Aussois June 2024

Solid State Physics

Vincent ROBERT

Laboratoire de Chimie Quantique de Strasbourg

ISTPC June 2024

Universite

(LCO|S)

Laboratoire de Chimie Quantique de Strasbourg

nstitutdeChimie

_de Strasbourg
UMR 7177

de Strasbourg




Introduction

periodicity Fourier transform

k points reciprocal space

gap Brillouin zone




Introduction

I. Physical description : from free electrons to nearly-free electrons

Fermi level
Fourier decomposition

Born-Von Karman Bloch theorem Brillouin zone

I1. Chemical description : from H, to Hyy;

Point group symmetry Tight-binding Peierls instability



: double-slit experiment a— 1/a

conjugation relation

X -~ i
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Diffracted amplitude for elastic Scatte

| %] =171

path difference 0,1 evaluation :
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[\ phase factor
diffracted amplitude : F = Jd? n(?) e—i Ak =k — k

\— density
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FEzxercise : X-Ray diffraction
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N diffracting centers aMo_}—%
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FEzxercise : X-Ray diffraction

. NDO\?2
Sin ==
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Slnj
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—_— N =9 - maxima Ak .a =2mm Ak =m meJZ
Bragg condition
-
9 . intensity maxima FF* = N?
5. ! ! !
01 ] = | . peaks width « 1/N ——> large crystals for resolution
—47 — 2 0 2m 4

P (rad.)
with Dr. S. Yalouz’s courtesy
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“from free electrons to nearly-free electrons”’

1. FREE ELECTRON

Vix) =0 Vx
h2 2 gﬂ(X) — eiikx
- 2m dx? P = €. p) plane-waves
plane-waves cannot describe a physical state normalization !

k —> p, = hk is perfectly defined




two limiting cases

v
X
0 L
[ Vo) =) =
l V(x) =0  elsewhere
. [ 2x na, . . .
@, (x) = Asm</1—x> d =L constraints —> quantization
2 nx n2 [ nr\
k =m— = — €, =
A L 2m \ L

Definition : the Fermi level is the energy of the highest occupied level

example : N electrons, 2 electrons per level

N 72 [ Nz\
= — € —
5 F=om \ 2L




nucletr as perturbers

perturbation scheme from a free-electron picture

3. NEARLY-FREE ELECTRON

. . h*k?
H = H, zeroth-order plane-waves @.(x) =¢ ke (k) =

2m
A=H,+ p -
\/ presence of nuclei “
.. 2r
Bragg condition : Ak =2k =m—
a
N 2r
k=% Z’ > 7 £ Bragg reflected standing waves are generated

ezkx + e—lkx

2

Wo(x) =

energies of these standing waves 7




nucletr as perturbers

PERIODICITY of the potential H=H,+ P

P(x) = Pcos (Ex> a-periodic potential

a

A\

P

E,= e(nla) + (yu|P |ws)

a 2) 0
AE=E+—E_=[ dx(\m(x)\ ~ [y )P(x)
0




Born-Von Karman boundary conditio

PERIODICITY ?

|

crystal = finite-size system

< >

L ~um
/f }~N=104 atoms

inter-atomic distance g ~ A

Y(F+Na)=Y(F) i=1-3

Born-Von Karman boundary conditions




Periodicat : direct and reciprocal spa

Physical and Practical periodicities

n(r + R) = n(7) R=na,+ma,+ma; ne”Z
Definition : 71’ are the direct space vectors
. a, X a, -,
b3=2][ V VC= al.(azx a3) A
¢ Fourier decomposition : n(r) = Z Ny e'kr
b ) and b 3 Similarly f
Definition : Z)j are the reciprocal space vectors | -3
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Periodicity in 1D system ¢

example : 1D system

direct space | 3 reciprocal space | -3

> > —> —_—
a. a;=oy ay.a;=o; |—>

b 1 —

_)
a 1 =d
— —
a,| >a and ‘a‘>>a .. n : :

2 3 Definition : ] Brillouin zone

a d




Periodicat : direct and reciprocal spa

Physical and Practical periodicities

Born-Von Karman boundary conditions b 4 (7 + Niﬁg) =Y (7) i=1-3
b b b _ T\ Xa
7 — ml 1 : m2 = : m3_3 b 3= 2r 1 -
NN, TN Ve

<)
S|

>\ l
Fourier decomposition : Y(r) = Z Cq €

q




Consequences : Bloch Theorem

Physical and Practical periodicities

UF) = Z Uy eiE’.? P(7) = Z c, oiTT
K q
R ﬁz A A
H = U HY(r) = e¥(r)
2m

) . h2 2
Exercise : Ze””{( 251 —e) cq+2Uch_K} =0

q

2m

h? /1 2
— ( r — K’) —e )+ Z Ur_xCpx =0 Schrédinger equation !
K

—
for a given k in the Brillouin zone : ¢, c C, ...are coupled > (k—K).7
2 k> Ck—K> Ck—K p P(7) = Z ¢,y € K=K)F

Z K e R
K



Consequences : Bloch theorem

Exercise : check that U, <7 -+ ﬁ = U, (7)

¥ (7+R)=eFFW(F) —> n(F+R)=n(7)

Bloch theorem

—

¥, (7) = e’?'?.uk (7) U, being R periodic




Consequence of Bloch theorem

— Bloch theorem

Y7+ Na) = PF) = Nka i)

N BVK \J

Ny X N, X N3 unit cells eiNik-a — 1

= o

i0i bi€[ k.a. = 2nx

N Z L L, { ‘Z}.E’i:Zn@j
k=) xb — A

m. € /




Consequence of Bloch theorem

.’N e
v, ™ =257
N, |

Nl X Nz X N3 unit cells

e volume in the reciprocal space : V = ?1 , (?2 X Z})

number of Lk points = number of unit cells




Band structure of a solid

N n? 2 . . ,
[ uk()= Ey. +U(r) uk(r)=€kuk(r)
—> Upk and €pf
l U, <7 + ﬁ) = Uy (7) boundary conditions

this is the band structure of the solid

Exercise : check that t — Lk + K the spectrum remains identical



Preliminary conclusions

PERIODICITY

cf. symmetries in molecules

e reciprocal space

Brillouin zone Fourier transform

Bragg reflection

R periodic Bloch theorem




“from atoms to large molecules®’

brief reminder H2 in a minimal atomic orbitals basis set
.. anti-bonding orbital

LA K
. bonding orbital o,




I/

Starting picture : N> 1 atoms requlart

symmetry point group C2n

BVK conditions !

N = 2n atomic orbitals {|€00> e s o) - s ‘(pi(n—1)> » ‘%)}

J

simplicity !

n
L= @ T
[=—n+1 K/ 1irreducible representations of the
C,, symmelry point group



Bloch function

basis set : {‘qﬂ()) ; ‘4011) , ‘§012> IR ‘C”i(n—1)> 5 HD,Z)}

n

1 2izml
|<I>l>=\r > exp< » )|<om>

m=—n+1

Setting k=l [=0, £1, £2, ... ,n <«— N> | values

number of Lk points = number of cells

27T is the length of the circle

Na is the length of the chain

. - —_— —_— O?’_)m
with 7 =ma | D) = Z e’ | @) Definition : (I)k are the Bloch orbitals

Note : k varies almost continuously in [—z,zl
a a




from translational periodicity : qom(7) = §00(7 — ?m) (Hint : check for

1 Z — 1 Z —

_ ik.r, =\ _— ik.r, > =
D, (7) = Z € P (T) = Z € o (7= )
2n m=—n-+1 2n m=—n+1
— 1 n —

=elkr 2 e—lk.(r—rm) @0 (7_7’%)

2n m=—n+1
_\ﬂi

u (7)
Exercise : check that 1, is a periodic

Bloch theorem '

O, (F) = %7 uy (F)

r

-

F'm

)



From Bloch orbitals to crystallirme

Theorem : (CI)kU/;t |®,) =0 assoonas k#Kk

molecules : ((pa|iz|(pﬁ> = (0 assoonas [’ # Fﬂ

Generalization : M Bloch functions | | D .>1 | erample : diamond, 2s, 2p
U *kj/Si=1-m B
M=4

M
|P,) = Z crj | @) Definition : W, are the crystalline orbitals

J=1

M

analogy : |MO) = Z Cqj | SALC, ) Symmetry-Adapted Linear Combinations

J=1 basis sets of the irreducible representations Fa



Tight-binding approach to a T1DISYs )

Pn—1 Py, Pn+1

— a
[ h; = a [ hopping integral
— 7 _ '
hy; = (@;| 1 (Pj> =1 Hiickel ! o o o o
@ . o0
lwl’ [ #;) = 0y an~—10 ev
t=pf~—1ev
chemist’s view on such problem : Bloch function construction :

/\ @) =— D et g,)

Ner

m

note : crystalline orbitals — Bloch orbitals

Exercise : show that ¢, = (CIDklit | D) = a+ 2t cos(ka)

secular determinant




Tight-binding approach to a 1.D >m

Pn—1 Pn Pn+1 € (k) — ((I)k|iz | ®,) = a + 2tcos (ka)

1
|k| < — or A>a :the electron doesn’t “’see” the ions
a

Energy calculation : half-filled band

. , 2T n T
example : H-atom chain 2n sites le-/site kF “on

:M5=2a

. 1 n/2 2 i nl2a At
Exercise : F=— Z 2 <a + 2t cosij> - J 2 (a + 2t coska) dk = a + —

—
N j=—n/2+1 N T J_z1a T



Back to molecular orbita

- A 7 anti-bonding between( bonding)
— F _ —
o 2a bonding between (anti-bonding)

(H)2n = (H),

chain of atoms chain of dimers

Peierls instability

metal /insulator transition




Conclusions - References

ASHCROFT ' MERMIN

SOLID STATE PHYSICS

PERIODICITY

Physicists / or Chemists views

[Brillouin zone Bloch theorem ¥, (?) —

lband structure

importance of plane-waves : e starting point
e basis set

e reminiscent in Bloch theorem

tight-binding =ss=p DFT framework more lectures !




