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The many-body problem

& Many-body Schrodinger equation

A

HY(rqy,....,rny) = EV(rq,...,TN)

— ——ZVQ—I— Z |I'7,—I'J| Zv(rz‘)

1#£] 1

(NB: Born-Oppenheimer approximation)

& Many-body wavefunction and observables

U(ry,...,ry) > (U|O|W)



Theoretical Background

& Wave-function based approaches # Reduced quantity based approaches

Key quantity: many-body wavefunction Key quantity: Simpler physical
quantity, e.g. the density
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& Wave-function based approaches # Reduced quantity based approaches
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Theoretical Background

& Reduced quantities

density ,0(1') Density Functional Theory
current-density j(r) Current-Density Functional Theory
1-body density matrix ’y(I', I'/) Reduced Density Matrix Functional Theory

1-body Green’s function G (x,x";w) Many-Body Perturbation theory
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Program of the lecture

& GFs in maths

& GFs in physics

& GFs in quantum mechanics

& 1-GF: Dyson equation and self-energy
& 2-GF

& Higher-order GF



Mr George Green

& British Mathematician and Physicist

& An Essay on the Application of Mathematical
Analysis to the Theories of Electricity and
Magnetism (Green, 1828)
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between the ages of 8 and 9
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A

D, is a differential operator, e.g. d*/dt* + c
F(x) is the inhomogeneous term, e.g. a force

The solution f (z) can be expressed in terms of the Green’s function G(z, y)

D,G(z,y) = §(z — y)

f(x) = /dyG(SL‘, y)F(y)



Green’s functions in physics : Harmonic oscillator

i\mmw._|_, dt2 - WeT = fo sin wt
D f(t)
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Green’s functions in physics : Harmonic oscillator

i\mmw.—l dt2 - WeT = fo sin wt

th (%)
d? Gy (t
GF dtOQ( ) | ngo(t) =0(t) —» Go(t) = H(t)isinwot
Wo
) 1 -
. . / L / /
solution Z(t) = /dt Go(t —t) (1) Go(w) = 2 : 2

Go(w) has poles at the natural frequency



Green’s functions in physics : Harmonic oscillator in
a medium

" A2 - 27 7 | w%m:fo Sin wt
F(t)
d*G(t dG(t .
o dtZ() - 27 di) FwpG(t) = o(t) > G(1) 29(t)w—06 7t sin wot

solution  z(t) :/dt’G(t—t’)f(t’) 4)



Green’s functions in physics : Harmonic oscillator in
a medium

it d?z dx
- 27y - Wy
dt

xr = fosinwt

G(t) = 6(t)—> G(B) = 6(t) ¢ " sinwnt




Green’s functions in physics : Harmonic oscillator in
a medium
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Green’s functions in physics : Harmonic oscillator in
a medium
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Green’s functions in physics : Harmonic oscillator in
a medium
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Green’s functions in physics : Harmonic oscillator in
a medium

it d?z dx
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dt
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Green’s functions in physics : Harmonic oscillator in
a medium

21 d?z dx
- 27y - Wy
dt

xr = fosinwt

G(t)=6(t)— > Glt) = H(t)wioe‘” sin wot

1 / 1
/\ (w) (.U% — CUQ — 27/&)”}/ v =0 GO (w) w% — UJ2
1

T Go@) - Sw) () + Go(w DG

self-energy

Dyson
eqguation

small ~

T Go(w) 4+ Go(w)B(w)Go(w) + Go(w)E(w)Go(w)X(w)Go(w) + ...



Green’s functions in Quantum mechanics

D, =i9/0t + L L|¢n) = Ap|obn) sei-adjoint



Green’s functions in Quantum mechanics

<Af)t — i9/0t + L L|¢n) = Ap|obn) sei-adjoint

oF [z—-LIG(z)=1 —> G(z) = —




Green’s functions in Quantum mechanics

Qﬁt = i0/0t + L L|¢n) = An|n) seli-adioint

1

oF  [z—L]G(z)=1 — G(z)= i)

Z_

nz n

(2 # {An} € 0a)
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z—L|G(z) =1 —> G(z)= Zi)
G(z) = Y 1o (gl = Y 12210

n n

(z £ {\n} € 0q)

(G(z)has discrete poles and a branchcut
along the real axis and it is analytic elsewhere
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z—L|G(z) =1 —> G(z)= Zi)
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(G(z)has discrete poles and a branchcut
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Green’s functions in Quantum mechanics

many-body (2 — H*YGYY (w) =1
Schrodinger eq.
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Green’s functions in Quantum mechanics

many-body (2 — H*YGYY (w) =1

Schrodinger eq. working only with a
few-body GF:
2 — b (W))G% (w) = 1 downtfolding




Notation

& Zero temperature equilibrium, BOA, non-relativistic
many-body H = [ dxyf(x / / dxdx'it (x) ! (x) ) (%)) (x)ve(x, X')

Hamiltonian

& Combined space-spin-time indices
(17) = (x1,t]7) witht] = ¢, +0 (6 — 0T)

& Implicit integration

integration overindices not present on the left-hand side of an equation is implicit

G(1,2) = Go(1,2) + Go(1,3)X(3,4)G(4, 2)

& Atomic units

0 = i =8 —igay — |
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& Fermions

1Y has to be antisymmetric with respect to the interchange of the coordinates of two
electrons

W (X1, ooy Xiy ooy Xy ooy XN) = — V(X1 eoey Xy vny Xy wvny XN )

All states of a N-particle system belong to the Hilbert space /HgN)

They form a complete set ( @) (¥, =1 ), and can always be taken orthonormal
((Yk|¥) = or) Z,;
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& Fermions

1Y has to be antisymmetric with respect to the interchange of the coordinates of two
electrons

W (X1, ooy Xiy ooy Xy ooy XN) = — V(X1 eoey Xy vny Xy wvny XN )

All states of a N-particle system belong to the Hilbert space HELN)

They form a complete set ( @) (¥, =1 ), and can always be taken orthonormal
((Yk|¥) = or) Z;; |
closure relation

A collection of all Hilbert space with arbitrary number of particles define a Fock space

F=HHO gH1 g 7—[&2) O ...’HgN)@

closure relation S: S: T (0y ] =1 orthonormal (U3 |V = 816N
kM relation




& Fermions

1Y has to be antisymmetric with respect to the interchange of the coordinates of two
electrons

W (X1, ooy Xiy ooy Xy ooy XN) = — V(X1 eoey Xy vny Xy wvny XN )

: N
e Hilbert space Hg )
and can always be taken orthonormal

All states of a N-particle systembelong to-

They form a complete set (
((Yk|¥) = or)

closure relation

A collection of all Hilbert space with arbitrary number of particles define a Fock space

F=HHO gH1 g Hf) O ...’HgN)@

closure relation Z Z (U =1 orthonormal (U3 |V = 816N
kM relation



Survival kit: second quantisation

& Field operators/creation and annihilation operators
ot ot ot

Y Y Y
expansion in a W (x) = *(y0) ol
(), 9T (x')} = d(x ~ x) oneparioe ¥ 2
asis se D(x) = Z i (%)é;
{@E(X),@E(X’)} — {&T(X),;;T(X/)} =0 {éia éT} _ 5;



Survival kit: second guantisation

& Hamiltonian in first quantisation

. 1 1 1
H = —§;V?+§i:v(ri)+§; T —1;

& Hamiltonian in second quantisation

1

v —r'|

Y(x")ih(x)

i = [axitx [——+v< >} B [ dxax ! 60 ()



Survival kit: evolution operator

& Evolution operator

The time evolution operator maps a wavefunction at time t into a
wavefunction at time to

U (t)) = Ult, to)|¥(to))

g AU (t,t) o
i—— = H(t)U(t t)

(PAI time independent

Ul(t,ty) = e H(t=to)




Survival kit: pictures

& Pictures

A

A(t) being a general time-dependent operator, unitary at each t

AT A(t) =1 = A(t)AT(¢)
The expectation value (O} — <qf|O|\p> can be written as

(0) = (Y[AT(H) A()OAT (1) A(1)|W) = (A1) P|A(H)OAT ()| A(1) W)

<\IJ\OA\\IJ> = <\IJA\OAA\\IJA> picture transformation



Survival kit: pictures

& Schrédinger picture: A(t) =1
Operators and wavefunctions have their natural time dependence

& Heisenberg picture: A(t) = Ul (¢, to) = Us(to, t)

A

Wi (t) = Us(to,t)|Ws(ty)) = |Ys(ty)) = constant
Ou(t) = Ug(t»to)és(t)ﬁs(@to)

Gjtime iIndependent
Op(t) = et O (t)e !

| | dOg(t) . |00 A
t ut i | { el }
ime evolution 1 g ] > ) + Oy, Hy




N-body Green’s functions

& n-body Green’s function

M ) T (0 MG
G(n)(l, .M 1/7 2/7 s n/) — (_l)n <\IJO‘T[¢H(1)¢H(”’)¢H(” )wH(l )] ’\Ij0>

(Wo|Po)

A

field operators in the b (1) = eiﬁtlzﬂ(xl)e—z‘ﬁtl
Heisenberg picture

time-ordering operator T

ground-state many-body |\Ifo>
wavefunction



1-body Green’s function

& 1-body Green’s function
G(1,1") = —i(Wo|T[hu (1)}, (1] Wo)

time-ordering p N ( ) (1) for t1 >ty
operator Tldn(W)ey (1) = { _— ( V(1) for t1 >ty

G(1,1') = =iO(t1—t1/) (Wo| Par (1) (1) [Wo) HO (b1 —t1) (Wo| (1) a (1) W)

(x15 t17) (X145 t717)
N o

® O
(Xl, t1 ) (Xls t1 )

propagation of an electron propagation of a hole



1-body Green’s function

& 1-body Green’s function
G(1,1") = —i(Wo|T[hu (1)}, (1] Wo)

. . f MNEL
time-ordering  Ay,7, 1] — %H(l)wﬁ(l ) for t1 > ty/
operator T (e (L)] { — L(l’)@bH(l) for t1/ > t;

G(1,1) = —iO(t1—t1:) (o | Y (1)1 (1') [Wo) +iO(t1r—t1) (Uo| 5 (1)hm (1) | Wo)

greater G G (1,1) = —i(Wolyhu (1) (1) W)
esserG o GS(1,1) = (Vo[ (1) (1) | Wo)

retarded G GR(L 1/) — —i[G>(1, 1/) - G<(1, 1/)]9(t — t/)

advanced G G4(1,1") =[G~ (1,1") — G=(1,1)]0(t —t)



1-body Green’s function

& Lehmann representation of 1-GF

G(1,1') = —iO(t1—t1) (Vo| P (1)1l (1) [Wo)+iO (k1 —t1) (To| bk (1)ibr (1) [Wo)

Insert the resolution of identity S: S 1T (TN in Fock space
kM

00 +i
- u n _IOét h
Fourier transform to frequency using the relation /_ _a O(Ft)e ] e = R

_ B2 (x,x') Bl(x,x")
G(x,x;w) = lim + !
( ) ?7_>0_|_ Z W — (E%"’l EN _|_ 177 Z W — EN EI;Z?JV—I) L 177

L m



1-body Green’s function

& Lehmann representation of 1-GF
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Insert the resolution of identity S: S 1T (TN in Fock space
kM

. . . —lat B E
Fourier transform to frequency using the relation /_ _dt[O(FDe Jet = lm

B2 (x, %’ (X x')
G(x,x;w) = lim e +
( ) n—0+ zm:w(ET]XH ) +in zn: wEN b —in

ground-state energy of the N-electron system




1-body Green’s function

& Lehmann representation of 1-GF

G(1,1) = —iO(t1—t1) (Uo| Yrr (1)} (1) [Wo)+iO (t1r —t1) (To| ¥l (1) (1) |To)

Insert the resolution of identity S: S 1T (TN in Fock space
kM

o o +i
. . . —1at 71
Fourier transform to frequency using the relation /_ _a O(Et)e | ™' = R T p——

x. X :w) = lim | /Bé(x,X/ /_&fw
G(x, x5 w) nl—>0+ _;WW1)+177+;MW)177_

ground-state energy of the N-electron system

(ground/excited)-state energies of the (N =1)-electron system



1-body Green’s function

& Link to photoemission spectra

BA BR
G(x,x;w) = lim " (X, %) - Z X X
=0T | + /- — 1

ground—state energy of the N-electron system

(ground/excited)-state energies of the (N 1=1)-electron system

Unoccupied orbital/

‘\_/ - band
N

e
hv

f-(' ' Occupied orbital/

band

direct photoemission : N—> N-1



1-body Green’s function

& Link to photoemission spectra

BA BR
G(x,x;w) = lim " (X, %) - Z ' X X
n—0" | + i 5 —1n

ground—state energy of the N-electron system

(ground/excited)-state energies of the (N 1=1)-electron system

Unoccupied orbital/ Unoccupied orbital e hv
band \
H}/ e band \0/

e
hv

/" ' Occupied orbital/ Occupied orbital/ r\
band

band

direct photoemission : N—> N-1 inverse photoemission : N—> N+1



1-body Green’s function

& Link to photoemission spectra

BA BR
G(x,x;w) = lim " (X, %) - Z X X
=0T | + /- — 1

ground—state energy of the N-electron system

(ground/excited)-state energies of the (N ==1)-electron system

Imw |
:
B - BN
|
. : . . . E X X X X X R’ew
M
L e o
AF
: AEg — F

Polar structure of G



1-body Green’s function

& Link to photoemission spectra

_ B2 (x,x) Bl(x,x)
G(x,x";w) = lim L — L
( ) n—0+ Zw—(EﬂfZ“—Eg)V)HU Zw—(EgV—EfX—l)—m

n

By (x,x") = (g [ (x) (U 1) (U T () [0

By (x,x") = (W' [F (x) [ 1) (b () [ W)

n



1-body Green’s function

& Link to photoemission spectra

I A / R /
Glx.x'w) = lim Zw B (x,x') s BE(x,x')

n—0+ —(En ™ —E))+in Hw—(BY —Ey ) —in

By (3,x) = (@5 T (o)W (W o (@)
) = @) N W (x)(@5)

ground-state many-body wavefunction of the N-electron system




1-body Green’s function

& Link to photoemission spectra

B2 (x,x) Bl(x,x)
G(x,x";w) = lim T — no
( ) n—0+ Zw—(E£+1—E5V)+in Zw—(EgV—EfX—l)—m

n

By (e x') = @ o@D 197 (!XT
B (x,x') = (@' (<)@ N D)@

ground-state many-body wavefunction of the N-electron system

(ground/excited)-state many-body wavefunction of the (Nx=1)-electron system



1-body Green’s function

& Link to photoemission spectra

G(x,x;w) = nli)rgh

n

Feynman-Dyson amplitudes

>

B;?L (x,x")

ENTY— EN) +in

fm (%)

r———
By (x,x') = (0§ [0 (x) [T, 1) (T, T (x) [0

dn (X/)

Jms n

2

n

Bl(x,x)
w— (EY — By~ —in

o (X7)

g,, (x)

~ — o
B (x,x") = (Tg [T (x) |05 ) (T (%) [ T5)

Y Im() fr(w) + ) gn(@1)gs(w1) = (21 — 21)



1-body Green’s function

& Link to photoemission spectra

_ B2 (x,x) Bl(x,x)
G(x,x";w) = lim L — L
( ) n—0+ Zw—(E£+1—E5V)+in Zw—(EgV—EfX—l)—m

a n

o o 6:(x)¢; (X)
noninteracting G GO(Xv X ,w) — 2@: D — e,? sgn(eg _

p)in



1-body Green’s function

& Spectral function

1
A(x, x5 w) = —%[GR(X, x';w) — G (x,x';w)] = lsgn(u — w)IG(x, x5 w)
7r

=) B, x)o(w— (Bn ™ = EY)) + ) Bi(x,x)d(w— (B! — Ey'))



1-body Green’s function

& Spectral function

1
A(x,xsw) = —%[GR(X, x';w) — GA(x,x";w)] = lsgn(u — w)IG(x, X' w)
70

=) B, x)o(w— (Ex™ = Eg')) + ) Bii(x,x)d(w — (B! — Ey))

quasiparticle

i

PR

satellite R ‘\‘
X +
: ' \ “ R
quasiparticles ~F®.
' T W

satellites (e.g., neutral excitations

p v




1-body Green’s function

& Spectral function

1
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70
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1-body Green’s function

& Spectral function

1
A(x,xsw) = —%[GR(X, x';w) — GA(x,x";w)] = lsgn(u — w)IG(x, X' w)
70
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& Physical content of 1-GF

2 the one-particle excitation spectrum of the system

2 the ground-state expectation value of any one-body
operator, e.qg., the density P or the density matrix“/

p(x) = —iG(x,x;t —t7)  y(x,x') = —iG(x,x';t —t7)
2 the ground state total energy

E:—%/dml lim lim |4 - h(x1)| G(1,1")

|
tfl_ﬂgir i —x1 | 8?51




1-body Green’s function

& How do we get G ?

G(1,1") = —i(Wo|T[ha (1)} (1)][Wo)



1-body Green’s function

& Equation of motion of G: 0G(1,2)

Ot



1-body Green’s function

& Equation of motion of G: 9G(1,2)
Otq

O (1)

EoM operators i
Otq

— [’&H(l)aﬁ]

commutators

(), = ~h(a)9! (x) = [ dyaloey)9! ()9 (3)9()



1-body Green’s function

& Equation of motion of G: 9G(1,2)
Otq

iaﬁzH(l)
Ot1

— [’&H(l)aﬁ]

EoM operators

A

900, H] = h(x)9) + [ dyoe(x,y)i! (3)d)H6)

commutators

g 1), Hl= 031 0) — [ dyvete )91 (0 () )

9G(1,1)

5 6(1 -1+ hn(1)G(1,1")

i [ d2o (1" 2 (WITI] 2)dn 20u (DI 1) ¥o)



1-body Green’s function

& Equation of motion of G: 9G(1,2)
Otq

O (1)

EoM operators i
Otq

— [’&H(l)aﬁ]

900, H] = h(x)9) + [ dyoe(x,y)i! (3)d)H6)

commutators

g 1), Hl= 031 0) — [ dyvete )91 (0 () )

BG(l 1’) 5(1— 1 G(1.1)
—z/dQ. ‘I’0|T[¢H ¢H ¢H( )¢H( )] |‘I’0>

oty
— UC Iy, I‘2 t — tg)




1-body Green’s function

& Equation of motion of G: 9G(1,2)
Otq

O (1)

EoM operators i
Otq

— [’&H(l)aﬁ]

A

900, H] = h(x)9) + [ dyoe(x,y)i! (3)d)H6)

commutators

g 1), H= 9t 6e) — [ dyvee ) 099 (35

9G(1,1)

5 6(1 -1+ h(1)G(1,1")

—z‘/dzvc(ﬁ,z ‘I’o|TWL(2)¢H(2)¢H(1)¢@‘I’0>




1-body Green’s function

& Equation of motion of G: 9G(1,2)
Otq

2-body GF

(To| T 5 (27)r (2)9r (L)Y (1)] [Wo) = — (Vo T rr (1) s (2)P 5 (27)0 (1)) | Wo)
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1-body Green’s function

& Equation of motion of G: 9G(1,2)
Otq

2-body GF
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Equation of motion of G(2)



1-body Green’s function

& Martin-Schwinger hierarchy

g L) — ¢2)

G2 — gG)

[ii - h(k)] G™(1,...,m1,...,n) =
dt

2 (1M )OO, G Y )
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1-body Green’s function

& Martin-Schwinger hierarchy

g L) — ¢2)

G2 — gG)

d | i} X
[i% — h(k)] GM(1,...,n1, .. n) = Z (=18, GV, ..., .1, K )
) .
J

—i/difvc(k,i)G(nH)(l,...,n,i;l',...,n’,1+)

How to truncate this hierarchy?



1-body Green’s function

& Self-energy and Dyson equation

self-energy  X(1,1") = —iv.(1, 2+)G(2)(1, 2:2' . 2)G1(2', 1)

g 9w e - /dQE(l, NG(2,1') = 5(1 — 1')




1-body Green’s function

& Self-energy and Dyson equation

self-energy  X(1,1") = —iv.(1, QJF)G(Q)(l7 2:2' . 2)G1(2', 1)
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1-body Green’s function

& Self-energy and Dyson equation

self-energy  X(1,1") = —iv.(1, 2+)G(2)(17 2:2' . 2)G1(2', 1)

g :fz(;; h(l): G(1,1) — /d22(1,2)G(2,1’) —§(1—1)

noninteracting G i@t h(l)| Go(1,1") =6(1 —1")
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1-body Green’s function

& Why a Dyson equation?

G(w) = [1 = Go(w)E(w)] ™" Go(w)
= Go(w) + Go(w)X(w)Gp(w) + Go(w)X(w)Go(w) X (w)Go(w) + ...

Even approximating > to low order in the interaction,
solving the Dyson equation create contributions to all
orders



1-body Green’s function

& Self-energy and Dyson equation
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1-body Green’s function

& Hartree-Fock approximation

G (1,2;1,2) = G(1,1NG(2,2") — G(1,2)G(2,1") + 6GP)(1,2;1',2))

- >< T




1-body Green’s function

& Hartree-Fock approximation

G (1,2;1,2") = G(1,1)G(2, G(1,2")G(2,1’ +5G< 1,2

g@ < @

SHE(1,1) = —ivg(1,2N)[G(1,2))G(2,27) — G(1,27)G(2,2)]G~1(2/, 1)

— _ive(1,2)G(2,27)8(1, 1) + iv.(1,1)G(1,1'+)



1-body Green’s function

& Hartree-Fock approximation

G2 (1,2;1,2) = G(1,1)G(2,2") — G(1,2))G(2,1’ +5G<

g@ > @

SHE(1,1) = —ivg(1,2N)[G(1,2))G(2,27) — G(1,27)G(2,2)]G~1(2/, 1)

= —iv(1,2)G(2,27)6(1,1') +ive(1,1')G(1,1"*)

vH(1;§(1,1/) > (1,17)




1-body Green’s function

& Hartree-Fock approximation

G2 (1,2;1,2") = G(1,1)G(2, G(1,2)G(2,1)) +5G(

g@ < @

SHE(1,1) = —ivg(1,2N)[G(1,2))G(2,27) — G(1,27)G(2,2)]G~1(2/, 1)

= —ive(1,2)G(2,21)8(1, 1) + ive(1,1)G(1,1)

UH(1;6F(1,1’) > (1,17)

How to go beyond HF?



1-body Green’s function

& Schwinger relation

0G(1,1%; [Vert])

— __((2) 1! ot /. +.
5‘/6:”(2,, 2) G (]-7 27 1 72 ) [Vvea:t]) + G(17 1 ) [Vveivt])G(27 2 ) [Vvewt])




1-body Green’s function

& Schwinger relation

0G(1,1%; [Vert])

g 0Vert(2/,2)

»(1,1") = vg(1)0(1 — 1") +iv.(1, 2)

=GP (1,2;1,2%; [Veze]) + G(1,1"; [Vert])G(2, 2 [Vit])
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1-body Green’s function

& Schwinger relation

0G(1,1%; [Vert])

g 5‘/;mt (2/7 2)

%(1,1") = vy (1)6(1 — 1) + ive(1, 2)

=GP (1,2;1,2%; [Veze]) + G(1,1"; [Vert])G(2, 2 [Vit])
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And now?



1-body Green’s function

& Schwinger relation

0G(1,1%; [Vert])

g 5‘/6:1;15 (2,7 2)

%(1,1") = vy (1)6(1 — 1) + ive(1, 2)

=GP (1,2;1,2%; [Veze]) + G(1,1"; [Vert])G(2, 2 [Vit])

5G(17 2,; [V:e:vt])

G 12,1
5%&715 (2) Vezt=0 ( )

And now?

See next week!



2-body Green’s function

& Neutral excitations/Absorption spectrum

N
hhi
Sbay

C

(%

The excited electron and the hole left behind interact
A two-particle correlation function is needed (G (%)



2-body Green’s function

& 2-body Green’s function
G (1,2,1,2') = (—i)X(N|T [ (1)du(2)d} (2"} (1)]|N)

T

particle-particle

(Iectron-@




2-body Green’s function

& 2-body Green’s function
G®(1,2,1,2") = (=) X(N|Tpu(1)Pu (2P} ()0} (1)]IN)

T

particle-particle

@Ctron-@

byt > to, tor —>G@I (1 217, 2y = —(N|T[HQ)S () THR)EH )]V

to,tar > t1, 11 == Y _(NIT[HO)$T WIN, i) (N il TH(2)41 (2)]IN)

t1,02r > 1o, 11/ o
= —> x(1,1)5%:(2,2)
to, 117 > 11,12 i=0

o
- Z e Eo=E)Ty (21, 21/, 71) X (2, Tor, T2)
1=0



2-body Green’s function

& 2-body Green’s function

G?(1,2,1,2") = (=) (N|T [ (1)Pu(2)dl (2)dh (1)]|N)

T

particle-particle

@ctron-@

G (1,2,1,2') = GP(1,2,1,2)0(r — |11|/2 — |72|/2)

G2 11(1,2,1",2Y0(—1 — |11|/2 — |72|/2)
+G@DAII (1 2 1" NO(—(11 — 1) /2 — | — T+ 71 /2 4+ 12/2|/2 —

11,217, 2Y0((1) — T2) /2 — | — T+ 11/2 + 72/2|/2 —

T+71/24+ 12/2|)

T+ 71/24 12/2|)



2-body Green’s function

& 2-body Green’s function
G®(1,2,1,2) = (=) X(N|T[pu (1) (2} (2} (1)]IN)

T

particle-particle

@ctron-@

~

1 . Xi(z1, 717, 71) X3 (22, 227, T2)Sign(w;)

= 7 o — W @%insign(%) w;, = B, — B
1,
X exXp {§Slgn(wi)[w — wz'][|7'1‘ + ‘7'2‘]}

+contributions non singular at w;



2-body Green’s function

& 2-body Green’s function
G (1,2,1,2') = (—i)X(N|T [ (1)du(2)d} (2"} (1)]|N)



2-body Green’s function

& 2-body Green’s function
G®(1,2,1,2) = (—i)X(N|T[u (1) (2)¥} (2)d] (1))

How to get a Dyson equation for ((2) ?
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& 2-body Green’s function
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2-body Green’s function

& 2-body Green’s function
G (1,2,1,2') = (—i)X(N|T [ (1)du(2)d} (2"} (1)]|N)

How to get a Dyson equation for ((2) ?

See next week!

Spoiler: use Schwinger relation

5G(17 1,7 [V:B:ct])
5%3375(2,7 2)

= -G (1,2;1,2%; [Vews]) + G(1, 1 [Vere) ) G(2, 275 V]



i

& Dyson equation

d 2 : - -
H — h(k’)] G(n)(l, ceey N 1,, ...,n') — k+J5 k ] G(n 1)( °7j7 seey T 1,7 "'7k,7 ...,TL,)
k
J

\

One can recast the EoM of the n-GF in a Dyson equation at the price of
a very complicated self-energy...or

—i/divc(k,I)G(nH)(l,...,n,I;1',...,n’,1+)

G (w) = Gy (w) + Gi" (W) B (w)G™ (w)



N-body Green’s function

& n-body self-energy
2,(w) =Gyt - gt

G(()n) defines the space in which the Dyson equation has to be solved

Express ¥} in terms of 22



N-body Green’s function

& Example: the 3-GF
Gg(w) — Gog(w) + GQg(W)Zg(w)Gg(w)

57Lm
Gor,(im) (W) = w — €; + insign(e; — )
6’im5j05lk(fi — fl)(fj — fl)

w— € — (€] —€) +insign(e; — p)

—— - - : -
—— G - - Ggp =
-

)= (5 )

3
GOg,(z’>jl;m>ok) (w) =
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