Introduction to the
Bethe-Salpeter equation for excitons

Matteo Gatti

European Theoretical Spectroscopy Facility (ETSF)
LSI - CNRS - Ecole Polytechnique & Synchrotron SOLEIL - France
matteo.gatti@polytechnique.fr - http://etsf.polytechnique.fr

ISTPC 2024

& ®

A ‘
eTsE SULEIL



http://etsf.polytechnique.fr

Acknowledgements

Pierluigi Cudazzo Jaakko Koskelo



References

@ G. Strinati
Rivista del Nuovo Cimento 11, (12)1 (1988).

[§ M. Rohlfing and S. G. Louie
Phys. Rev. B 62, 4927 (2000).

[d G. Onida, L. Reining, and A. Rubio
Rev. Mod. Phys. 74, 601 (2002).



Springer Seres i Solid-State Sciences 181

Friedhelm Bechstedt

Many-Body
Approach

to Electronic
Excitations

Concepts and Applications

a Springer

Richard M. Martin, Lucia Reining, and David M. Ceperley

Interacting
Electrons

Theory and Computational Approaches




Outline

0 Motivations

e The Bethe-Salpeter equation: basic theory and approximations
Q Solution of the Bethe-Salpeter equation in practice

e Prototypical results: success and limitations

e Wannier, Frenkel and charge transfer excitons

@ Connection with TDDFT
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Exp. at 30 K from: P. Lautenschlager et al., Phys. Rev. B 36, 4821 (1987).

a(w) x Ime(q — 0, w)

(extended systems) absorption coefficient
o(w) o< Ime(q — 0, w)

(finite systems) photoabsorption cross section J
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Theoretical Spectroscopy

@ Which kind of spectra?
@ Which kind of tools?
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Independent particles: Kohn-Sham

Independent transitions:

Silicon
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What is wrong?

What is missing?
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GW corrections

Standard perturbative GoW,
Ho(r)pi(r) + Vie(r)pi(r) = eipi(r)

Ho(r)i(r) + / ar £(r,r,w = ) (') = E 6,(r)

First-order perturbative corrections with ¥ = iGW:

Ei — ¢ = (pilX — Vielopi)

Hybersten and Louie, PRB 34 (1986);
Godby, Schliiter and Sham, PRB 37 (1988)
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Independent (quasi)particles: GW

Independent transitions:
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What is wrong?

What is missing?
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GW bandstructure: photoemission

Direct Photoemission Inverse Photoemission
hv

hv c

N— NP
v N

\

One-particle excitations — poles of one-particle Green’s function G
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GW bandstructure: photoemission
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GW bandstructure: photoemission
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additional charge — reaction: polarization, screening

GW approximation

@ polarization made of noninteracting electron-hole pairs (RPA)

@ classical (Hartree) interaction between additional charge and
polarization charge
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Absorption

NS

v

Two-particle excitations — poles of two-particle Green’s function
Excitonic effects = electron - hole interaction
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Absorption

N

v

Two-particle excitations — poles of two-particle Green’s function
Excitonic effects = electron - hole interaction
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Absorption

Vv

Two-particle excitations — poles of two-particle Green’s function
Excitonic effects = electron - hole interaction
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Why do we have to study more than TDDFT?

0 1 la® 1 | |

® (V)

Bulk silicon: absorption
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TDDFT vs. MBPT: different worlds, same physics

@ based on the density: a many-body theory of a collective variable
@ moves density around

@ response function x: neutral excitations

@ is efficient (simple)

MBPT

@ based on Green'’s functions
@ moves (quasi)particles around

@ one-particle G: electron addition and removal - GW
two-particle L: electron-hole excitation - BSE

@ is intuitive (easy)
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Two-particle correlation function L

Lo(1234) = —iG(13)G(42)

Independent particles

Notation: index 1 stands for space,time (and spin)
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Two-particle correlation function L

L(1234)

Interacting particles (excitonic effects)

Notation: index 1 stands for space,time (and spin)
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e The Bethe-Salpeter equation: basic theory and approximations
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TDDFT vs. MBPT

TDDFT

@ Key variable: density p(1)

MBPT

@ Key variable: Green'’s function G(12)
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TDDFT vs. MBPT

TDDFT

@ Key variable: density p(1)
@ Linear response:

5p(1)

X(13) = 5y @

MBPT

@ Key variable: Green’s function G(12)
@ Linear response:

_ . 6G(12)
L(1234) = ey
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TDDFT vs. MBPT

TDDFT

@ Key variable: density p(1)
@ Linear response:

5p(1)
5Vexr(2)

x(12) =
@ Dyson equation:
x(12) :x°(12)+/d34x°(13)[v(34)+fxc(34)]x(42)

with fxc(34) = 6ch(3)/5p(4)

MBPT

@ Key variable: Green’s function G(12)
@ Linear response:

_ . 6G(12)
L(1234) = ey

@ Dyson equation = Bethe-Salpeter equation:

L(1234) = Lo(1234) + / d5678L0(1256)[v(57)5(56)5(78)+i§§$2;

] L(7834)
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TDDFT - MBPT connection

The connection

—iG(11%) = p(1) = L(117227) = x(12)

Notation: 1+ means ryt; +n with n — 0
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Reminder: Dyson equation

Dyson equation

G(12) = Gu(12) + / A34GH(13)[Z(34) + Veu(34)] G(42)

where Gy is the Hartree Green'’s function:

Gi(w) = (w — Ho) ™" = Gi'(w) = (v — Ho)

where H, is the Hartree Hamiltonian = T + V4

From now on: integration over repeated variables is understood
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Reminder: Dyson equation

G(12) = Gu(12) + / A34GH(13)[Z(34) + Veu(34)] G(42)

where Gy is the Hartree Green'’s function:

Gi(w) = (w — Ho) ™" = Gi'(w) = (v — Ho)

where H, is the Hartree Hamiltonian = T + V4

From now on: integration over repeated variables is understood

G '(12) = G;'(12) — £(12) — Vex(12)
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The Bethe-Salpeter equation

Exercise

Formal derivation

L(1234) = — i d‘if(tz 321)
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The Bethe-Salpeter equation

Exercise

Formal derivation

L(1234) = — i d‘if(tz 321)

5G~'(56)
5 Vext(34)

= +iG(15)

G(62)
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The Bethe-Salpeter equation

Exercise

Formal derivation

=i
L(1234) = — /75‘;?(12 32‘)1) — iG(15) fs\G/e,((gf))

0[Gy;"(86) — Vex(56) — 2(56)]
0 Vext(34)

G(62)

= +iG(15) (62)
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The Bethe-Salpeter equation

Exercise

Formal derivation

1
L(1234) = — i% — +iG(15) ‘;‘G/extg’f)) G(62)
=+ iG(15) 3[Gx'(56) ;VV‘j(ﬁ?) —(%6)] G(62)

:—iG(13)G(42)+iG(15)G(62)[6VH(5)6(56) 0%(56) ]

Vext(34) 0 Veu(34)
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The Bethe-Salpeter equation

Exercise

Formal derivation

1
L(1234) = — i% — +iG(15) fs‘G/ext((g’f)) G(62)
=+ iG(15) 3[Gx'(56) ;vv,(éi?) —(%6)] G(62)

:—iG(13)G(42)+iG(15)G(62)[6VH(5)6(56) 0%(56) ]

6Vext(34) 6 Vext(34)
5Vu(5)5(56)  0%(56)7 §G(78)
6G(78) 5G(78)] 6 Vext(34)

— _ iG(13)G(42) + iG(15)G(62)[
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The Bethe-Salpeter equation

Exercise
Formal derivation

1
L(1234) = — i% — +iG(15) fs‘G/ext((g’f)) G(62)
=+ iG(15) 3[Gx'(56) ;vv,(éi?) —(%6)] G(62)

:—iG(13)G(42)+iG(15)G(62)[6VH(5)6(56) 0%(56) ]

6Vext(34) 6 Vext(34)
5Vu(5)5(56)  0%(56)7 §G(78)
6G(78) 5G(78)] 6 Vext(34)

— _ iG(13)G(42) + iG(15)G(62)[

5%(56)

L(1234) =Lo(1234) + Lo(1256) [ v(57)5(56)(78) + i 3G(78)

] L(7834)
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The Bethe-Salpeter equation in the GW approximation

Approximations

0%
L= L0—|— Lo(V—{—IE)L
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The Bethe-Salpeter equation in the GW approximation

Approximations

0
L= L0—|— Lo(V—{—IE)L

Approximation:

Y ~ iGW
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The Bethe-Salpeter equation in the GW approximation

I(GW)
oG
Approximation:

5(GW) W
e - VG ~W

L:Lo—I—Lo(V— )L

Y ~ iGW
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The Bethe-Salpeter equation in the GW approximation

Approximations

We finally obtain:

L= Lo—l—Lo(V— W)L
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Static BSE

Further approximation: Cancellations between

@ Quasiparticle approximation to G in Ly(1234) = —iG(13)G(42)

= Only GW quasiparticle energies E; at the place of Kohn-Sham
eigenvalues ¢;

@ Static approximation to W

W(I‘1 ,ro, bt — tg) = W(r1 ,Fo,w = 0)(5(1’1 = tz)

F. Bechstedt et al. Phys. Rev. Lett. 78 (1997).
P. Cudazzo and L. Reining, Phys. Rev. Research 2 (2020)
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The Bethe-Salpeter equation in the GW approximation

The Bethe-Salpeter equation in the GW approximation

L(1234) = Lo(1234)+
Lo(1256)[v(57)5(56)5(78) — W(56)5(57)5(68)]L(7834)

U]
Il
K
+
=

@ v = repulsive e-h exchange interaction (dipole-dipole type)
@ W = attractive e-h direct interaction (monopole-monopole type)
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9 Solution of the Bethe-Salpeter equation in practice
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Absorption

Abs(w) = Iim0 Imem(q,w)
q—

Abs(w) = — J@o Im [Va—o(a)Xe=0,6'=0(q, w)]

X =P+ PUx

Absorption — response to Ve + Vigjcm

|

EELS

EELS(w) = fim Im[1/eu(.)]
EELS(w) = — lim Im [Ve—o(q)xe-0.6=0(q, )]

x =P+ P(vp+V)x

EELS — response to Veyt
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Micro-macro connection

Microscopic-Macroscopic connection: local fields

em(a,w) =1 — vg=o(d)Xe=0,6'=0(q, w)

Xe.6'(d,w) = Pe.a (A, w) + Pa,g, (d,w) Vs, (d)Xe,.6 (9, w)

_ _Jo forG=0
a(® =1\ o(q) forG 20

Hanke, Adv. Phys. 27 (1978).
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Micro-macro connection

Microscopic-Macroscopic connection: local fields

xa6,6'(d,w) = Pg,a (A, w) + Pa,g, (d,w) Ve, (d)xe,.6 (A w)

6(_571G/(q7w) = 6G,G’ + VG(q)XG,G’(CLW)

(@) 1
em\Q,w) = ——
6('51:07(3/:()((]»@0)

Adler, Phys. Rev. 126 (1962); Wiser, Phys. Rev. 129 (1963).
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Solving BSE

L(1234) = Lo(1234)+
Lo(1256)[v(57)5(56)5(78) — W(56)5(57)5(68)]L(7834)
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Solving BSE

L[(1234) = Lo(1234)+
Lo(1256)[7(57)5(56)5(78) — W(56)5(57)5(68)]L(7834)
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Solving BSE

L[(1234) = Lo(1234)+
Lo(1256)[7(57)5(56)5(78) — W(56)5(57)5(68)]L(7834)

Static W

Simplification:
W(r1,r2, b — tg) = W(r1,r2)5(t1 = tg)
Z(1 234) = Z(r1 JFo, F3, Iy, [ — t/) = Z(r1 , o, I3, Iy, w)
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Solving BSE

Dielectric function

L(rqirarsraw) = Lo(rqirarstsw) + / drsdrgdr7drg Lo(rirarsrew) x
X [V(r5r7)6(r5r5)5(r7r8) = W(r5r6)5(r5r7)5(r6r8)][(r7rgr3r4w)

em(w) m [VG:o(q)/drdr/eﬁq(rirl)l(ra r, r’,r’,w)}

=1-—1i
q—0
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Solving BSE

L(r1 I'2I’3I'4w) = Lo(l’1 r2r3r4w) + / dr5dr6dr7dr8 Lo(r1 r2r5r6w)><

X [V(r5r7)5(r5r6)5(r7r8) — W(r5r5)5(r5r7)5(r6r8)][(r7r8r3r4w)

How to solve it?
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Solving BSE

L(r1 I'2I’3I'4w) = Lo(l’1 r2r3r4w) + / dr5dr6dr7dr8 Lo(r1 r2r5r6w)><

X [V(r5r7)6(r5r6)6(r7r8) — W(r5r6)6(r5r7)6(r6r8)][(r7r8r3r4w)

How to solve it?

Transition space

Linyna)(ngne) (w) = (&5, (1) b, (r2) | L(P1¥2rgFaw) |5, (F3)dn, (Fa)) = ((L))
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Exercise

Lo(F1,¥2,F3, P4 0) = Z,j:(fj _f) ¢ (r12}¢i(r(2;pfr2;¢j (rs)

Calculate:

o —
<<L0>> = #2_’725’1)5”1,735”2”4
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Solving BSE

BSE in transition space

We consider only resonant optical transitions
for a nonmetallic system: (nyny) = (vkek) = (vc)

Z:Lo-i-Lo(V— W)[
L=[1—Lo(V- W) "L
L=l —(v-w)"

Liveyvroy(w) = [(Ee = Ey = w)dwdeo + (v — 1) (V= W) (for — 1)
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Solving BSE

L(vc)(v’c’)(w) = [(Ec - Ev - w)(svv’(scc’ + (fv - fc)<<V - W>>]71(fc’ - fv/)
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Solving BSE

L(vc)(v’c’)(w) = [(Ec - Ev - w)(;vv’(scc/ + (fv - fc)<<V - W>>]71(fc’ - fv/)

L— [Hexe — (,ul]*1

HYOWY'S) — (B, — E,)ouboer + (£, — o) (velV — WV'C)



Practice
000000000@000000

Solving BSE

Excitonic hamiltonian

HSY' ) = (E, — E))owiderr + (f, — ) (ve|v — WIV'C)

v

Spectral representation of a hermitian operator

A\ (A
[Hexc wl] 1 Z |E//\\_ >\|

Hech/\ = EAAA

_ A(vc)A*(v c’)
Livoy(vron(w) = T(fc/ — )

N
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Absorption spectra in BSE

Excitonic hamiltonian
HechA = EAAA
HSOY'®) = (Ec — E)owrdoor + (fy — o) (vel7 — WV'C) J
Matrix elements

(velv|v'c’) :2/dr1 /df2¢v(f1)¢2(f1)v(f1,f2)¢:/(f2)¢c'(f2)

(ve| — WIV'c) = / o / dracou (P ) (M)W, 1) oe (1) ()

Absorption spectrum

Abs(w) oc S| S AL (v|DIc) [P5(Ex — w)
A vc
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Absorption spectra in BSE

Independent (quasi)particles

Abs(w) < Y |(v|D|c)*s(Ee — By — w)

vec
v

Excitonic effects

[Het + Hrole+Hei—nole] Ax = ExAx

Abs(w) o< 3 | S" AL (v|DIe)|*6(Ex — w)
A vc

e mixing of transitions: |(v|D|c)? — | 3, AV (v|D|c)?
@ modification of excitation energies: E; — E, — E,
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BSE calculations

A three-step method

@ LDA calculation
= Kohn-Sham wavefunctions ¢;

@ GW calculation
= GW energies E; and screened Coulomb interaction W

© BSE calculation
solution of Heye Ay = E)\ A, with:
HYOW') = (B, — E))dp b + (f, — o) (velV — W|V'C!)
= excitonic eigenstates Ay, E,
= spectra ey (w)




Practice
0000000000000e00

Screening the Coulomb interaction

Bethe-Salpeter equation: GW approximation

L(1234) = Lo(1234)+
Lo(1256)[v(57)5(56)5(78) — W(56)8(57)5(68)]L(7834)
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Screening the Coulomb interaction

Bethe-Salpeter equation: Hartree-Fock approximation

L(1234) = Lo(1234)+
Lo(1256)[v(57)5(56)5(78) — v(56)5(57)5(68)]L(7834)

w

W=e¢lv
GW with no screening is Hartree-Fock
BSE with no screening is time-dependent Hartree-Fock
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Screening the Coulomb interaction

7 T

+ 864k
6k — Modele=532|

Energy (eV)

Silver chloride, A. Lorin et al., PRB 104 (2021)

Model dielectric function

1
A .
1 q q*
€(g=0)—1 @ (QTF) + 4wp

G. Cappellini et al., PRB 47 (1993).

«(q) =1+

Note the similarities with TDDFT hybrids (with local range separation)
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Adiabatic TDDFT vs. BSE

Bethe-Salpeter equation

@ Non-local self-energy: Vex(1) + V(1) + X(1,2)
@ Four-point Dyson equation:

L(1234) = Lo(1234) + Lo(1256) [v(57)5(56)5(78) + fgggggg] L(7834)

@ Matrix elements (excitonic hamiltonian):
(volv|v'e') = 2 [ dndragu(n): (), )5 ()0 ()

(ve| — W|V'c'y = —/dr1dr2¢v(f1)¢§/(f1)W(f1»f2)¢;(’2)¢c'(’2)

Adiabatic TDDFT
@ Local Kohn-Sham potential: Ve (1) + Vu(1) + Vie(1)

@ Two-point Dyson equation: x(12) = x%(12) + x°(13)[v(34) + fc(34)]x(42)
@ Matrix elements (Casida equation):

(velv|V'c"y = 2/dr1dr2¢v(r1)¢§(f1)v(f1yf2)¢§/(f2)¢c/(f2)

(ve|fe|v'c) =2/dr1dr2¢v(r1)¢;(r1)fxc(r1,rz)¢$/(rz)¢cf(rz)
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Outline

0 Prototypical results: success and limitations
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Continuum excitons

Bulk silicon

. Exp.

G. Onida, L. Reining, and A. Rubio, RMP 74 (2002).
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Bound excitons

Binding energy = Egoy — E

Solid argon
T T T
15 I = -
= = IP-RPA
+ s+ GW-RPA
St HSE

F. Sottile et al. PRB 76 (2007).
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Exciton analysis

Exciton amplitude: W, (rp, re) ZA 5 (Fh)de(re)

Lithium Fluoride: fix ¥, and plot |W(Fp, re)[?

—
10 — —
WN I T
5L _
- A

’

ghog N T e
10 15 20 25

Energy [eV]

M. Rohlfing and S. G. Louie, PRL 81 (1998); M. Gatti and F. Sottile, PRB 88 (2013).
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Exciton dispersion: IXS

Lithium Fluoride
Experiment Theory

Energy (eV)

(Ax:0,0) [[X] (0x,0,0) [TX]

P. Abbamonte et al., PNAS 105 (2008); M. Gatti and F. Sottile, PRB 88 (2013).
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Self-consistency in the BSE

Difference between GoWy and QSGW ingredients in the BSE: Cu,O

c
_ N
) VI
5 -]
£
a)
| |
2 3 4 5 6
E c
! ~ N
[ e NN
_ AN NN
£ A JE
2
-1 lv
EB'EDV l.
M b)
/. L L
3 4 5 6
© @V)

F. Bruneval et al., PRL 97 (2006)
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Finite systems: atoms and molecules

Molecular systems

Calculations of vertical excitation energies Ex from full BSE matrix

R C Xi\ £ Xx
¢ —-R J\vn)” M n
@ Benchmarks of singlet/triplet energies with respect to accurate quantum

chemical methods
@ Assessment of quality of ingredients (different levels of self-consistency)

@ Charge-transfer excitations Ecr(R) = EA— IP—1/R

Reviewed in: X. Blase, |. Duchemin, D. Jacquemin, Chem. Soc. Rev. 47 (2018)
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Finite systems: atoms and molecules

Mean-signed errors for Thiel’s set  Errors for streptocyanine chains

+
T T T HoN A~ A~~~ NH2
A A PBE
04r o gESLYP b [ 2R A TD-DFT
¢ . > D> v V PBEO
V v @BHLYP B e A [> PBE
4 + @CAM-B3LYP St A A , A CAM-B3LYP
0.0 ya O 04 &y A LC-PBE
* !
s 5 < <
o y e 9 E 4 MOG-HF
+ b B2PLYP
w04k o ¥ - 3
= &% 7 % 04 i
w 5 2
3 o k] MC
08 & - z >
A o 2 |Reference cc3
S e
) o2 2 5 mBSE/evGW
T a
A )/W
< L L L 02 T P R B
42_ 08 04 00 04 25 9
GWHOMO-LUMO gap MSE (eV)

45 8
Number of carbon atoms

F. Bruneval et al. P. Boulanger et al.
J. Chem. Phys. 142 (2015). J. Chem. Theory Comput. 10 (2014)
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Problem of consistency

Plasmon dispersion in HEG

8

ALDA
dynGoWy + BSE -------
75 b staGoWy + BSE v
2p2h  +
z 7
[=}
\li
= 65
=
6
5.5 . . A \

0 0.2 0.4 0.6 0.8 1
q/qr

Jaakko Koskelo et al., arXiv:2301.00474.
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Missing dynamical effects

ond static BSE

@ Correction to excitation energies and spectra
G. Strinati, PRL 49 (1982) and PRB 29 (1984); M. Rohlfing and S. G. Louie, PRB
62 (2000); A. Marini and R. Del Sole, PRL 91 (2003); Y. Ma, M. Rohlfing, and C.
Molteni, PRB 80 (2009); S. Gao et al., Nanolett. 16 (2016); P. F. Loos and X.
Blase, J. Chem. Phys. 153 (2020)
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Missing dynamical effects

Beyond static BSE

@ Correction to excitation energies and spectra
G. Strinati, PRL 49 (1982) and PRB 29 (1984); M. Rohlfing and S. G. Louie, PRB
62 (2000); A. Marini and R. Del Sole, PRL 91 (2003); Y. Ma, M. Rohlfing, and C.
Molteni, PRB 80 (2009); S. Gao et al., Nanolett. 16 (2016); P. F. Loos and X.
Blase, J. Chem. Phys. 153 (2020)

@ Multiple excitations in molecules (and also solids: dd excitations
and double plasmons)
P. Romaniello et al., J. Chem. Phys. 130 (2009); D. Sangalli et al., J. Chem. Phys
134 (2011); E. Rebolini and J. Toulouse, J. Chem. Phys. 144 (2016); V. Olevano,
J. Toulouse, and P. Schuck, J. Chem. Phys. 150 (2019).
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Missing dynamical effects

Beyond static BSE

@ Correction to excitation energies and spectra
G. Strinati, PRL 49 (1982) and PRB 29 (1984); M. Rohlfing and S. G. Louie, PRB
62 (2000); A. Marini and R. Del Sole, PRL 91 (2003); Y. Ma, M. Rohlfing, and C.
Molteni, PRB 80 (2009); S. Gao et al., Nanolett. 16 (2016); P. F. Loos and X.
Blase, J. Chem. Phys. 153 (2020)

@ Multiple excitations in molecules (and also solids: dd excitations
and double plasmons)
P. Romaniello et al., J. Chem. Phys. 130 (2009); D. Sangalli et al., J. Chem. Phys
134 (2011); E. Rebolini and J. Toulouse, J. Chem. Phys. 144 (2016); V. Olevano,
J. Toulouse, and P. Schuck, J. Chem. Phys. 150 (2019).

@ Exciton self-energy and cumulant expansion (coupling with
bosons)
P. Cudazzo and L. Reining, Phys. Rev. Research 2 (2020)
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One electron limit: A detour?
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One electron limit: A detour?

removal addition attraction

Perfect cancellation
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One electron limit: A detour?

Atomic limit of Hubbard dimer with one spin-up electron:
addition of one spin-down electron

3.5 T T
——— exact €H+‘U/2
3.0f =eeee- GW i

250 J

2.0 .

Aji(o)

0.0 L -"" L RLTIY il
2 0 2 4 6

o (eV)

P. Romaniello, S. Guyot, and L. Reining JCP 131 (2009).
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Problem of consistency

IXS in NiO
d-d excitations
0.21— ‘ ‘ ; ; : —
— BSE
— GW
0.15 — LDA
0.1 e
0.05 e
0 ! ! /\\A—x

Energy [eV}
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Outline

e Wannier, Frenkel and charge transfer excitons
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Wannier and Frenkel excitons

Wannier exciton Frenkel exciton

weakly bound: delocalised  tightly bound: localised
over many lattice sites on few sites

semiconductors wide gap insulators

R. S. Knox, Theory of Excitons (1963); C. Kittel, Introduction to Solid State Physics
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The Wannier model

Bethe-Salpeter equation

Hech)\ - EAAA
Hé;g)(v = = (Ec - EV)5VV’5cc’ + <<V - W>>

o’

Wannier model

@ two parabolic bands

K? Vv?
EC_Ev—Eg'i—Z — _E

@ no local fields (v = 0) and effective screened W

1
wrr)=—
(rr) elr —r|

@ solution = Rydberg series for effective H atom

Ret .
Ex=E— 53 with Rer= g5
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Two dimensions

Larger binding energy Non-hydrogenic series

Continuum Continuum

26F 25+2p

Daublo-Tayor (b)

Energy (eV)

15 20 25 3.0
E (V)

MoS, absorption spectrum Exciton energies
A. Molina Sanchez et al., PRB 88 (2013).  E.g. A. Chernikov et al., PRL 113 (2014).

Macroscopic interaction in 2D

W(r) =

1 r r
Ho(—)—Yo(—
4aop [ 0<fo) 0(&))]
ro = 2mwagp and Hy, Yy Struve and Bessel functions 2nd kind
L.V. Keldysh, JETP Lett. 29 (1979); P. Cudazzo, I.V. Tokatly, A. Rubio, PRB 84 (2011).
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Frenkel and charge transfer excitons

When electrons are localised
(wavefunctions with small overlap)

. f{FR ]:Ihopping
Hep = ( Hhopping [_A[(Q'l' >
Frenkel exciton Charge transfer exciton
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Frenkel and charge transfer excitons

When electrons are localised
(wavefunctions with small overlap)

. TR Thodng
Hez‘ = ( d H x )

H hing [:]( T

Frenkel exciton Charge transfer exciton
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Frenkel and charge transfer excitons

200 T I T T

‘ : ‘
No interaction |

150 — —

100 -

Reviewed in P. Cudazzo et al. J. Phys.: Condens. Matter 27 (2015).
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Frenkel and charge transfer excitons

Ef =De+l+J
Eé[T = Ae

200 - T T

‘ ‘ ‘
No interaction |

150 — —

100 —

Only V

) . f

Reviewed in P. Cudazzo et al. J. Phys.: Condens. Matter 27 (2015).
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Frenkel and charge transfer excitons

Ef =De+l+J
Eé[T = Ae

Frenkel exciton & Davydov splitting

&

AQ
N
NN

FR Exciton

Reviewed in P. Cudazzo et al. J. Phys.: Condens. Matter 27 (2015).
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Frenkel and charge transfer excitons

Ef =De+l+J
Eé[T = Ae

200 - T T

‘ ‘ ‘
No interaction |

150 — —

100 —

Only V

) . f

Reviewed in P. Cudazzo et al. J. Phys.: Condens. Matter 27 (2015).
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Frenkel and charge transfer excitons

200

150

100

50

Efy =A0c—W

Ef, =0e-W

- Triplet exciton

FR

Only W

CT

No inferacfion |

Reviewed in P. Cudazzo et al. J. Phys.: Condens. Matter 27 (2015).
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Frenkel and charge transfer excitons

Ef =Dct+l+d-W
Ef, =D0e—W

200 T T T T
| " No interaction
[ Singlet exciton 1
150 - -
FR
100 —
50— -
CT
0 | L |
0 1 2 3 4

Reviewed in P. Cudazzo et al. J. Phys.: Condens. Matter 27 (2015).
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Frenkel and charge transfer excitons

Reviewed in P. Cudazzo et al. J. Phys.: Condens. Matter 27 (2015).



Excitons
0000000800

Wannier and Frenkel excitons: dispersion

Exciton dispersion

E»(q) = Exciton dispersion: exciton energy as a function of the mo-
mentum carried by the electron-hole pair

v

Wannier and Frenkel models

@ Wannier exciton

 Eia 7

Free propagation: band structure effect (singlet=triplet)
@ Frenkel exciton

Ex(q) = Ei + Y ea®-RIE]
J

Dipole-dipole interaction: Destroy electron-hole pair at site / and
create at site j
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Exciton dispersion: Frenkel and charge transfer

,s Dispersion is given only |

by e-h exchange (V)

/ Frenkel
___________———————____‘—_

No dispersion!

Energy [eV]
n

.| Charge-Transfer

. . | . 1 . 1 . 1
0 0.05 0.1 0.15 0.2 0.25
Momentum transfer [a.u.]

P. Cudazzo et al. J. Phys.: Condens. Matter 27 (2015).



Exciton dispersion:

7 T T T

o
o

Energy (eV)
o
[¢)]

Excitons
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two dimensions

— hBN
— Graphane
5 -
4,51 5
4 n 1 n 1 n 1 1
0 02 04 0.6 0.8

Momentum transfer (A'])

P. Cudazzo et al. PRL 116 (2016)
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Outline

@ Connection with TDDFT



MBPT vs. TDDFT: different electrons

L= L0—|— Lo(V+E)L

X = Xo + Xo(V + fie)x
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MBPT vs. TDDFT: different electrons

L=1L, = GW energies
X = Xo = Kohn-Sham energies |

Observation

fic has 2 tasks:
@ bandgap opening (— GW)
@ excitonic effects (— BSE)
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fxe Kernel

P = x0 + xofxcP : irreducible polarizability P
x = P+ Pvy : reducible polarizability x
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fxe Kernel

P = x0 + xofxcP : irreducible polarizability P
x = P+ Pvy : reducible polarizability x

1 2
fxc = f)sc) + f)gc)
fg) = bandgap opening fg) = excitonic effects

Po=xo+xfQPs  P=Py+PfPP

Xo = Kohn-Sham energies P, = GW energies
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MBPT vs. TDDFT: different maths

L=Lo+Lo(v+=)L

TDDFT

X = Po+ Po(v + £2)x )

@ BSE is a 4-point equation
@ TDDFT is a 2-point equation
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MBPT vs. TDDFT: different maths

L=Lo+Lo(v+=)L

TDDFT

X = Po+ Po(v + £2)x )

@ BSE is a 4-point equation = unavoidable
@ TDDFT is a 2-point equation = can be rewritten as 4-point eq.

v
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TDDFT: 4-point formulation

X = Po+ Po(v + &)

4

4X =Lo+ LO(V+ Fxc)4X
x(1122) = x(12) Lo(1122) = Py(12)

Hamiltonian (Casida) formulation:

HYWD) — (B — E)ouwSe + (fs = B)((V)) + ((o))]
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MBPT & TDDFT

L= Lo+ Lo(v+3)L

TDDFT

4X =Lo+ LO(V+ Fxc)4X

v

L= 4X e 4x(E — Fe)L

N
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fxe Kernel

What is the f,; kernel of TDDFT?

It is the 2-point kernel f,ﬁf):

F(1234) = £$2(13)6(12)5(34)
that yields equal 2-point polarizabilities:

“x(1122) = x(12) = L(1122)
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fxe Kernel

L(1234) = *y(1234)+*(1256)[=(5678) — £2)(57)5(56)5(78)]L(7834)
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fxe Kernel

L(1234) = *y(1234)+*(1256)[=(5678) — £2)(57)5(56)5(78)]L(7834)

L(1122) = *x(1122)+*x(1156)[=(5678) — 112 (57)5(56)3(78)]L(7822)
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fxe Kernel

L(1234) = *y(1234)+*(1256)[=(5678) — £2)(57)5(56)5(78)]L(7834)

L(1122) = *x(1122)+*x(1156)[=(5678) — 112 (57)5(56)3(78)]L(7822)

Since L(1122) = 4x(1122) = x(12):

0 = *x(1156)[Z(5678) — £2)(57)5(56)6(78)]L(7822)

... solve for fg)
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fxe Kernel

2 (34) = x1(31)*x(1156)=(5678)L(7822)x ' (24)
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The Nanoquanta kernel

Approximations
@ usual BSE implementation: =(1234) = —W(12)6(13)4(24)

@ first-order linearizations:
x(12) = Pp(12) and L(1233) = x(1233) = —iG(13)G(32)

Nanoquanta f,.

£2)(34) = P, (31)G(15)G(61) W(56) G(52) G(26) P, ' (24)

\
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The Nanoquanta kernel

Approximations
@ usual BSE implementation: =(1234) = —W(12)6(13)4(24)

@ first-order linearizations:
x(12) = Pp(12) and L(1233) = x(1233) = —iG(13)G(32)

V.

Nanoquanta f,.

£2)(34) = P, (31)G(15)G(61) W(56) G(52) G(26) P, ' (24)

Observations

@ f,c is "ultranonlocal"
@ fyc is frequency dependent ("memory") —but W is static...

Reviewed in S. Botti et al. Rep. Prog. Phys. 70 (2007).



The N

anoquanta kernel

TDDFT
000000000000

Bulk Silicon

T
~ A . Ew
r N * iy 5t
‘,'7 WA g
/\ ‘« & MT kernel
ho
1/ et
/! v \
\\
L /,-»{ i\ ‘ -
=2 3
’y 2 e S
A Ny, |
1/ ',; Kl 1
r—:‘/’("‘ T I h
3 5 6

4
o (eV)

Solid Argon

BRG]
— = ALDA
L

BS
Ab initio kermel

Reviewed in S. Botti et al. Rep. Prog. Phys. 70 (2007).
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Bulk Silicon

T §| T
J TDEXX i 1
TDHF '; HF
30 :"l -
- e 4 |
10~ : ‘ .\“". . 4
o (eV)
TDEXX misses long-range screening J

F. Bruneval, F. Sottile, V. Olevano, and L. Reining, JCP 124 (2006).



Many thanks!
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