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Today’s program

o How to perform a Hartree-Fock (HF) calculation in practice?

o Computation of integrals [Ahlrichs, PCCP 8 (2006) 3072]

o Orthogonalization matrix [Szabo & Ostlund, Modern Quantum Chemistry]

o Construction of the Coulomb matrix [White & Head-Gordon, JCP 104 (1996) 2620]
@ Resolution of the identity [Weigend et al. JCP 130 (2009) 164106]

o DFT exchange via quadrature [Becke, JCP 88 (1988) 2547]

@ Generalities on correlation methods

o Configuration Interaction (Cl) [Szabo & Ostlund, Modern Quantum Chemistry]
o Perturbation theory [Szabo & Ostlund, Modern Quantum Chemistry]
o Coupled-cluster (CC) theory [Jensen, Introduction to Computational Chemistry]

o Computing the 2nd-order Maller-Plesset (MP2) correlation energy

o Atomic orbital (AO) to molecular orbital (MO) transformation [Frisch et al. CPL 166 (1990) 281]
o Laplace transform [Almlof, CPL 181 (1991) 319]

@ Coupled cluster with doubles (CCD)

o Introduction to CC methods [Shavitt & Bartlett, “Many-Body Methods in Chemistry and Physics: MBPT and
Coupled-Cluster Theory”]

o Algorithm to compute the CCD energy [Pople et al. JQC 14 (1978) 545]



How to perform a HF calculation in practice?

The SCF algorithm (p. 146) I

@ Specify molecule {rq} and {Z4} and basis set {¢;, }
Q@ Calculate integrals Sy, Hyy and (uv|Ac)

@ Diagonalize S and compute X = §~1/2

@ Obtain guess density matrix for P

1. Calculate J and K, then F = H+ J + K
. Compute F/ = X" . F. X
. Diagonalize F’ to obtain C’ and E
. Calculate C = X - C’
Form a new density matrix P = C - C*
. Am | converged? If not go back to 1.

(- RS, I NSUIINY

@ Calculate stuff that you want, like Eir for example
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Assumptions & Notations

Let’s talk about notations

o Number of occupied orbitals O
@ Number of vacant orbitals V
° N=0+YV

® i,j, k, L are occupied orbitals
@ a, b, ¢, d are vacant orbitals
@ p,q,r,sare

@ U, v, A, 0 are basis function indexes




One- and two-electron integrals

One-electron integrals: overlap & core Hamiltonian (Appendix A)

Sw = (ulv) = [ @u()pu()d ) $
Hu = (ulFe1) = [ Gu() e () o

Chemist/Mulliken notation for two-electron integrals (p. 68)

(uv|Ao) = fftpy 1) v (r1) 24),\(rz)¢g(r2)dr1dr2 3)

Physicist/Dirac notation for two-electron integrals (p. 68)

(nv|Ao) = ff‘l’# )¢y 1‘2) ¢A("1)<Po(?‘z)d1’1d1‘2 (4)




Computing the electron repulsion integrals (ERIs)

. 0.6
Four-center two-electron integrals “f
S

STO-3G basis for H atom

(aray|b1by) = <a1az\r;;|b b2> Zo3
(5) 02
= ff 1‘2) = ¢b1 (f])(Pb (rz)dﬁdrz 0.1
0.0 1
Formally, one has to compute O(N*) ERIs! 00 05 10 15 20 25 30

Gaussian-type orbital (GTO)

GTO = |a) = ¢4 (r) = ;Dkla]k

Primitive GTO = |a] = (x — A,)™ (y — A)Y (z — A,)% e 2lr=AP

o Exponent: «
o Center: A = (A, Ay, A7)

o Angular momentum: a = (ay, ay, a,) and total angular momentum a = ay + ay + az



The contraction problem
Primitive vs Contracted

K
@ Same center A \a) _ ZDk‘ak} ®)
@ Same angular momentum a k

o Different exponent

e Contraction coefficient Dy and degree K

K K K Ky https://www.basissetexchange.org

(a1az|b1b2) = ZZZZDIQ Dy, Dy, Dy, (a1 ka2, k, |b1 kb2 k] (6)
MM k k k k
contracted ERI primitive ERI € )
3 . . S 10 1.00
One contracted ERI required K7 X K; X K3 x Ky primitive ERIs! 8.236000D+03 5.3100000-04
1.235000D+03 4,108000D-03
2.808000D+02 2.108700D-02
7.927000D+01 8.185300D-02
Dunning’s cc-pVTZ basis for the carbon atom 2.5590000+01 2.3481700-01
8.997000D+00 4.344010D-01
10 10 10 10 3.319000D+00 3.461290D-01
9.059000D-01 3.937800D-02
(1s1s|1s1s) = ZZZZDIﬁ Dy, Dy, Dy, [Sk1 Sk, ‘Skg Sk, ] (7) 3.643000D-01 -8.9830000-03
k1 kZ k3 k4 h 1.285000D-01 2.385000D-03
o - y

The (1s1s|1s1s) integral requires 10* s-type integrals! )




Properties of Gaussian functions

Gaussian product rule: “The product of two gaussians is a gaussian”

Gual(r) = exp(ftx\r 7A|2) and  Ggg(r) = exp<7,3|r — B|2) then 9)
A B
[GeA()Gan(r) = G o) with C=a+p and P= % (10)
ap 2

- - |A-B 11

oo~ L5 -5P) )
y

(ab| d jj GaA T])Gﬁ B(h)i , (rz)GélD(rz)dhdrz
(12)
= KK —
JI G , (1'1) - G;I'Q(Tz)dﬁ dfz
The number of “significant” ERIs in a large system is O (N?)!

y




Upper bounds for ERIs

A “good” upper bound must be

e tight (i.e., a good estimate) |(ablcd)| < B (13)

e simple (i.e, cheap to compute)

|(ab|cd)| < y/(ablab)y/(cd|cd) or [(P]Q)] <4/(PIP)4/(Q|Q) (14)J

The family of generalized Holder bounds

|(ablcd)| < [(ablab)]”™[(cd|cd)]/" with ~+1=1 and mn>1 (15)
b y
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Asymptotic scaling of two-electron integrals
Number of significant two-electron integrals J

(ab|cd) = (ab|O;|cd) (16)

Long-range vs short-range operators

Nsig = c N 17)

Molecule N O=r,

Nsig 14 Nsig 114
propene 12 1625 — 1650 —
butadiene 16 5020 3.9 5020 3.9
hexatriene 24 24034 39 23670 3.8
octatetraene 32 63818 34 52808 238
decapentaene 40 119948 2.8 81404 1.9
dodecaexaene 48 192059 2.6 109965 1.6

y




Recipe for computing two-electron integrals

The cake:
Two-electron integrals
<a1a2 |b1b2>

A

Ingredient number 1:
Fundamental integrals
(00[00)™

Ingredient number 2:
Recurrence relations

(af) = (a1) + (a;)

Ingredient number 3:
Upper bounds
|(a1a2|b1bs)| < B
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Late-contraction path algorithm (Head-Gordon-Pople & PRISM inspired)

Shell-pair m m
00{00 00{00
o Pl {00 (00[00)

VRR;
Y
[0a|00]™ | (0ay|00)™
VRR;
Y
[a1 ap |00] (a1 a |00> (a1 ap ‘ b1 b2>

CC HRR

@ HRR = horizontal recurrence relation [Obara-Saika]
@ VRR = vertical recurrence relation

@ CC = bra contraction

PF Loos



Orthogonalization matrix

We are looking for a matrix in order to orthogonalize the AO basis, i.e. X' -S- X =1

Symmetric (or Lowdin) orthogonalization

X=8"2=uU-s"2.U" is one solution... (18)

Is it working?
xt.s.x=s"2.5.8V2=g512.5.672= (19)

Canonical orthogonalization

X = U-s~ "2 s another solution (when you have linear dependencies)... (20)
Is it working?
xt.s.x=s"2.ut . s.usV2=1 v (1)
~——
s
y




Computation of the Fock matrix and energy

Density matrix (closed-shell system)

P =23 CuCii or @)
i

.

Fock matrix in the AO basis (closed-shell system)

1
F;w = H]Ll/ + Z PAU’(HV‘/\U) _E Z P)\U(.WTV‘V) (23)
Ao Ao
Juv= Coulomb K,y= exchange
4

HF energy in the AO basis (closed-shell system)

1 1 1
Enr = ZP;WH;W I+ = Z Py |:(yl/|)\0') = E(#O’|/\V)} Py or |Exfp= ETr[P' (H aF F)] (24)
v WvAo

N
e
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Computation of the Fock matrix and energy

procedure CoMPUTING THE COULOMB MATRIX

foru =1,Ndo
forv=1,Ndo
Juw =10 > Initialization of the array
for A =1, Ndo
foro =1,Ndo
Juv = Juv + Pro (uv|Ao) > Accumulation step
end for
end for
end for
end for
end procedure > Thisisa O(N4) algorithm as it involves four loops



Resolution of the identity

Resolution of the identity (RI)

i|A)(A|:1 with (A|B) =da3 & iA(ﬁ)A(Tz):(s(ﬁ*Tz) (25)
A=1 A=1

4

Generalization to a two-body operator o

f;|;\><2\|=@ with (A|O|B) =43 and OA) = |A) & f;;\(ﬁ);x(m)zé(ﬁ,rz) (26)
A=1 A=1

v



Resolution of the Coulomb operator

Rlin practice = RI

) K
Y |AXA| =1 and, inpractice, ) |ANA| =1 (27)
A=1

4

Computing the Coulomb matrix within the Rl approximation

fyl/ = ZP)W(“MV‘/\O')
Ao
£ i Bl (afho)
= ;(HVV\) ;P/\J(AMU) ; 1| A)pa

O(KN?) and K storage O(KN?)

(28)

Similar (more effective) approaches are named Cholesky decomposition, low-rank approximation, etc.




Computation of exact exchange

procedure COMPUTING THE EXCHANGE MATRIX

foru =1,Ndo
forv=1,Ndo
K =0 > Initialization of the array
for A =1, Ndo
foroc =1,Ndo
Ky = Ky + Py (po|\v) > Accumulation step
end for
end for
end for
end for
end procedure > Thisisa O(N4) algorithm and it’s hard to play games...



Computation of DFT exchange

LDA exchange (in theory) = cf Julien’s Manu’s lectures

no closed-form expression in general

KA = [ 9u(r) <r>¢v<r>dr:fcx [ ouro (119 (r)dr (9
Z‘Pu ) Puv @y (r) (30)
Y
= [ f(x)dx = T wief (x¢)
KLDA N S () = 36 2 ou(r )P (r)eu(r) @)
~—~— k=1

roots

=2 0u(r) Py (i) (32)
v




The correlation energy

o HF replaces the e-e interaction by an averaged interaction

@ The error in the HF method is called the correlation energy

@ The correlation energy is small

HF energy roughly 99% of total but chemistry very sensitive to remaining 1%
o The correlation energy is always negative
o Computing E. is one of the

@ In quantum chemistry, we usually “freeze” the core electrons for correlated calculations



Most common correlation methods in quantum chemistry

@ Configuration Interaction: CID, CIS, CISD, CISDTQ, etc.
@ Coupled Cluster: CCD, CCSD, CCSD(T), CCSDT, CCSDTQ, etc.
@ Moller-Plesset perturbation theory: MP2, MP3, MP4, MP5, etc.

@ Multireference methods: MCSCF, CASSCF, RASSCF, MRCI, MRCC, CASPT2, NEVPT2, etc. (C. Angeli &
S. Knecht)

@ Density-functional theory: DFT, TDDFT, etc. (J. Toulouse/E. Fromager, F. Sottile)

@ Quantum Monte Carlo: VMC, DMC, FCIQMC, etc. (M. Caffarel)



Configuration Interaction (CI)

o This is the oldest and perhaps the easiest method to understand
o Clis based on the (like HF)

@ The Cl wave function is a linear combination of determinants

o Cl methods use to “improve” the reference (usually HF) wave function
_ ab |ab abed |abed
|Do) = co [Fo) + + ) Y+ + Y TR . 33
~— i<j i<j<k<l
reference a<b a<b<c<d
singles doubles triples quadruples



Cl method and Excited determinants

$$514 1
4514
%1%
b1t
$14113%

S UEC I

3331

S-type S-type D-type D-type T-type
y

Cl wave function

[1®6) = @ [0) + 5 [S) + p D) + e [T) + ca @) + - (34)

v



Excited determinants

Reference determinant

The electrons are in the N lowest spinorbitals (Aufbau principle):  [¥o) = [0) = |x1...xix;--- xn) (35)

Singly-excited determinants

Electron in i promoted in & [¥¢) = ‘)m < XaXj- ~XN> (36)

Doubly-excited determinants

Electrons in i and j promoted in a and b )‘F,”}b> = |X1---XaXb---XN) (37)

M

(N




Truncated ClI

@ When |S) ( ) are taken into account: CIS
(38)
NB: CIS is an
@ When |D) (doubles) are taken into account: CID
|q)CID> = ‘0> + o |D> (39)
NB: CID is the cheapest CI method
@ When |S) and |D) are taken into account: CISD
‘®CISD> = ‘0> + cs ‘S> “+ cp ‘D> (40)
NB: CISD is the most commonly-used Cl method
@ When |S), D) and |T) ( ) are taken into account: CISDT
(41)

e CISDTQ, etc.



Full CI

o When all possible excitations are taken into account, this is called a Full CI calculation (FCI)

‘(I)FC|> = |0> + cs ‘S> + cp ‘D> + cT ‘T) + cq ‘Q> —+ ... (42)
o FCl gives the
@ FCl is becoming more and more fashionable these days (e.g. )

@ So, why do we care about other methods?

@ Because FCl is super computationally expensive!



Size of Cl Matrix

There is Cfo possible ways of selecting k electrons out of the 10

occupied orbitals Num. of excitations

1
280

17,010
393,120
4,299,750
24,766,560
79,115,400
142,084,800
139,864,725
69,069,000
13,123,110
Tot. 472,733,756

n!
Cr=——-
" k(n—k)!
o There is Ck; ways of distributing them out in the 28 virtual orbitals
o For a given excitation level k, there is CfOng excited determinants

° is

O LU A WN o O x

10
Y kel = i = 472,733,756
k=0

_
o

@ This is a lot...




Pople diagram

level of theory.,.

FCI exact
[ ]

CISDTQP
CISDTQ
CISDT
CISD

HF

SZ DZ TZ QZ 5Z complete

» basis set



Cl Lagrangian

The CI Lagrangian is

L= <(I>C[|/:I‘q>c|> — A(<©C||<DC|> — 1) with |q>(j[> = ZC/ ‘I> (43)

I

with

(®ci|H|Pc) =Y ccy (A =Y cf (A1) + I|H|j (44)

oo~ 29 0

I Iy
(DCI‘(I)CI ZC/CJ I|j ZC,2 (45)

I

Following the variational procedure, we get

%
aC/

= ZZCJHlj—Z)\C/ =0 or (H/[—/\)CI—‘rZHUcJ =0 (46)
J J#I




Cl secular equations

Hopo — E Hoq e H()j @ 0

Hio  Hn—E ... Hy o 0
1] o @)

Hjo : . Hy—E . ||9 0



The FCI matrix:

||} = co [HF) + ¢ [S) + e [D) + 1 [T) +cq Q) + .. | (48)

[HF) s) D) m Q
(HF|  (HF|H[HF) (HF|A|S) (HF|H[D) (HF|H|T) (HF|H|Q)
(s| (S|FHE)  (S|AlS)  (s|FD)  (SIAT)  (s|AIQ)
(0| (DIffHF)  (D|AlS) (DIA[D) (DIFT) (DIA|Q) - )
(1 (TEHE)  (riAls) (TlED)  (TiAT) (TIAQ) -

(@ (alfHF)  (Qlfils) (alAD) (AT (Qlflq)



The FCI matrix:

||} = co [HF) + ¢ [S) + e [D) + 1 [T) +cq Q) + .. | (50)
[HF) S) D) ) Q)
(HF|  (HF|H|HF) 0 (HF|H|D) 0 0
(sl 0 (S|fls)  (s|A[D) (s|A[T) 0
H_ (Dl (DIMHF) (D|A|S) (D|AD) (D|M[T) (DIMQ) - 51)
(i 0 (Tlls) - (TIfD)  (TIHIT) - (TIAIQ) -
(@ 0 o (QfD) | :

QAT (QlAlQ)



Rules & Observations

@ No coupling between HF ground state |HF) and single excitations |S)

(52)
@ No coupling between |HF) and triples |T) , quadruples |Q) , etc.
= Slater-Condon rules
(HF|A|T) = (HF|H|Q) =...=0 (53)
(S|AQ) =...=0 (54)
@ |S) have small effect but mix indirectly with |D)
(55)
@ |D) have large effect and |Q) more important than |T)
= CID gives most of the correlation energy
(HF|H|D) > (HF|H|Q) > (HF|HT) (56)

@ Of course, this matrix is never explicitly built in practice (Davidson algorithm)...



Slater-Condon rules: One-electron operators

O1 =Y h(i) (57)

(K|O1|K) =} (ilhli) (58)

1

Case 2 = differ by one spinorbital: |K> — ‘ S qfee > and ‘L> = | ceaj- >

(K|Os|L) = (ilh|a) (59) )




Slater-Condon rules: Two-electron operators

Or=) 1 (61)

(KIO21K) = 33 Gl (62)

(K[O2|L) = (ijl|ab) (64)




Weights of excited configurations for Ne

Ed levd Weight Correlation energy of Be and Method scaling
—T
(1) gg i 13_4 Method AE, % Scaling
2 3.4  10-2 HF 0 0 o
3 3'7 104 CIS 0 0 N5
p 45 % 10-* CISD 0.075277  96.05 N
- 10 5% (D CISDT  0.075465 96.29 N8
. 17 % 10-6 CISDTQ 0.078372 100 N10
; 14% 10-7 FCI 0.078372 100 eN
) .
8 1.1%x 1077
v




Size consistency and size extensivity

@ Truncated Cl methods are size inconsistent

o Size consistent defines for non-interacting fragment:

Let A and B be non-interacting systems, then E(A+ B) = E(A) + E(B) ‘

@ Size extensivity refers to the scaling of E. with the number of electrons (i.e. the system size)
@ Size consistency is of particular importance to obtaining correct dissociation curves

NB: FCl is size consistent and size extensive



Rayleigh-Schrodinger perturbation theory

Let’s assume we want to find ¥ and Eg, such as
(A £ AHM YY) = By ¥ (65)
and that we know
HO¥O = EO%®  h—01,2,... 0 (66)
Let’s expand ¥y and Ep in term of A:
Eo=A"E0 + NV EV 4 A2 EP 4 EP 4 (67)
Yo = "W ATV a2l e (68)
(69)

such as (intermediate normalization)

ey =1

FO 1y =0, k=12



Rayleigh-Schrodinger perturbation theory (Part 1)

Gathering terms with respect to the power of A:

HOw = () (70)
A HOW 0wl = f0 (Y gDl (71)
A O 4 O Z f0e @y D)y 2yl (72)
HO¥Y + HOwP = B 4 eV 4 P+ e (73)

B = (¥ HO ) (74
AR = O (79)
A Eéz) = (‘*P(()O)|I:I(1)|‘P(()])) Wigner’s (2n+1) rule! (76)

g7 = (2RO 1) = oA - ) (77)



Rayleigh-Schrodinger perturbation theory (Part 2)

Expanding ‘i’(()w in the basis ‘Y,(70> withn=10,1,2,...,00

My =V ey = Y = e (78)
Therefore,
sy = Y ey e ) (79)
n#0

Using results from the previous slide, one can show that

(s |HO e )2
0)

-

(80)
n#0 E(go) — E,g

(81)



Mgller-Plesset (MP) perturbation theory

In Moller-Plesset perturbation theory, the partition is

N \
O = Y £ = YIa0) 0] B =YL ) (82)
i=1 i=1 i<y i
Therefore,
occ —I occC
£)=Ye E'=— Yl = (8
i ij

The first information about the correlation energy is given by the second-order correction

i .. 2
(2) B occ virt <UHab>
E _2 2 R 0 B e A
0 gj+e—eq—¢p

i<ja<b

This is the MP2 correlation energy!! (84)




MP3 energy

The third-order correction is a bit ugly...

-y (if] | ab) (kt||ij) {abl| kL)
' 8"1“ ~ (eitej—ea—ep)(exte —ea—ep)
+- Z (ijl|ab) (ab||cd) (cd]|if)
7 o (et ej —ea—eb) (e + 6 — e — €g)
(ij||ab) kbl |cj) (ac] |ik)

4
Uzkabc (E +£J_S‘1_£b)(£ ek —€a—¢€c )

°
@ MP4 does need singly, doubly, triply and quadruply excited determinants!



Pople diagram

level of theory.,.

MPoo . . exact?
MP5
MP4
MP3
MP2

HF

SZ DZ TZ QZ 5Z complete

» basis set



Illustration for the Be atom

Correlation energy of Be in a 4s2p basis set

Scaling  Level AE, % Level AE, %
N° MP2  0.053174  67.85

N©® MP3  0.067949 86.70  CISD 0.075277  96.05
N7 MP4  0.074121  94.58

N8 MP5  0.076918 98.15  CISDT 0.075465  96.29
N° MP6  0.078090  99.64

N0 MP7  0.078493 100.15 CISDTQ 0.078372 100

@ MPnis not a variational method, i.e. you can get an energy lower than the true ground state energy!
@ MPn fails for systems with small HOMO-LUMO gap

o The MPn series around the exact energy




MP2 correlation energy

MP2 is the simplest way of catching a good chunk of correlation:

|ba))

=2Y.),

ij ab

£ _ Z}:t (ij|ab) (2 (ijlab) — (ij

€i+€ —€—€p

(ij|ab)*
€i+€ —€—€p

-y (ij]ab) (ij|ba)

T b €i+€ —€—€p

direct part

exchange part

(85)

PF Loos




Computing the MP2 correlation energy

How much does it cost to compute the MP2 correlation energy?

procedure MP2 CORRELATION ENERGY
P =0
fori=1,0do
forj=1,0do
fora= 1,V do
forb=1,Vdo
A=¢€i+e€—€—¢€p
E® = E? + (2{ijlab)” ~ (iilab) (ij|ba)) / &
end for
end for
end for
end for
end procedure > O(N4) because there are four loops!)




AO to MO transformation (Take 1)

(pqlrs) = Z CupCugrros (Hv|Ac) (86)
— uvAo N~
MO integrals AO integrals
procedure AO-T0-MO TRANSFORMATION
forp=1,Ndo
forg=1,Ndo
for r =1, Ndo
for s = 1, Ndo
(pqlrs) =0 > Initialization of the array

for i =1,N do
forv=1,Ndo
for \ = 1,Ndo
foro =1,Ndo

(pqlrs) = (pqlrs) + cupevgen cos(pv|Ac) > Accumulation step
end for
end for
end for
end for
end for
end for
end for
end for > Thisisa (’7(Nx> algorithm! You won’t do much quantum chemistry with this...

end procedure



AO to MO transformation (Take 2)

Semi-direct algorithm...

(palr9) = Toup d Ty | T ():c (] >) &)
vq

1P




Semi-direct algorithm

Semi-direct algorithm... Step #1

procedure SEMI-DIRECT ALGORITHM ( )
Allocate temporary array [ of size N*
for y = 1,N do
forv=1,Ndo
for A =1, Ndo
foro =1, Ndo
fors =1, Ndo
l;n/ = I[w tc (.”V‘ )
end for
end for
end for
end for
end for > costs O(N°) and O(N*) storage
end procedure )




Semi-direct algorithm

Semi-direct algorithm... Step #2

procedure SEMI-DIRECT ALGORITHM ( )
Allocate temporary array J of size N*
for y =1, N do
forv=1,Ndo
for A =1, Ndo
for r=1,Ndo
fors =1, Ndo
Juvrs = Jyvrs + ¢ va
end for
end for
end for
end for
end for > costs O(N°) and O (N*) storage
end procedure

4




Semi-direct algorithm

Semi-direct algorithm...

procedure SEMI-DIRECT ALGORITHM (STEP #3)
for =1, Ndo
forv=1,Ndo
forg=1,Ndo
forr=1,Ndo
fors =1, Ndo
ligrs = lugrs + cvgluy
end for
end for
end for
end for
end for
end procedure

> Step #3 costs O (NS) and no new storage

4




Semi-direct algorithm

Semi-direct algorithm...

procedure SEMI-DIRECT ALGORITHM (STEP #4)
for =1, Ndo

for p=1,Ndo
forg=1,Ndo
forr=1,Ndo
fors =1, Ndo
(pqlrs) = (pqlrs) + cuplug
end for
end for
end for
end for
end for

end procedure

> Step #4 costs O (NS) and no new storage

4




Laplace transform

Almlof’s trick

5=, eel-nna (55)

o = 1y Glat)?

€it+€ —€a—¢€p

ij ab
= / ZZb) (ijllab)? exp[—(ei + €j — €a — €)t] dt )
I a
_ / Zzb a(£)b(1)? " 1%%2% it lalt)blt)?
ij a k=1 7 @
) = lgp(0)) and  |p(1)) = Igp(t)) = |gp(0)e*2") (90)

At this stage, one can play more games (e.g., localized orbitals, RI, stochastic sampling, quadrature, etc)




Coupled-Cluster Theory

A few random thoughts about coupled cluster (CC)

CC theory comes from nuclear physics

The idea behind CC is to include all corrections of a given type to infinite order

The CC wave function is an exponential ansatz

The CC energy is size-extensive, but non-variational

CC is considered as the gold standard for weakly correlated systems




@ CC wave function

Yee = eAT‘YO where ¥ is a reference wave function 91)
o Excitation operator
T=T,+0,+  -+T, (92)
o Exponential ansatz
NS S ST C LY S
2! 3!
A R T o aa  Tag
=141+ I +5 1 T\ B+hLh+-Th
S~ 2~ 6 93)
connected disconnected
. U s Taag 1 ay
+ T, +T+ - T +-LIi+=T |+
~— 2 —~— 2 24
four electrons two pairs of electrons



Excitation operators

@ Singles
h=Y ¢ aa = TY¥=) t¥e (94)
ia =~~~ ia
amplitudes
@ Doubles
Zt“b fadaa = T,¥ =- Zt“b b (95)
Uab Uab i

excited determinants

@ FCI wave function

Y=+ =(1+C+ G+ G5+ )Y (96)
@ Anticommutation relation of the annihilation and creation operators
abal +atal =0 apag + agap = 0 ahag + apal = dpq (97)



Cluster Analysis

N k—1
PO 5 A PO -1 N
Yec = (1 + C)‘I’ro < Yrcc = eT\PO = TI'= In(] + C) = Z %Ck (98)
k=1
n=_q (99)
A ~ 1.
T,=0C - ch (100)
A ~ PN 1.
T, = c3fc1c2+§c13 (101)
A a A A 1. A 1.
T4:c4—c1c3—5c§+c%c2—2c;‘ (102)



Formal CC Theory

Energy Equation (projective approach)

H¥cc) = E[¥cc) = Hel [¥o) = Ee' [¥o) = (Yo|Hel [¥o) = E(¥ole' [¥o)  (103)

<‘Y0“F0> =1 = |E= <1F0|/:/6T‘T0> (104)

y
Amplitude Equation

H|¥cc) =E[¥cc) = He' [Yo) = Ee’ [¥o) = (¥ |He' [Yo) = E(Y& | [¥o)  (105)

(¥ | Fe” o) = E (¥ e |¥o) (106)

4




Projected CC energy

Assuming that (¥o[¥o) = 1, we have
ECC = <T0|/:I6T|1Y0>
PPN A A T4
= (Yol AT+ T, + T, + S T)[¥o)

= (Yol H|[¥o) + (Yol HT1[¥0) + (Yol HT,[Y0) + - <'Y0\HT12|‘1’0>

(107)
=G+ Lt (Yol MY + 4 3 DL 4 et — ebef) (Yol E5)
ij ab
_EOJFZZta (Yol A[Y) + Zzt“b (Yol H[Y¥E) + - ZZt“tb (ol H[¥2E)
ij ab ij ab



CC energy with Hartree-Fock reference

HF reference wave function

o (Yo|H|¥%) = (ilfla) =0 < Brillouin’s theorem

° (‘F0|I:I|Tj}b> = (ij||ab) = (ij|lab) — (ij|ba) < Two-electron integrals

Ecc = = ZZ 3 ftf)("j||ab>
ij ab
(108)
= Enr + - ZZt (ijl|ab) + ZZt (ij||ab)
ij ab ij ab
4




Pople diagram

level of theory.,.

FCC exact
[ ]

CCSDTQP
CCSDTQ
CCSDT
CCSD

HF

SZ DZ TZ QZ 5Z complete

» basis set



o Schrodinger equation

A|¥cc) = E[Ycc) = Hel |¥o) = Ee' |¥y) = e He' [¥o) = E|¥o) (109)

H = similarity transform

@ Variational CC energy (factorial complexity)

(YeclAl¥ee) — (Yo(el)T|He¥o)
T

Eycc = = . > Eexact (110)
(YeclYec) (Fo(el)t|eT o) e
o (Traditional) projected CC energy (polynomial complexity)
Erce = (ol o) _ <T087TAMfTTO> (111)
(Yol o) (Foe T el ¥o)

o Unitary CC energy (very expensive unless you have a quantum computer)

Wo(el)'|H|etY Yoe t|H|eY A
Eucc = <<‘;(? )T)L‘ |:‘I’ ;> = < O?T ||T\e> o) where © = T — Tt is anti-Hermitian (112)
ole e 0 0 0




Similarity-transformed Hamiltonians & Amplitude equations

Similarity-transformed Hamiltonians

o The similarity-transformed Hamiltonian A = e~ He’ is not Hermitian:

(eiflzlef)+ = (e?—)JrI:IJr(eff)+ =l He T = e THel (113)

o The similarity-transformed Hamiltonian e~ He® is Hermitian:

(e THeD = (D)THT (e ) = et He ™ = e THe' because tf = -1 (114);

The two most important equations in CC theory

@ The energy equation

(Fole T HleT [¥,) = E (115)

@ The amplitude equation

(Y& e TH [¥o) =0 = 1 (116)

4




CISD vs CCSD

Let’s build the CISD and CCSD Hamiltonian matrix in the basis of |0), |S), and |D):

CISD Hamiltonian

A Eng 0 Hop
Hosp=| 0 Hss Hsp (117)
Hpo Hps Hpp

CCSD Hamiltonian

) Ecc  Hos  Hop
Heesp = | 0 Hss  Hsp (118)
0 Hps Hpp

NB: This is the equation-of-motion (EOM) CCSD Hamiltonian!




The Hausdorff expansion

Campbell-Baker-Hausdorff formula

e TheT = B+ [A 1]+ ([T 1]+ S [[[A 7] 70,0+ [ 1. 71 T+ (o)
N 1
A=Y hpqapaq+ 2 2 (pallrs) ahahasay (120)
pq pqrs
|ateg. aler] = af agal a—al wal ag = ahoged; — aloipeg (121)
~ ~—
5qa_aaaq 15,",7?1;?1;
4

o At the TCC level, the BCH expansion truncates naturally after the first five terms
o At the VCC level, the BCH expansion does not truncate but terminates

o At the UCC level, the BCH expansion does not terminate

For more details about normal-ordered operators, Wick’s theorem, and diagrammatic techniques, see
Crawford & Schaefer, Reviews in Computational Chemistry, Vol. 14, Chap. 2, 2000.



Truncated CC

CC with doubles (CCD)
o Only doubles, doubles of doubles, etc = T = 7'2

o Still an infinite series

7 A oA 14
e =14+T,+- T2+ T2+£T;‘+--- (122)
o CCD energy
Eccp = Enr + - ZZt“b (ij|| ab) (123)
ij ab )




CCD equations

@ Projection of similarity-transformed Hamiltonian onto doubles

(YPIH¥o) = Ecc (Y [¥o) =0 = (¥Ple " He' [¥o) =0 (124)

Residual equation

i ab ab
(ij]|ab) + Ui+ vi;

rf? = (ij|ab) + ALt + uf +viP =0 = |t =- A (125)
ij
o Energy differences
AP =e,+e,—€i—¢ (126)
@ Linear array
uff = f(t3) = O(N°) (127)
o Quadratic array
b b
vil = f(tj°) = O(N®) or O(N®) (128)
smart dumb



array

Each term of the linear term can be computed in O(N®):

1 1

b d i) teb

ug = - Zd (ab||cd) £ + 5%&1\\@%
“ vvvv 0000

(129)

b b
+Y |- £4° + the — the + tac
ke

NB: cco(v;;b = 0) = linear CCD (LCCD)



array: the way

The quadratic term is the computational bottleneck of CCD:

b1 d sab bd | .bd
v,f} = - Z (kl||cd) tfj ty fz(t,»“ft,d +t )
4 lded~——
(130)
ab ;cd cd yab ac .bd bd ;ac
=20t + ) + Al " + )

The “formal” scaling of the quadratic term is O(N®)



array: the way

One can “sacrifice” storage to gain in scaling:

(Kl Xalij) = Y (kl]|ed) 5 (k| ed) tgf (131)
o) o)

(KX317) = ¥ (ki d) (il Xalad) = Y (Kl||cd) £ (132
O(VNS) led O(VN") ke

Now, the quadratic term can be computed in O(N°)

1
=+ LY (ki) ed 126 — x| 9+ )
M ¢ (133)
—*Z[ k|Xa 1)1 + (K| Xs|i tkj]+2[ ik| Xy ac) the + <ik\X4|bc>t;ij]



CCD algorithm

procedure ITERATIVE CCD ALGORITHM
Perform HF calculation to get €, and (pq||rs)

+

. ab
while max [rf®| > T do \i»_i/ . \fi/ . \\&}__V
Compute intermediate arrays (ki|Xi|ij), (b|Xa|c), (k|X3]j), and

Set u?}b =0, and =0
Compute amplitudes tf}b = — (ij||ab) /A?jb (MP2 guess) o= \\/\\/ TN YT
Form linear array ugb
\[ - ﬁ,( + N s M,{
(il] Xa| ad).
N ae- {V ¥ \\E Z {

+

Form quadratic array
Compute residues: rgb = (ij||ab) + Agbtfjb + Uf;b +
Update amplitudes: t;b — l‘f}b — r,-?-b/A?jb
end while
Compute CCD energy: Eccp = Enr + % i ety t,'?b (ifl|ab)
end procedure

+

PF Loos



Illustration for the Be atom

Correlation energy of Be in a 4s2p basis set

Scaling  Level AE, % Level AE, % Level AE, %
N> MP2  0.053174  67.85

N© MP3  0.067949  86.70  CISD 0.075277 96.05 CCSD 0.078176  99.75
N’ MP4  0.074121  94.58 CCSD(T)  0.078361  99.99
N8 MP5  0.076918  98.15  CISDT 0.075465 96.29 CCSDT 0.078364  99.99
N° MP6  0.078090  99.64

N1© MP7  0.078493  100.15 CISDTQ  0.078372 100  CCSDTQ  0.078372 100

As a rule of thumb:
HF < MP2 < CISD < MP4(SDQ) ~ CCSD < MP4 < CCSD(T)




Good books

o Introduction to Computational Chemistry (Jensen)

o Essentials of Computational Chemistry (Cramer)

Modern Quantum Chemistry (Szabo & Ostlund)

@ Molecular Electronic Structure Theory (Helgaker, Jorgensen & Olsen)
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