n] − ! dr n(r ) v#−

Hxc(r )
N

−
(

#−

N
+ 1

)
∂E#−xc [n]

∂#− ]
n=n#−

0

Levy-Zahariev shift!*


