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Short summary of second quantization (2)

Anticommutation relation, because of the antisymmetry of wavefunction
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Isolated atom: exact solution

One can compute the energy as a function of the number of electrons:

Configuration ‘ —_ + + ﬁ

Energy ‘ 0

One needs an energy o to go from 0 to 1 electron.
One needs an energy o + U to go from 1 to 2 electron.
= Spectral function for the d-electron are formed by Hubbard bands

2e0 + U
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0—1

o+ U

€0



The Anderson Hamiltonian

Hoq

Hoyp




The Anderson Hamiltonian

Hoq

Hoyp

HAnderson = Z ek(:LJ(:kJ + Z egd,j,d(, + Unsny
ko o

Hoq Hop



The Anderson Hamiltonian

Hoq

Hoyp

HAnderson = Z ekc-,igckg + Z egdj,d(, +Unqyng + Z (ch-);ad,” + V,:dj,ckg>
ko o ko

Hoq Hoy Hyyp



Solvers for Anderson model

@ Some Solvers require a discretization of the bath

e Exact Diagonalization (= Cl)
@ Density matrix renormalization group (DMRG)
o Real time solvers, costly
@ Continuous Time Quantum Monte Carlo
o Imaginary Time, need analytical continuation to compute frequency dependant quantities.
o Easily parallelized

@ Can compute energy and spectra.
@ Sign problem
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The Anderson Hamiltonian (solved by CTQMC)

— e+ U

Vi
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Handerson = Z Ek‘f']tm-“k'd + Z 5()(1,1;(1[, +Unqyny + Z (ch}[‘ﬂdg + Vk* (11;(:;”,)
ko

ko o
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The main idea is that the atomic problem can be solved exactly and the bath problem can be solved exactly.

Continuous Time Quantum Monte Carlo: Expansion as a function of Hyy,
[P. Werner, A. Comanac, L. de medici, M. Troyer and A. J. Millis Phys. Rev. Lett. 97, 076405 (2006)]



Notations

The Anderson impurity model.
Ham = Z eod} do
o
+Unqyny
+ Z akcz,ﬁck”
ko

+ Z <Vk(1£(,dd + Vk*dj}(?m)(: Hyyy,)
ko

Hy = Z sodjrd,(, +Unqyny + Z 5k(f£0(f;w.
o ko
Hiy = > (Ve do + Vidier, )

ko

(Energy of the correlated level)

(Interaction between up and dn orbitals)

(levels of the Bath)

(Hybridization )
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The partition function can be written as

Z="Tr [efﬂH]

In order to make a development in Hy,y1,, one can write directly (because e ~#H0e+#Ho — 1)
Z="Tr [076H00+BH0075H]

Let's define A(B) = ePHoe=FPH

Z =T [e7?"0a(g)]

One can calculate A(B) as

dA(B) d[ePHoe=FH]
dB dg
= —PHo(H — Hy)e PH
= —eﬂHO (thb)eiﬂH

—ePHo (thb)efﬂHO x ePHoo=AH

= HoePHoe=PH _ ofHo fe=AH

= - [e"PMome 0] A(5)

— [Huyn (B)] A(B) (Heisenberg representation (cf lecture par F. Bruneval) but for imaginary time)

This differential equation, where the variable is 3, can be solved, taking into account that A and H are operators.
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Let’s first remind the solution for a similar equation for a simple function

d’;f) - V(@)f(a)

We thus have:

1@ = fo) + [* =V f@)de
ED)

Using this expression inside the integral, we have
@) = 1@o) + [ V) [f(wo) + [ —V(W2)f(ac2)d:v2] day
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So that:
z z1
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x
zQ
At order three:
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At order three:
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In this last equation, zo < x7. As the integrand of the term is symmetric in 1 and z 2, it can be rewritten as

Flo) = f<aco)+/’”

xQo 0 0 Ed0)

where in this case =1 and x5 are not related.
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In this last equation, zo < x 7. As the integrand of the term is symmetric in =1 and x 2, it can be rewritten as

" -1)° * * @ @ x
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where in this case =1 and =5 are not related.
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At order three:

x 9 [T xq 3 [ xq x9Q
1@ = i@+ [T V@)@ + (02 [T [T VeV faodede + (-7 [ /
xQ xg Yz xzg Sz x
In this last equation, zo < x 7. As the integrand of the term is symmetric in =1 and x 2, it can be rewritten as
z [z oo
fa) = f(aro)+/ ~V(@1)f (z0) + —/ / VeV (@2)f(@o)derdas + (-0)° [ [

zo Jzo Yz
where in this case =1 and =5 are not related.

[ [ venvenseodede= [ [7 V@) feode des
xo Yz xro Y

T2 2
x x
Ta |4
Vi(zp)V(za))
do commute !
| — V(za)V(zp)
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xo AL x
) TaT T Tory,

f(Z)ff(zo)+kZ ( kl) /mD dzl.../zo dog V(21)...V(2) f(w0) = f(z0) exp [/

0

7V(z)dz:|

* 1 We end with an infinite summation such as:
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Hyy, is defined by:
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Hence, we can define for all creation and annihilation operators:

Cro(T) = e™Hoc, e~ 7Ho

Thus, straighforwardly
Hyyn (1) =t Z <eTHO c,tﬂdge_THU +e"Ho dick‘,e_THU)
ko

SO

H Ho rH —7H Ho 5t
Hyyp (7) 7t2 (T Oc) e 770770, e 770 467704 e

thus

Hyyp (1) = tz (

o (1) + d} (D)era (7))

—rHogmHo,

efTH())



Hybridization hamiltonian

Hyy, is defined by:

Higo =t (el do + dlers )
ko

and we have defined Hyy, (7) by:

thb(T) = eTHO thbeiTHO

Hence, we can define for all creation and annihilation operators:

Cro(T) = e"Ho,, e~ 7Ho

Thus, straighforwardly

Hugn(r) =37 (e70c] d,
ko

SO
thb(‘l' 7tz< -,—HO

thus

—rH, Hq 5t —rH,
e 70 4 eTH0d! oy e T 0)

e THOTHO g o~ THO | oTHo gt
o

Hyyp (1) = tz (

o (1) + db(Tera (7))

Let’s denote the two terms by

Hyyn (1) = H{ (1) + Hy(7)

—mHogmHo

efTH())



Evolution equation for wave function: U(¢,t’)
Let’s define the time evolution operator as the operator U(¢,t") such that

W (¢)) = U(t, t0)|¥(to))
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Evolution equation for wave function: U(¢,t’)
Let’s define the time evolution operator as the operator U(¢,t") such that
W (1)) = U(t, to) ¥ (to))

The Schrédinger equation is

ZOW@) _ 4
So that
#0140y = 10, )l wt0)) = 152781 — e )

Thus, for a time independant Hamiltonian

.

U(t, to) = exp {—Zﬁ(t - tg)]

If U(to) is an eigenstate of H and that the eigenvalue is Ey, then

[ (8)) = e~ B0 (t=t0)/ M)y (1))

£22 . . . . .
. ‘ Thus e~ 7 can be seen as an evolution operator with an imaginary time.



Hybridization expansion for Z
The partition function thus writes:
= CiﬁH i = S 7(71)k B T 5 T, T T,
z = W[ PHoa) win A(B)szzo - /O dIW/O A7 T Higy (71) - Hyg (75)
(=n¥
k!

B B _
/0 drl.../o dr Tr [Te ﬂHOthb(T1)4..thb(7—k)]

N
|
ot



Hybridization expansion for Z

The partition function thus writes:

_ ) > (—-F 8 8
7z = T[T Hoa)] with A(ﬁ):kgo( k!) /O dﬁw/o drie T Hig (71) - Hyyt, (71)
> (-1)F 8 8
z = :;)( k!) /0 dn.../o dri T [Te™ P70 Hygy, (r1).. Hygn, (1)

Let's define H}T} and Hy,
Hyy () = ¢ 3 (c], (N)do () + df (o (7)) = Hf () + Hy(7)
ko

We must have the same number of operator Hy, and H;E in order for the trace to be non zero. So that k = 2n.
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The partition function thus writes:
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Hybridization expansion for Z

The partition function thus writes:

oo k
Z = T |ePHogu ith A(B) = L L H
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z = kgo - /Odn.../o dri T [Te™ P70 Hygy, (r1).. Hygn, (1)

Let's define H}T} and Hy,

Hyy () = ¢ 3 (c], (N)do () + df (o (7)) = Hf () + Hy(7)
ko

We must have the same number of operator Hy, and H;E in order for the trace to be non zero. So that k = 2n.
el 1 B B

Z = dry... dronTr TciBHOH T1)...H] T
T,Z::o @)t ./o 1 /0 2n [ hyb (T1) - Hyyp ( Qn)]

Let’s focus on the term for n=1 to explicit the derivation:
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2 B B _BH, too . . +
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0 0



Hybridization expansion for 7,

2 8 5
7y = 7/ dn/ dmy T [Te™ PHO [y, (r) ] (71)]
2Jo 0



Hybridization expansion for 7,

2 8 5 _
7y = 7/ ary (" amT [Te 010, (m) (7))
2 Jo Jo

We can generalize this to all case. Because of the time ordering operator, all the terms with the different ordering of the operator are equivalent, the ordering is

fixed by the ordering of time. So we can use only one ordering and we can show that the number of term arising from the product is %7'1))% .
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We can now use Hy, (1) = S 4, V0 ((;L(T)d”(r)) and H (7) = X400 VO* (d},(%)«,‘,(f)) and insert it into e.g. Z1 .
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We can generalize this to all case. Because of the time ordering operator, all the terms with the different ordering of the operator are equivalent, the ordering is
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Hybridization expansion for 7,

2 8 5 _
7y = 7/ ary (" amT [Te 010, (m) (7))
2 Jo Jo

We can generalize this to all case. Because of the time ordering operator, all the terms with the different ordering of the operator are equivalent, the ordering is

fixed by the ordering of time. So we can use only one ordering and we can show that the number of term arising from the product is %7'1))%
> 1 B B B B _
z=3 2/ dn”./ dT,L/ dﬁ”./ a7 T [Te™ P10 [y, (r1) ] (71)...Hy, () HY (7))
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We can now use Hy, (1) = S 4, V0 ((;L(T)d”(r)) and H (7) = X400 VO* (d},(%)«,‘,(f)) and insert it into e.g. Z1 .
= [P ar [ g | Fe—BHO o1yEL* L g tomye. (7
Z1 = o T1 o T1Tr | Te Z Z Vk1 V]—c1 ky (T)doy ('r')d(71 (T)(,k_l (7)
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T = / dry... / drn / dF ... / dr, Tt | Te #Ho
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Hybridization expansion for 7,
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Separation of Trace over bath and impurity

8 8
21:/ dn/ drTr | Te PHo S0 v"lv"l* 3 (r)dal(f)m (Peg, (7)
0 0

ky.k1 71,01

The Trace over quantum states can be done of tensorial product of bath and impurity states so that the trace can be separated in two groups.

Z :/0 dn/ an Y S WYLV [e™PHeTe] (Dep, (] Ta [e P Td,, (r)dl (7))
01,51 ky,kq

Idem for Z,,
Let's now focus on the Bath part:

Tre [e_ﬁHc ’Tc;li1 (-r)(:k1 (‘F)}

What is a trace ?



What is a trace

For an hamiltonian in second quantization, the basis is made of state empty or filled.
@ For a one particle hamiltonian

Tr A = (0]A[0) + (1]AJ1)

@ For a two particle hamiltonian

Tr A = (00| A|00) + (01| A|01) + (10| A|10) + (11| A|11)

20



Separation of Trace over bath and impurity

B B _ 5 +

Zy = / dry / dnTr | Te PHo Z Z V):rll Vgl*c,{“l (T)doy ('r)dcl71 (7’—)ck1 (7)
0 0 ki,kq 0191 !

The Trace over quantum states can be done of tensorial product of bath and impurity states so that the trace can be separated in two groups (the
anticommutation rules give no change).

B B o1 5

— 5 1yo1% —BHc .t (5 —FBHq (=
z —/0 dn/o 7y alz;rl kz}; VIV T [ePMeTe] (Mo, ()] T e Tdoy (1)dl (7)]
’ °1,k1

Idem for Z,,
Let’s now focus on the Bath part:

Tre [eiﬁHC 'T(tLl (7’)(:;] (77)}
and we just start with

. . . .
Tre [P = e {HC_E(M%] = [T e e P %k % = TT(0le™ K k% [0) + (1]e™ %k k1))
k k k

Benclen _ s (=Begcfer)™

1
n ni
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Idem for Z,,
Let’s now focus on the Bath part:

Tre [eiﬁHC 'T(tLl (7’)(:;] (77)}
and we just start with

. . . .
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k k k

Benclen _ s (=Begcfer)™

1
n ni

Let’s see how to apply the operator CZ% on |0) and |1).

1]0) = [0) (n=0)

Berclcrl0) =0 (n=1)

;
—Begel cpiny
a
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Let’s see how to apply the operator CZ% on |0) and |1).
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P !
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Separation of Trace over bath and impurity

8 B8
21:/ dn/ dnTr | Te PHo >3 v"lvf’l* (T)dgl(f)d, (Peg, (7)
0 0

ky.kp 71,01
The Trace over quantum states can be done of tensorial product of bath and impurity states so that the trace can be separated in two groups (the
anticommutation rules give no change).
—BH. - —B8H -
Zy = / drq / d7y Z Tr Vcrl V—Ul*Tr [e B LTCZl (T)c];l (T)} Trg [e s dTds, (T)d;rl (‘r)}
51,01 ky.,kq

Idem for Z,,
Let’s now focus on the Bath part:

Tre [ePHeTe] (Mep, (7))
and we just start with

. . . .
Tre [P = e {HC_E(M%} = [T e e P %k % = TT(0le™ K k% [0) + (1]e™ %k k1))
k k k

+ T ]
o PeRCL ok s (=Bercyer)”
Py n!

Let’s see how to apply the operator CZ% on |0) and |1).

1]0) =10) (n=0) Becperll) = Begll)

" _ —Be
Bexcler0) =0 (n=1) B2eiclcpelernll) = 221 Zpath = 1;[(1 +e Pk)

—Bepele —Begef oy (A" ek —Ber, Usual reslt for fermi
e Pk Rk |0) = |0) e BRIy = — I =e 1) sual result for fermions... .
- n



Trace over bath

Now we study the term that appears in Z; in the case 7 < 7 (and k1 and k1 should be equal)

P _ b e
T, [ 75‘Hc7-(k () ek, T)] H Trq [e ﬁekL,k<,;¢i| Tfrk_l |:e Bekq Cky k1 (ﬁ;zl(T)(ikl (7)
k#kq
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Trace over bath

Now we study the term that appears in Z; in the case 7 < 7 (and k1 and k1 should be equal)

K _ et oen
T [ 75‘Hc7-(k () ok, T)] H Tr., [efﬁﬁk"k"k} Trrk_1 |:e Beky“hy 1 (111(7')(%1 (‘T’):| =
k#kq

k#ky

T . T
_Be —Bep. el cp B —Beg, cl e _
[TT @+ e %60, 5, {w\e BLRL R ()er, (9)]0) + (1 TR ’Cl(:z.l(ﬂ%(f)m} N
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We remind that ¢(7) = e™Hece™™He
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Trace over bath

Now we study the term that appears in Z; in the case 7 < 7 (and k1 and k1 should be equal)
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We remind that ¢(7) = e™Hece™™He
"
(=Bep, el cp) _
e k1 kg k1 Czﬂl(T) e, (7)]0)
(~Bep el cny) H o Ho) FH —7H
e k1 %kq “Fk1 e(T C)(,zke( THe e CCA'I (Fe THe |0)

i S Fep ol
(=Bepych cny)  (Tempeh en) 4 (mrepyel ) (Feppeh en)) (=T el en)
e k1 Ky Sk e k1K k1 C]Lle 1°kq k1 e 1°kq k1 e 1°kq k1 |0)
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Trace over bath

Now we study the term that appears in Z; in the case 7 < 7 (and k1 and k1 should be equal)

— € F-‘. ClL.
Tr. [e_ﬁHCTC () Chy ‘r)] H Tre, |: _ﬂek( }Trt,\ |:e Bekq "lczl ('r)c;;l (7_'):| =
k#kq
_Be —Bep, el ey B —Bep el ¢
[TT 4 e P60, 5, {<0\e FLRL Rl (reg, (1)]0) + (te” 7R TR TR o] <r>q.<¢>\1>} N

k#kq

Zatn (= [T, (1 + e P<k)) —Beg, el cp, 4 _ —Beg, cl cpi B
e e Okt | (Ol 7R ] (g, (M10) + fafe” M ] (e, (P
e
We remind that ¢(7) = e™Hece™"He
T
(=Beg ¢ i) _
e 1% “k1 ek, (1) i, (7)]0)
(=Beky el cry) (+He) & (—rHo) FH —FH
e 17ky k1 e'THe C, © e e’ ey, (Tle c10)
e(fﬁele-;lckl) e(’reklcllckl){;‘v e(fTeklclllc»kl) e(?eklczlck"l)(’k e(i?Eklc‘;lL'k"l)lO)
oty ey
T e g g = g e
TPk Ry ) e(”klc””‘l(k’l)r:zle(imklc"‘l(h) e(”kl("l(kl)(:mw) =0
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Trace over bath

Now we study the term that appears in Z; in the case 7 < 7 (and k1 and k1 should be equal)

t _ S
T [ 75Hc7-(k () ok, T)] H Tr., [efﬁﬁk"k"k} Trrk_1 |:e Beky“hy 1 (t;zl(T)ckl (‘T’):| =
k#kq

T e T

_ge —Bep, el e B —Bep. el ¢ B

[k];;l (1+e s k)]éklkl |:<O‘e k1 kl("zl(T)‘%l (T)|0> + <1|e k1% kl(lll(T)qu (T)‘1>:| -
1

Zbatn (= 14 e Pk —Bep. el cn. o B —Ber. cl oy -
) th(ufkfﬁm) ))%p [<0|e LRl (r)er, (PI0) + (1le "Rl (m)ep (7))
e

We remind that ¢(7) = e™Hece™™He

— 1 € (‘l c —TE {‘I c Te ‘.‘- c —TE ‘.‘. c
TPk ) (e kl“‘-i)cltle( k1 g Ok ) (TR g 7<=1)CA TRy 7*‘1)|1>
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Trace over bath

Now we study the term that appears in Z; in the case 7 < 7 (and k1 and k1 should be equal)

N - S
Tr. [ 76HCT(k () Ciy T)] H Trq [efﬁek"k"k} Trrk_1 |:e Beklckl kl(t;[l(T)ck_l ('T'):| =

Kk

T . T,

_Be —Bep. el cp B —Beg, cl e _

[,Ll (L +e )6k, {w\e MR ()eg, (P)[0) + (1le” R ’”(:Ll(ﬂr:;l(f)m} N
1

Zpatn (= Hk(1+e_ﬁ€k)) *5%1“2 Cky T = ’B6k1c£ Cky T _
ey Sk [0l LGl (F)er, (7)]0) + (e Rl (Per, (P)ID)
We remind that ¢(7) = e™Hece™™He
T . i o
e(—[‘}eklcklck.l)e(feklr;clakl)C;; e(—Teklci_lckl)e(Teklakl(‘kl)Cl‘ e(—rek1¢.k1rk.1)|1>

_ i e T e . T of _
e( ﬁeklgklckl)e(feklc,klgkl)cll (—Tegy Lkl) (’rekl key k1 (11\"1|1>e(776k1)
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B i . B i 4
o Beklcklck.l)e(feklrklakl)cz QTR Chy k) ((Tehy ek k)
°1
_ T . T . _ i - T .
o Bekl“kl‘kl)e(”kl"kl“kl)cl TR hy k) (Teky ok oky)
1

T T T
—Bep, el cp S Te
& ﬁ‘kl‘1\'1"kl)c(”k1‘k1"k1)czlc( k1€

Trace over bath

Now we study the term that appears in Z; in the case 7 < 7 (and k1 and k1 should be equal)

t _ T e
T [ 76Hc7-(k () o, T)] H Tr., [efﬁﬁk"k"k} Trrk_1 |:e Beky“hy 1 (t;zl(T)ckl (‘T’):| =
k#kq

T . T,

_Be —Bep. el cp B —Beg, cl e _

[,Ll (L +e )6k, {w\e MR ()eg, (P)[0) + (1le” R kl‘fll(T)r«'rq(T)H)} N
1

Zpaen (= [T, (1 4+ e~ P<k))
(1+e %)

T T
—Beg, ¢l cp. o+ _ —Bep,cl _
Skyky [<0|e PR el (e, (M)0) + (Le TR ’”1~Ll<7>cmr>|l>}
We remind that ¢(7) = e™Hece™™He
—Fep el e
el TR R )

Cky |1)e(7?€k1)

ot
rl\l) (‘rekl }‘lrkl ‘0> (— Tekl)
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_ e N _ d e = g
o ,Beklt.klckl)e('reklc,kl(.kl)c;; TR hy k) (Teky ok oky)
1

_ T e 1
e( Bfklcklf—kl) (Tegy © 7\1”‘1)

Trace over bath

Now we study the term that appears in Z; in the case 7 < 7 (and k1 and k1 should be equal)

P _ T e
T, [ fﬁHcT(k () chy T)] H TI‘”\ [e Bek"k"ki| Tr‘"k-l |:e Beklckl k1 (',;1(7')(%1 (‘7'):| =
k#kq

T . T,

—Be —Bep. el cp _ —Beg, cl e _

[,Ll (L +e )6k, {w\e MR ()eg, (P)[0) + (1le” R ’Clclgﬂcglh)\w} B
1

Zpaen (= [T, (1 4+ e~ P<k))
(1+e %1

T T
—Beg, ¢l cp. o+ _ —Bep el ey _
Skyky [<0|e PR el (e, (M)0) + (Le TR M(:LI<T)%(T)|1>}

We remind that ¢(7) = e™Hece™™He

B i . B i 4 o
e( Beklcklck.l)e(feklrklukl)cz e( ‘reklcklckl)e(reklaklrkl) ( Tekl(,klckl)“)
°1

Ckq,€

Chy |1)e(7?€k1)

T T T o
C(—ﬁﬁkltkl"kl)c(”kl“Llﬂkl)cz C( Tekq L "1\1) (Teky Cpq Chy) 0)e (=7epy)

|0>e —-rekl)
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Cea

_ e T . _ T . - T e
o Bekl(,klL,kl)e(feklf,,kl(kl)cl STk ey k) (Tery e ery)
1

Trace over bath

Now we study the term that appears in Z; in the case 7 < 7 (and k1 and k1 should be equal)

Te - S
Tre [ 7ﬁHC7-ck () Cr,y ‘r)] H Tr‘k [cfﬂek"k“k} Tr%1 |:c Beky k1 cz,l(‘r)ck.l (7’-)} =
ktky

T T
_ -8 T ey B -8B el ey _
[TT @ +e %60, 5, {<0\e KRR (r)er, ()]0} + (1 TR “clﬁr)wﬁrﬂﬁ} N
k#kq

Zpaen (= [T, (1 4+ e~ Pk))
(1+e %)

T T e
—Bep. ¢y CL. o+ _ —Bep. Cy Cp _
Sy iy [<0|e Bk ()er, (D)I0) + (1le” "L “ffL(T)c;l(rnﬁ}
We remind that ¢(7) = e Hece™"He

—rep, el ep
Ck_le( Tk kg 'k1)|1)

_ t e _ Toe 7 T -
o Beklcklck.l)e(feklrklakl)c;: K feklck1<.k1)e(reh(.kl%l)cm|1>e(_7.€k1)
e T e T o ,
e(iﬁelekl(kl)e(’reklcklw"’l)(ﬂ (— Tk © Lkl) ('rekl klcl‘l ‘0) 775’61)
_ + 1 _
c( EeklC"'lrkl)C(Tskltklck‘l)czl|0>c<7"k1>

—pPpe CT c TE Cf c — — — — — p—
TP ey k1) (TR ey 1) 1)o7y 1yl (TR o (7T Ry) |1y Ry (B (77D
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Trace over bath 7 < 7

Now we study this term for 7 > 7:

e - el ep
T [em el (e, ()] = = T] Te [e(*ﬁek"k"w} Ty, |:e( Pek klckl)ckl(?)(t;l(T):| =
k#k

Zpath —Bep el ey B —Bep, el ep B
T T3 et [<0le( B e (Bel (10) + (LTI R R o (R)el (1)
e

We remind that ¢(7) = e™Hcce™7He . Only the term acting on |0) will be non zero, the same calculation gives
g

— (‘,T Cl. € T—7
(ole(~#etr7ks "J(h(r)( (m)]0) =1 777
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Hybridization function F'

Let’s gather the terms.

B B o & — T - T
4 :/ dn/ dT1 Z Z VkllvfcllTrc [e BHCT(;Ll(Tl)(:L;l(ﬁ)} Tra [e BHdeUl(r)d(‘;l('F)]
0 9

01:91 kq,kq

Foy51 (T1—71)
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Hybridization function F'

Let’s gather the terms.

B B o & — T - T
Z :/ dn/ dT1 Z Z VkllvfcllTrc [e BHCT(;Ll(Tl)(:El(ﬁ)} Tra [e BHdeUl(r)d(‘;l('F)]
0 9

01:91 kq,kq

Fgi5,(T1—71)
151

and
—epy (F—7T)
e fr—7>0
_ 1+e k1
— (71 (71
Foio)(T—7)= Zbathzvkl % )
= ek BEG-T)
e Pr— fr—7<0
14e k1

This is simply the coupling of non interacting electrons which are evoluting at the frequency of their eigenvalues.
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Hybridization function F'

Let’s gather the terms.

B B o & — T - T
Z :/ dn/ dT1 Z Z VkllvfcllTrc [e BHCT(;Ll(Tl)(:El(ﬁ)} Tra [e BHdeUl(r)d(‘;l('F)]
0 9

01:91 kq,kq

Fgi5,(T1—71)
151

and
—epy (F—7T)
e fr—7>0
_ 1+e k1
— (71 (71
Foio)(T—7)= Zbathzvkl % )
= ek BEG-T)
e Pr— fr—7<0
14e k1

This is simply the coupling of non interacting electrons which are evoluting at the frequency of their eigenvalues. So that

B B
7 :/ dn/ d71 Y Foyoy (71 —m1)Tra [C—BHdeol(r)dgl (‘T')]
0 0

01,01

24



Bath for more operators

We recall that

B B 5 + _
Z :/ dn/ ar S0 S0 VIV [ el (r)ep, (70| Tra [ PR T, (r)dl, ()]
0 0

71,51 ky,k1
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Bath for more operators

We recall that
B B 5 + _
Zy :/ dn/ d7y Z Z V;llvgllTrc [efﬁHcTci_l(Tl)Ckl(‘Tj)} Tra [e BHdeﬂl(T)d;l(f)]
0 0 01,51 kq,kq
and we have
B B B B o a o o
Zo :/ dn/ dﬂ/ dTo drs Z Z Vkll Vzll ngzvkzz
0 0 0 0 ky.ko,k1,ko ©1,01,92,52

Tre [Te*NHc)c;,l (e, (P)ek, (T)(;b(%)] Try [Te*‘”Hd)dm (r)dl, (%)(1”2(7)(1;2(%)]
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Bath for more operators

We recall that

B B 5 + — _
Z :/ dn/ ar S0 S0 VIV [ el (r)ep, (70| Tra [ PR T, (r)dl, ()]
0 0

91,01 kq,kq
and we have
8 8 8 8 _ _
Zy = / dry / 7 / dry [ d7 Y > VIVIIVRVE
0 0 0 0 ky.ko,k1,ko ©1,01,92,52
_ , _ _ _B(H _ to=
Tre [Te B<HC)“Z'1 (7—)(:,;,1 (7’)(::2 (T)(:E2(T):| Try [Te B( d)(],,] (7')(1:;1 (T)do, (7')(1772 (7’)]

Let's compute

S VEWEIWRVERT [Te Pec] (mer, (Rl (m)er, (72)]
ky,ko,k1 ko
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Bath for more operators

We recall that

B B 5 "
Z :/ d‘rl/ an > 3 VIV [e*BHCTc;.l(n)ckl(ﬁ)} Trg [e*BHdeﬂl(T)d;l(f)]
0 0

91,01 kq,kq
and we have
p s p po T11/911/921,92
Zs :/ dn/ drl/ drp drs Z Z Vi Vzl Vi, VEQ
0 0 0 0 ky.ko,k1,ko ©1,01,92,52
—B(Hc - - —B(H _ _
Tre [Te B(H )(:Z‘l (7')(:,;,1 (7')(:1,2 (T)(:E2(T):| Try [Te B( d)(],,] (7')(1:;1 (T)(IGE(T)(ILZ(T)]
Let's compute
011,011,021 ,5 —BHe 1 _ . B
Z i Vk11VE11Vk22VE22Tr [Te B (:Ll(-rl)r:,;l(71)(112(7'2)(:,;2(7'2)]
k1,ka,ky,ka

We can use anticommutation relation between operator (or use Wick’s theorem) to show that:

> VIV [Te*ﬁchLl(n)c;_l(ﬂ)} T [Te*BHC(zzz(Tg)(;kz(fQ)]
ky,ko,k1,ko

—Tr [Te_ﬁHCcZ:I (Tl)ckz (‘Fz)} Tr {Te_ﬁHCCZ,E(TQ)Ch (‘7'1)]
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Bath for more operators

We recall that
B B , )
— o g — B H, T — —BH —
Zy = /0 dr1 /0 dry Z Z Vkll VE11TrC [e 8 CT(’i-l (r1)er, (71)} Tra [e 8 a7d,, (T)d;l (T)]
71,51 ky,k1
and we have
s 7 s o o (<3 o [
72 = / an / an / dr2 a2 Z Z Vk11 VlEll szz szz
’ ° 0 0 ky,ko,ky,kg 71,51:02:02
_B(H. B B sH ~ B
Tre [Te B( )(:Z‘l (7’)(:,;,1 (T)(lzz (T)(:E2 (7')] Trqg [Te B( d)d,,] (7')(1:;1 (T)do, (7—)(1:572 (7—)]
Let's compute
o & o & —BHe 1 _ 3 _
Z i Vk11 Vkll Vk22 VIE; Tr [Te B (:,:,l (T1)er, (Tl)(zlz (12)cr, (7—2)]
k1,ko,k1,ko
We can use anticommutation relation between operator (or use Wick’s theorem) to show that:

> VIV VR T [Te*ﬁHcaLl(n)c;_l(ﬂ)} T [Te*BHc(zzz(Tg)(;kz(fQ)]
kq,ko k1, ko
=T [Te o] (ra)en, (72)] T [Te™PMec] (ra)er, (71)]

P It comes from the fact that eg. when an electron is annihilated at 71, it can be the one that was created at 7 or 7.
m Forget the details: it is just a consequence of the antisymmetry of the true wavefunction.



Bath for more operators (2)

From

011,51 1,021,5 —BHe i _ - t _
Z Vkll Vl—cl1 Vk; V)—C; {TI’ [Tc 8 C(:Ll (r1)en, (7'1)] Tr [Tc BHCCLZ (r2)c, (7'2)]
k1.kg,k1.ko

=T [TePMec] (m)er, (7)] T [Te™?Moc] (ra)er, (71)] ]
and using definition of F', we have
[Foy,(F1 — T1) Foysy (T2 — T2)

—Fo,54 (T2 = T1)Foys, (71 — 72))]
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Bath for more operators (2)

From
o o o T —BH, ] — — T _
Z . Vkll Vl—cl1 Vk;VIE; {TI’ [Tc B C(:Ll (Tl)ckl(rl)] Tr [Tc BHcl’,LZ(Tg)(:kZ(TQ)]
ki ko, kq, ko
-8 + _ - _
—Tr [Te [Hcc,'\,.l (T1)cr, (’rz)} Tr {Te ﬁHCC;Q(Tg)C;[ (‘rl)] ]
and using definition of F', we have
[Foy,(F1 — T1) Foysy (T2 — T2)
—Fo,54 (T2 = T1)Foys, (71 — 72))]
So that:
B B B B
Zs :Zbath/ dn/ d'T-l/ d’rg/ dr >0 Tra [Te‘B(Hd)dUl(T)dil(f)daz(r)d22(f)]
0 0 0 0 01,51102:52

[Foy6,(F1 = T1)Foyoy (T2 — T2) — Foy5y (T2 — T1) Foys, (71 — 72))]

26



Bath for more operators (2)

From

S VRVIIERVER [T [Te Pecl (r)er, ()| T [Te™PMec] (ra)er, (72)]
k1, ko,k1,ka

—B T — —B _
—Tr [Te [Hcc,'\,.l (T1)cr, (’rz)} Tr {Te [HCCLQ(TQ)C;I (‘rl)] ]
and using definition of F', we have
[Foy,(F1 — T1) Foysy (T2 — T2)
—Fo,54 (T2 = T1)Foys, (71 — 72))]
So that:
8 8 8 8
Zs = zbath/ dn/ d'T-l/ drg/ dr, > Trg [Te_B(Hd)dUl (r)dl, (f)dUZ(T)dLZ(f)]
0 0 0 0 01.51.02.59
[Foy6,(F1 = T1)Foyoy (T2 — T2) — Foy5y (T2 — T1) Foys, (71 — 72))]
So the full partition functions writes as:
8 8 8 8
Z:mehZ/ dﬁ“./ drn/ d‘Fl..‘/ A7, >
n 0 0 0 0 01..0n,01..0n
Trg [ch(m,pdnn (rn)dl, (Fn).codey (11)d] (ﬂ)]dct[F(‘F —7)]
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Integration over bath states general case

In the equation:

Z = Zbathz '2/ dry.. /d’?’n/ dTy.. /d’rn

o1- Un T1.-0n

Tro [Te PO Ay, (ra)d), (7a)-oodos (1)

(7'1)] det[F (7 — 7)]
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Integration over bath states general case

In the equation:

Z = Zbathz '2/ dry.. /dTn/ dTy.. /d’rn

T [Te PR dy, (0)d] (Fa)...do, ()], (1) | det[F(7 = 7))

o1- Un ;01.-0n

The F are easy to compute because the V' are known. Let’s rewrite the equation as:

Z = Zbach/ dry.. / dTn/ dr .. /
Tn—1 o7. an,v'l On
Trq [TemPHD A, (7,)d] L(‘T-n)...dgl(n)dgl (1) det[F (7 - 7]

With this formulationwe have 71 < 72 < ... < and 71 < 7o < ... < Tn.
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If the bath does not mix spins ...

s s 8 6
Z:Zbach/ dn“./ dTn/O da.l./ A7 Y
n 0 Tn—1 Tn—1

01..01,,01..0n,

Trg |:T67<6Hd)do'”_ (Tn)djf,” (Tn)-..doy (Tl)dLl (‘7‘1)] det[F (7 — 7)]
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If the bath does not mix spins ...

Z = Zbach/ dry.. / dTn/ dr.. /
oq. on 51..0n

Trg [Te%BHd)dU,L (Tn)dL, (Fn)-.do, (T1)d]| (ﬁ)]det[F(f -7

We can separate spins and have spin dependant indices if F' is a matrix that does not couple spins.

B
Z = Zpam {Z <H/ dr{’.../ dT,L/ 7y / dfj{)] x
e s Y0 T 77

Tra [Te<ﬂHd> [ do (=)l (7). do (77 )L (7 } <Hdet [Fo (7 T)]>

everything depends on spin, but spin are separated
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Let’s forget spin and try to understand the Tr 4

Wehave 11 <12 < ... < 1p and 71 < T2 < ... < Tp. Let’s now focus on

Ttq [T~ BHOd, (r0)d], (7)., (r1)dE, (71)]

29



Let’s forget spin and try to understand the Tr 4

Wehave 11 <12 < ... < 1p and 71 < T2 < ... < Tp. Let’s now focus on
Ttq [T~ BHOd, (r0)d], (7)., (r1)dE, (71)]

Let's startwithn = 1 withg < 7 <7 <O0.

29



Let’s forget spin and try to understand the Tr 4

Wehave 11 <12 < ... < 1p and 71 < T2 < ... < Tp. Let’s now focus on
Ttq [T~ BHOd, (r0)d], (7)., (r1)dE, (71)]
Let's startwithn = 1 withg < 7 <7 <O0.

Ty [~ CF0)d,, (ra)dl, (7))

29



Let’s forget spin and try to understand the Tr 4

Wehavey < m <...<mand 7y < T2 < ... < Tp. Let’s now focus on
Ttq [T~ BHOd, (r0)d], (7)., (r1)dE, (71)]

Let's startwithn = 1 withg < 7 <7 <O0.

T [e”PHD dy, (ry)df, (71)]

So only non zero term in the Tr is:

Try [e*(ﬁHﬂl)dal (ﬁ)dll(ﬁ)] =(0le=BHDd, (r1)d], (71)]0)

=(0le~PHa)eT1Hag, e_TlHde‘FlHddl_lv T1Ha0)

0 1 m B
|
S~
e~ T1 Har
1
df

29



Let’s forget spin and try to understand the Tr 4

Wehavey < m <...<mand 7y < T2 < ... < Tp. Let’s now focus on
Ttq [T~ BHOd, (r0)d], (7)., (r1)dE, (71)]

Let's startwithn = 1 withg < 7 <7 <O0.

T [e”PHD dy, (ry)df, (71)]

So only non zero term in the Tr is:

Try [e*(ﬁHﬂl)dal (ﬁ)dll(ﬁ)] =(0le=BHDd, (r1)d], (71)]0)

=(0le~(PHa) 1 Hag, e_TlHdeleddjTl e~ T1Ha|0)

1
e~ T1Hagl o—(11—71)Hq
1

d +
29



Let’s forget spin and try to understand the Tr 4

Wehavey < m <...<mand 7y < T2 < ... < Tp. Let’s now focus on
Try [Te’(BHd)dU” (rn)d (Fn)ewedoy (1)l (ﬁ)]

Let's startwithn = 1 withg < 7 <7 <O0.

Try [e*ﬁHd)dal (r1)dj, (a)]

So only non zero term in the Tr is:

Trg [e*(ﬁHd)dm (Tl)dll(ﬁ)] =(0le™PHDd,, (r)d}, (71)|0)
=(0le~(FHa) e Haq, o "lHdO':lHddZ_le_'FlHd|0>

T N SEEUTIT PPN
0 ol i B
1 ]
1 1
e~ T1Hgl (—(71-71)Hg 1
1 1
dt d
29



Let’s forget spin and try to understand the Tr 4

Wehavey < m <...<mand 7y < T2 < ... < Tp. Let’s now focus on
Ttq [T~ BHOd, (r0)d], (7)., (r1)dE, (71)]

Let's startwithn = 1 withg < 7 <7 <O0.

T [e”PHD dy, (ry)df, (71)]

So only non zero term in the Tr is:

Ty [~ CH0)dy, (r)dl, (7)] =(0le™PH0dy, (m)dl, (7)]0)

=(0]e~ (PHa) g1 Ha dnle_TlHdeleddl_l e~ T1Ha|0)

1 1
e~ T1Hagl o—(11=7T1)Hg 1 o—(B—71)Hq
1 1
dr d
29



Let’s forget spin and try to understand the Tr 4

Wehavey < m <...<mand 7y < T2 < ... < Tp. Let’s now focus on
Ttq [T~ BHOd, (r0)d], (7)., (r1)dE, (71)]

Let's startwithn = 1 withg < 7 <7 <O0.

T [e”PHD dy, (ry)df, (71)]

So only non zero term in the Tr is:

Try [e*(ﬁHﬂl)dal (ﬁ)dll(ﬁ)] =(0le=BHDd, (r1)d], (71)]0)

=(0|e (r"Hd)(\TlHddo_l e—TlHde‘T'lHdd:rfl e~ T1Ha |0)

P |
0 ol i B
1 1
1 1
e~ T1Ha o—(r1=71)Hg 1 —(f—71)Hg
1 1
dt d
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Wehavey < m <...<mand 7y < T2 < ... < Tp. Let’s now focus on
Ttq [T~ BHOd, (r0)d], (7)., (r1)dE, (71)]

Let's startwithn = 1 withg < 7 <7 <O0.

T [e”PHD dy, (ry)df, (71)]

So only non zero term in the Tr is:

Ty [~ CH0)dy, (r)dl, (7)] =(0le™PH0dy, (m)dl, (7)]0)
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Let’s forget spin and try to understand the Tr 4

Wehavey < m <...<mand 7y < T2 < ... < Tp. Let’s now focus on
Ttq [T~ BHOd, (r0)d], (7)., (r1)dE, (71)]

Let's startwithn = 1 withg < 7 <7 <O0.

T [e”PHD dy, (ry)df, (71)]

So only non zero term in the Tr is:

Ty [~ CH0)dy, (r)dl, (7)] =(0le™PH0dy, (m)dl, (7)]0)

=(0le~(PHa) 1 Hag, e—TlHde‘T'lHdd:rfl e~ T1Ha|0)

('J!l—T.l .................. é
1 1

e*TlHdE E e—(B—T1)Hg
dar d
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Role of 7 versus 7 ?

f<n TrgT [ef(BHd)do. (r)df, (‘Fl)] = < 0le”BHDd,, (ry)d], (71)]0 >
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Role of 7 versus 7 ?

T <T1 TrqT [e*(BHd)dg, (7-1)dj',1 (‘7'1)] =< 0le"(BHa) g (Tl)dil(fl)m >

n>n TWaT [em P d,, (n)dl, (7)] = < UeCHD AL (7)o, (m)]1 >
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More operators

Teq [T~ BHOd, (r0)d], (7).wdo, (r1)dE, (71)]

n=0 Freeeee e
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More operators

Teq [T~ BHOd, (r0)d], (7).wdo, (r1)dE, (71)]

n=0 rorremeeeiniie ]
0 8
n=1 |_._T.1 ...................
0 7 Jé]




More operators

Teq [T~ BHOd, (r0)d], (7).wdo, (r1)dE, (71)]

n=0 b I } |
0 B 0 B
n=1 |_._T. ................... I } 7_317__3 |
0 T1 1 /3 0 1 ﬁ



More operators

Ttq [Te~CHOd, (ra)d] (7n)...

n=0

n=1

n=2

B
T1 T1 8
......... | SUSISULV Y SUSIY S
T1 T1 To T2 8

0 B



More operators

Teq [T~ BHOd, (r0)d], (7).wdo, (r1)dE, (71)]

n=0 b I } |
0 8 0 8
n=1 |_._T. ................... I } 7_317__3 |
0 T1 1 /3 0 1 ﬁ
n=2 frroier @@ I [P @i -—



Calculation of trace: need spins

< 00le=PFHDdy (rf)dy (r])d] (7)dL (7])]00 >

o=t [T ° @ eanenn
o 7 ! 8

o=  RLERERELTREETRLTREE o o
0 7 B

Hy = Zaodzdg + Ungnt
o

< 00e™PHad (rf)dy (r])d] (7})d] (7])]00 >=
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Calculation of trace: need spins

< 00~ PHa g (rf)dy(r])d] (7)d] (7])]00 >

o=l frocossenieninennn, o

Hy = Zz—:od:r,dg + Ungnﬁ
[ed

Se
m —

< 00le~FHDdy (rh)dy (r])d] (7L (7])]00 >=

exp [75()([T + ]L)]
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Calculation of trace: need spins

< 00~ PHa g (rf)dy(r])d] (7)d] (7])]00 >

Hy=Y eodds + Unlin},
o

< 00je™ A dy (r)dr (r] )] (7)d] (7100 >=| exp [ (17 414 — 00T ]
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Calculation of trace: need spins

< 00le=PHady (r})dy (r])dL (7)) dr (r])d] (7)dl (7)) |00 >

0 i =1 +1]

o=]

Hy=Y eodds + Unlin},
o

< 00fe™ P dy (r)dr (r )l (7)dy ()] (7))l (F])100 >= | exp | —eo (1 1)~ 0O

32



Expression of the partition function

We add:

Z = Zyath

B B B B
> H/ drf.../ dr;{/ d?f’.../ drg | | x
ne \ o Y0 Tho1 0 o1

Try [Te—<ﬂHd> [1do(r3)di (78)...do (v )d (Tf)} <H det[Fo (7 — T)])
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Expression of the partition function

We add:

Z = Zyath

B B B B i
> H/ drf’.../ dr;{/ d?f’.../ drg | | x
Neg [ea 0 T'g—l 0 T 1 m

<H det[F, (7 — T)]>

Tra [Te—<ﬂHd> 11 do (=5l (79).do ()5 (77)

We now have

B B B B i
Z = Zoun {Z <H/O drf.../ drg/o d?f’.../ dr,‘{) X
Ng [ea 75_1 715 1 m

exp |:*€0 I+ + UOIL] <H det[Fy (T — T)})

@ Where [T, I+ and O™ are functions of all the 77...7J.
@ F(r —7)is also a function of all the 7{...77.

@ This integration can be sampled by Monte Carlo. 5



Monte carlo

We have

Z = Zyath

B B B B
> H/ drf.../ dr;{/ d?f’.../ drg | | x
ne \ o Y0 Tho1 0 o1

exp [fso(li T+ Uoli] <H det[F, (7 — T)}>
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Monte carlo

We have

Z = Zyath

B B B B
> H/ drf’.../ dr;{/ d?f’.../ drg | | x
Neg o 0 75—1 0 T 1

exp [fso(li T+ Uoli] <H det[F, (7 — T)}>
The partition function can be rewritten as

Z=3 f(x)

34



Monte carlo

We have

Z = Zyath

B
> <H/ drf’.../ drg / d7y .. / dr;{>] x
Neg o 0 4 g
exp [fso(li T+ Uoli] <H det[F, (7 — T)}>
The partition function can be rewritten as

Z=> f(z)

Where for each x, we have to specify an expansion order for each spin ns

F(@) = Zuaun(@r)? 1 exp [—eo (1] + 1) + UOT] <H det[Fo (7 - T)])

@ Metropolis algorithm is used to sample the configurations according to the distribution function

34



Reminder: Monte Carlo, detailled balance and Metropolis algorithm

@ The goal is to compute (A) = %/dmf(m)A(ac) with Z = /f(r)dz
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Reminder: Monte Carlo, detailled balance and Metropolis algorithm

1
@ The goal is to compute (A) = E/alagf(gc)A(as) with Z = /f(r)dm
. . . . 1
@ a Markov chain is a sequence of configuration x such that (A) = ngnoo i EZ A(zy)

o Starting from a configuration x, the probability to generate =’ is such that Zp(z —2)=1

x!
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Reminder: Monte Carlo, detailled balance and Metropolis algorithm

1
@ The goal is to compute (A) = E/alagf(gc)A(as) with Z = /f(r)dm
1
@ a Markov chain is a sequence of configuration x such that (A) = lim — E A(zy)
N—oco N Z
o Starting from a configuration x, the probability to generate =’ is such that E plx —2')=1

z!

@ A Necessary condition for stationarity is

Zp(x)p(x —a')= Zp(x')p(x/ — )
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Reminder: Monte Carlo, detailled balance and Metropolis algorithm

1
@ The goal is to compute (A) = E/alagf(gc)A(as) with Z = /f(r)dm
1
@ a Markov chain is a sequence of configuration x such that (A) = lim — E A(zy)
N—oco N Z
o Starting from a configuration x, the probability to generate =’ is such that E plx —2')=1

z!

@ A Necessary condition for stationarity is
> p@)p(@ —2') = pa)p — x)
z/ z’
@ The detailed balance condition is a sufficient condition for stationarity

p(x)p(x — 2') = p(a)p(z’ — z)
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Reminder: Monte Carlo, detailled balance and Metropolis algorithm

1
@ The goal is to compute (A) = E/alagf(gc)A(as) with Z = /f(r)dm
1
@ a Markov chain is a sequence of configuration x such that (A) = lim — E A(zy)
N—oco N Z
o Starting from a configuration x, the probability to generate =’ is such that E plx —2')=1

x!

@ A Necessary condition for stationarity is
> p@p@ —a') = pla’)pa’ — )

@ The detailed balance condition is a sufficient condition for stationarity
p(a)p(z = a') = p(z")p(a’ — x)

@ Metropolis algorithm

p(& - o) = min (% 1)

35



Reminder: Monte Carlo, detailled balance and Metropolis algorithm

Metropolis algorithm:

p(z — 2') = min (Z((Q;l)) , 1)

Corresponding transition probability

p(z) > p(x') p(') > p(x)
p(z — ) p(a)/p(x) 1
p(x)p(z — ') p(z’) p(x)
p(a’ — x) 1 p(x)/p(a’)
p(a)p(a’ — x) p(z’) p(x)

The detailed balance is fullfilled with the Metropolis algorithm

p(x)p(z — z’) = p(a')p(z’ — )

36



Reminder: Monte Carlo, detailled balance and Metropolis algorithm

@ proposal probability and acceptance probability

p(x = ') = pprop(z — =" )pacc(z — z’)

@ Detailed balance
p(@)p(z = z') = p(a’)p(z’ — z)
becomes

p(x)pprop(x - ﬂf,)pacc(l‘ — -73/) = I](l‘/)pprop(dfl — af)pacc(-l’/ — 1')

@ Metropolis algorithm

p(z') pprop (¢’ = ) 1)

Pace(r = x') = min (
e ) p(2) pprop(z = ')’

37



Monte Carlo moves

Basic moves
@ insertion/removal of a segment

insertion
e

(—
removal

38



Monte Carlo moves

Basic moves
@ insertion/removal of a segment

insertion
| e !—7,. ................... | 4
T1 1 ¢
0 B removal

@ insertion/removal of a anti-segment

insertion
| PP SIS WP | —_—
T1 T1
0 B removal

38



Description of the insertion/removal of a segment

insertion
| F O @ - cicenienaenaan] | e— | FT — o ---0—o
T T — T T T T
0 1 ! B removal 0 1 toT2 2

@ For a segment insertion:

39



Description of the insertion/removal of a segment

insertion
1 T1 < T1 T1 To T2
@ For a segment insertion: 0 B removal 0 B
@ Choose insertion or removal with the probability 1/2

39



Description of the insertion/removal of a segment

insertion
S S | T feeeeeenns 00— @n-- I (a)
0 1 e B removal 0 1 T2 T2 8

@ For a segment insertion:
@ Choose insertion or removal with the probability 1/2
@ Choose atime 7> within dr (3/d times are available).

-



Description of the insertion/removal of a segment

insertion
......... O @ eiiieeineeinend
t Pt > | 7
0 B removal

@ For a segment insertion:
@ Choose insertion or removal with the probability 1/2

@ Choose atime 7> within dr (3/d times are available).
@ If 75 is in an existing segment, reject move.
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Description of the insertion/removal of a segment

insertion
| FEET O @ - cicenienaenaan] | e— | FETTT — o ---0—o
T T — T T T T
0 1 ! B removal 0 1 toT2 2

For a segment insertion:
Choose insertion or removal with the probability 1/2

Choose a time 75 within dr (8/dr times are available).

If 72 is in an existing segment, reject move.

If move is accepted, choose a time 2. Two general case are possible (a) and (b)

39



Description of the insertion/removal of a segment

insertion
S S | T feeeeeenns 00— @n-- I (a)
0 1 e B removal 0 1 T2 T2 8

For a segment insertion:

Choose insertion or removal with the probability 1/2

Choose a time 75 within dr (8/dr times are available).

If 72 is in an existing segment, reject move.

If move is accepted, choose a time 2. Two general case are possible (a) and (b)
insertion

T T - T
0 1 B 5 removal 0 2 T ! 2 B

39



Description of the insertion/removal of a segment

insertion
[T 7%_7,1 ................... | T feeeeee 7’-.1—7.1 7"2._"'.2 ....... I (a)

@ For a segment insertion: 0 B removal 0 B
@ Choose insertion or removal with the probability 1/2
@ Choose atime 7> within dr (3/d times are available).
@ If 75 is in an existing segment, reject move.
@ If move is accepted, choose a time 7. Two general case are possible (a) and (b)

insertion

é ........ S S g —— e s ?"‘.—é (b)

@ The proposal probability of the insertion is (Imax is the length available for the insertion).

ldr d
Pprop(z > @') = = 7
2 B lmax
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Description of the insertion/removal of a segment

insertion
S S | T feeeeeenns 00— @n-- I (a)
0 1 e B removal 0 1 T2 T2 8

For a segment insertion:

Choose insertion or removal with the probability 1/2

Choose a time 75 within dr (8/dr times are available).

If 72 is in an existing segment, reject move.

If move is accepted, choose a time 2. Two general case are possible (a) and (b)
insertion

T T T T
0 1 B 5 removal 0 2 T ! 2 B

The proposal probability of the insertion is (Imax is the length available for the insertion).

ldr d
Pprop(z > @') = = 7
2 B lmax

The proposal probability of the removal is

Porop(z = @) = - —
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Description of the insertion/removal of a segment

insertion
S S | T feeeeeenns 00— @n-- I (a)
0 1 e B removal 0 1 T2 T2 8

For a segment insertion:
Choose insertion or removal with the probability 1/2

Choose a time 75 within dr (8/dr times are available).

If 72 is in an existing segment, reject move.

If move is accepted, choose a time 2. Two general case are possible (a) and (b)

insertion
S S S S o— (b)
(|J 1 T 8 removal 0 2 Tt i 2 B
The proposal probability of the insertion is (Imax is the length available for the insertion).
1dr dr
Pprop(z = @) = 25 o

The proposal probability of the removal is

Porop(z = @) = - —

Then we use the Metropolis expression for the acceptance probability:
p(z") Pprop(z’ — ) >

’ .
2 ,(x—)x):mm(
aee p(x) pprop(r — )

39



Acceptance probability

@ The proposal probability of the insertion is: pprop (2 — =)

40



Acceptance probability

@ The proposal probability of the insertion is: pprop (2 — =)

@ The proposal probability of the removal is: pprop (2 — z”)

dr drt

B lmax

40



Acceptance probability

dr

dar
g

| =

@ The proposal probability of the insertion is: pprop (2 — =) ;
1

2ng

@ The proposal probability of the removal is: pprop (2 — z”)
@ Then we use the Metropolis expression for the acceptance probability of the insertion

rop(z — @’ z’
pacc(x%x/)=min<pp p( . ) p( ),1>
Pprop (2’ — z) p(z)

40



Acceptance probability

dr

Imax

© The proposal probability of the insertion is: pprop (z — z') =

| =

dr

B
1

@ The proposal probability of the removal is: pprop (z — ') = DY

Ne

@ Then we use the Metropolis expression for the acceptance probability of the insertion

rop(z — @’ z’
pacc(x%x/)=min<pp p( . ) p( ),1>
Pprop (2’ — z) p(z)

@ Using the probability p(x) from the partition function

P(2) = Zoaen (d7) 2" T exp [—so(ll +I)+ UOP] <H det[F, (7 — T)])

40



Acceptance probability

dr

© The proposal probability of the insertion is: pprop (z — z') =

dar
g

| =

Imax

1
2ng
@ Then we use the Metropolis expression for the acceptance probability of the insertion
Porop(z = @) p(a’) 1)
pprop(zl — ) p(”ﬂ) ’

@ The proposal probability of the removal is: pprop (z — ') =

Pace(z = ') = min (

@ Using the probability p(x) from the partition function

P(2) = Zoaen (d7) 2" T exp [—eo(ll +I)+ UOP] <H det[F, (7 — T)])

@ For an insertion of a segment p(z) and p(z’)

Blunax det[ ) 5P [—eo0 + 1) + UOL]
n+1 det[F] exp [—6o(l1 + 1) + UOI$]

Pace(z — ') = min (

40



Acceptance probability

ldr d
@ The proposal probability of the insertion is: pprop(z — z') = = ar _ar
2 ﬂ lmax
1
@ The proposal probability of the removal is: pprop (z — ') = Dy
No

@ Then we use the Metropolis expression for the acceptance probability of the insertion

’ . Pprop(z — ) p(a’) >

P r— xr)=min| ——7"—-——= ,1
ace( ) (pprop(zl — ) p(”ﬂ)

@ Using the probability p(x) from the partition function

P@) = Zpaun (dr)* M Wexp [—eo (1] +13) + UOT | (H det[Fo (7 — ﬂ])

@ For an insertion of a segment p(z) and p(z’)

Blunax det[ ) 5P [—eo0 + 1) + UOL]
n+1 det[F] exp [—6o(l1 + 1) + UOI$]

Pace(z — ') = min (

@ similar expression can be obtained for other moves.
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Measurements

@ Occupations

(o) = 5 TIePMig] = 225 f(a)e

@ Double occupation (and interaction energy)

11
(nyng) = BE ZI: f(ﬂc)oTi

@ Green’s function, magnetic susceptibility.

M



Comparison between Iron and Cerium

e d orbitals in iron are much diffuse than f orbitals in cerium.

o Vj is thus much larger
e The expansion as a function in V. needs more term in iron in comparison to cerium.

I
o

Probabilité

©
~

I
S

Cerium o
0 Ceriumy

Hﬂmﬁﬁﬁ
10

Ordre en perturbation

Probability

o
=

I
=3
S

t2g
0 eg

|“|I||l. .
10 20

Perturbation order

30
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Conclusion

@ For more general interaction for multiorbital case (d or f), the algorithm is more complex.

@ Active research to reduce noise, or speed up the calculation.
@ Interaction expansion is also possible.

@ Global moves can be necessary for multi-orbital systems.

@ Sign problem in the general case.

Thanks to Jordan Bieder, Jules Denier, Valentin Planes.
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Negative sign problem

Z:/f(:c)dz

(A) = %Tr (777 4)

On quantum systems, it can happen that f(z) < 0 for some z. How to randomly choose a configuration with a negative
(or even complex) probability ?

(A) pay = Jdzf(z)A) _ [dof(x)Ax) _ [dz|f(x)lsgn(f(2))A(x)

&) = T dn f () Jdaf(z) [ dz|f(z)]sgn(f(z))
(sgn(f(2))A(@)) | 5 ()]
(Sgn(f(fﬂ))>|f(a:)\

We can thus sample sgn(f(z))A(z) with the probability | f(x)].
Similarly, for complex f(z) = | f(x)|e*?(*), We can sample ¢*¢(*) A(z) with the probability | f()|.

(A s =
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