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Potential energy curve of the hydrogen molecule 
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Ground electronic state
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Large atomic  
orbital basis
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(Quantum) electronic energy  
+  

(classical) nuclear repulsion 
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Full Configuration Interaction (FCI)

Exact diagonalization of the Hamiltonian 
in the (finite) Hartree-Fock determinant basis 
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Two neutral hydrogen atoms
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Hartree-Fock (HF)
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Analysis of the Hartree-Fock wave function 
in a minimal basis
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Analysis of the Hartree-Fock wave function 
in a minimal basis
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φg,τ(r, σ) =
δστ

2 (χ1sA
(r) + χ1sB

(r)) ≡ ̂a†
gτ |∅⟩ =

1

2 ( ̂a†
Aτ + ̂a†

Bτ) |∅⟩

ΦHF⟩ = ̂a†
g↑ ̂a†

g↓ |∅⟩

(Restricted) ground Hartree-Fock determinant  
in the dissociation limit

φu,τ(r, σ) =
δστ

2 (χ1sA
(r) − χ1sB

(r)) ≡ ̂a†
uτ |∅⟩ =

1

2 ( ̂a†
Aτ − ̂a†

Bτ) |∅⟩

τ = ↑ or ↓

̂a†
g↑ ̂a†

g↓ =
1
2 ( ̂a†

A↑ + ̂a†
B↑) ( ̂a†

A↓ + ̂a†
B↓) =

1
2 ( ̂a†

A↑ ̂a†
B↓ + ̂a†

B↑ ̂a†
A↓+ ̂a†

A↑ ̂a†
A↓ + ̂a†

B↑ ̂a†
B↓)
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Hartree-Fock (HF)
Unphysical  
ionic terms
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Hartree-Fock (HF)

−1.2

−1.15

−1.1

−1.05

−1

−0.95

−0.9

−0.85

−0.8

−0.75

 1  2  3  4  5  6  7  8  9  10

En
er

gy
 (a

.u
.)

Interatomic distance (a.u.)

H2 (11Σg
+, aug−cc−pVQZ)

FCI
HF

MP2

Strong 
correlation



15

Hartree-Fock (HF)
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How to fix the problem 
while preserving spin symmetry?
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φg,τ(r, σ) =
δστ

2 (χ1sA
(r) + χ1sB

(r)) ≡ ̂a†
gτ |∅⟩ =

1

2 ( ̂a†
Aτ + ̂a†

Bτ) |∅⟩

Φdoubly
excited⟩ = ̂a†

u↑ ̂a†
u↓ |∅⟩

φu,τ(r, σ) =
δστ

2 (χ1sA
(r) − χ1sB

(r)) ≡ ̂a†
uτ |∅⟩ =

1

2 ( ̂a†
Aτ − ̂a†

Bτ) |∅⟩

τ = ↑ or ↓

̂a†
u↑ ̂a†

u↓ =
1
2 ( ̂a†

A↑ − ̂a†
B↑) ( ̂a†

A↓ − ̂a†
B↓) = −

1
2 ( ̂a†

A↑ ̂a†
B↓ + ̂a†

B↑ ̂a†
A↓− ̂a†

A↑ ̂a†
A↓ − ̂a†

B↑ ̂a†
B↓)

(Restricted) doubly-excited Hartree-Fock determinant  
in the dissociation limit
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φg,τ(r, σ) =
δστ

2 (χ1sA
(r) + χ1sB

(r)) ≡ ̂a†
gτ |∅⟩ =

1

2 ( ̂a†
Aτ + ̂a†

Bτ) |∅⟩

φu,τ(r, σ) =
δστ

2 (χ1sA
(r) − χ1sB

(r)) ≡ ̂a†
uτ |∅⟩ =

1

2 ( ̂a†
Aτ − ̂a†

Bτ) |∅⟩

τ = ↑ or ↓

̂a†
u↑ ̂a†

u↓ =
1
2 ( ̂a†

A↑ − ̂a†
B↑) ( ̂a†

A↓ − ̂a†
B↓) = −

1
2 ( ̂a†

A↑ ̂a†
B↓ + ̂a†

B↑ ̂a†
A↓− ̂a†

A↑ ̂a†
A↓ − ̂a†

B↑ ̂a†
B↓)

Multiconfigurational description

̂a†
g↑ ̂a†

g↓ =
1
2 ( ̂a†

A↑ + ̂a†
B↑) ( ̂a†

A↓ + ̂a†
B↓) =

1
2 ( ̂a†

A↑ ̂a†
B↓ + ̂a†

B↑ ̂a†
A↓+ ̂a†

A↑ ̂a†
A↓ + ̂a†

B↑ ̂a†
B↓)

or
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φg,τ(r, σ) =
δστ

2 (χ1sA
(r) + χ1sB

(r)) ≡ ̂a†
gτ |∅⟩ =

1

2 ( ̂a†
Aτ + ̂a†

Bτ) |∅⟩

φu,τ(r, σ) =
δστ

2 (χ1sA
(r) − χ1sB

(r)) ≡ ̂a†
uτ |∅⟩ =

1

2 ( ̂a†
Aτ − ̂a†

Bτ) |∅⟩

τ = ↑ or ↓

̂a†
u↑ ̂a†

u↓ =
1
2 ( ̂a†

A↑ − ̂a†
B↑) ( ̂a†

A↓ − ̂a†
B↓) = −

1
2 ( ̂a†

A↑ ̂a†
B↓ + ̂a†

B↑ ̂a†
A↓− ̂a†

A↑ ̂a†
A↓ − ̂a†

B↑ ̂a†
B↓)

Multiconfigurational description

̂a†
g↑ ̂a†

g↓ =
1
2 ( ̂a†

A↑ + ̂a†
B↑) ( ̂a†

A↓ + ̂a†
B↓) =

1
2 ( ̂a†

A↑ ̂a†
B↓ + ̂a†

B↑ ̂a†
A↓+ ̂a†

A↑ ̂a†
A↓ + ̂a†

B↑ ̂a†
B↓)

or

1

2 ( ̂a†
g↑ ̂a†

g↓ − ̂a†
u↑ ̂a†

u↓) =
1

2 ( ̂a†
A↑ ̂a†

B↓ + ̂a†
B↑ ̂a†

A↓)
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Hartree-Fock (HF)

small HOMO-LUMO gap

MP2
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General multi configurational approach
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φI

φJ

φK…

Complete Active Space CI (CASCI)  

φU

φV

φW

φX
 active spin-orbitalsM

φA

…

φB

φC Virtual spin-orbitals

(unoccupied)

… φY

…

 active electrons N

Inactive spin-orbitals

(core)

N < M
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φI

φJ

φK…

Complete Active Space CI (CASCI)  

φU

φV

φW

φX  active spin-orbitals

(  active orbitals)

M
ℳ = M/2

φA

…

φB

φC Virtual spin-orbitals

(unoccupied)

… φY

…

 active electrons N

“CAS ”N/ℳ

Inactive spin-orbitals

(core)
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Complete Active Space CI (CASCI)  

|ΨCASCI⟩ = Φ̂†
core

nU+nV+…+nY=N

∑
(nU,nV,…,nY)∈{0,1}M

CnUnV…nY ( ̂a†
U)

nU ( ̂a†
V)

nV
…( ̂a†

Y)
nY

|vac⟩

φI

φJ

φK…

φU

φV

φW

φX

φA

…

φB

φC

… φY

…

 a
ct

iv
e 

sp
in

-o
rb

ita
ls

M

 active electrons N

occupied

∏
I

̂a†
I
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Complete Active Space CI (CASCI)  

|ΨCASCI⟩ = Φ̂†
core

nU+nV+…+nY=N

∑
(nU,nV,…,nY)∈{0,1}M

CnUnV…nY ( ̂a†
U)

nU ( ̂a†
V)

nV
…( ̂a†

Y)
nY

|vac⟩

φI

φJ

φK…

φU

φV

φW

φX

φA

…

φB

φC

… φY

…

 a
ct

iv
e 

sp
in

-o
rb

ita
ls

M

 active electrons N

occupied

∏
I

̂a†
I

FCI in the active orbital space!
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Restricted Active Space CI (RASCI)  
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Truncated CI in the active orbital space!
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Complete Active Space CI (CASCI)  

|ΨCASCI⟩ = Φ̂†
core

nU+nV+…+nY=N

∑
(nU,nV,…,nY)∈{0,1}M

CnUnV…nY ( ̂a†
U)

nU ( ̂a†
V)

nV
…( ̂a†

Y)
nY

|vac⟩

φI

φJ

φK…

φU

φV

φW

φX

φA

…

φB

φC

… φY

…

 a
ct

iv
e 

sp
in

-o
rb

ita
ls

M

 active electrons N

νI = ⟨ ̂a†
I ̂aI⟩ΨCASCI = νJ = … = νK = 1
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Complete Active Space CI (CASCI)  

|ΨCASCI⟩ = Φ̂†
core

nU+nV+…+nY=N

∑
(nU,nV,…,nY)∈{0,1}M

CnUnV…nY ( ̂a†
U)

nU ( ̂a†
V)

nV
…( ̂a†

Y)
nY

|vac⟩

φI

φJ

φK…

φU

φV

φW

φX

φA

…

φB

φC

… φY

…

 a
ct

iv
e 

sp
in

-o
rb
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ls

M

 active electrons N

0 < νU, νV, …, νY < 1

Fractional  
occupation numbers!
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|ΨCASCI⟩ = Φ̂†
core

nU+nV+…+nY=N

∑
(nU,nV,…,nY)∈{0,1}M

CnUnV…nY ( ̂a†
U)

nU ( ̂a†
V)

nV
…( ̂a†

Y)
nY

|vac⟩

φI

φJ

φK…

φU

φV

φW

φX

φA

…

φB

φC

… φY

…

 a
ct

iv
e 
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M

 active electrons N

νA = νB = … = νC = 0
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Complete Active Space CI (CASCI)  

|ΨCASCI⟩ = Φ̂†
core

nU+nV+…+nY=N

∑
(nU,nV,…,nY)∈{0,1}M

CnUnV…nY ( ̂a†
U)

nU ( ̂a†
V)

nV
…( ̂a†

Y)
nY

|vac⟩

φI

φJ

φK…

φU

φV

φW

φX

φA

…

φB

φC

… φY

…

 a
ct

iv
e 

sp
in

-o
rb

ita
ls

M

 active electrons N

|ΨCASCI⟩ notation= ∑
ξ∈CAS

Cξ |Φξ⟩
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Complete Active Space CI (CASCI)  

|ΨCASCI⟩ = Φ̂†
core

nU+nV+…+nY=N

∑
(nU,nV,…,nY)∈{0,1}M

CnUnV…nY ( ̂a†
U)

nU ( ̂a†
V)

nV
…( ̂a†

Y)
nY

|vac⟩

φI

φJ

φK…

φU

φV

φW

φX

φA

…

φB

φC

… φY

…

 a
ct

iv
e 

sp
in

-o
rb

ita
ls

M

 active electrons N

|ΨCASCI⟩ notation= ∑
ξ∈CAS

Cξ |Φξ⟩

Obtained from the diagonalization  
of the CAS Hamiltonian 

(see the tutorial)
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Dissociation of the hydrogen molecule 
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Residual  
error 

Dissociation of the hydrogen molecule 
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Hartree-Fock orbitals  
are employed!

Dissociation of the hydrogen molecule 
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Hartree-Fock orbitals  
are employed!

Dissociation of the hydrogen molecule 

−1.2

−1.15

−1.1

−1.05

−1

−0.95

−0.9

−0.85

−0.8

−0.75

 2  3  4  5  6  7  8  9  10

En
er

gy
 (a

.u
.)

Interatomic distance (a.u.)

H2 (11Σg
+, aug−cc−pVQZ)

FCI
HF

CISD 2/2

Residual  
error 

LARGE  
basis set!
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Important conclusion 

Multi-configurational wave functions need a re-optimization of the orbitals
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Multi-configurational wave functions need a re-optimization of the orbitals

 Multi-Configurational Self-Consistent Field (MCSCF) approach

Important conclusion 
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Multi-configurational wave functions need a re-optimization of the orbitals

 Multi-Configurational Self-Consistent Field (MCSCF) approach

Important conclusion 

∈

CASSCF, RASSCF
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|φHF
1 ⟩

|φHF
2 ⟩

Hartree-Fock orbitals

Multi-configurational wave functions need a re-optimization of the orbitals
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|φHF
1 ⟩

|φ1(θ)⟩

θ

θ = 0

θ > 0
|φHF

2 ⟩
|φ2(θ)⟩

Multi-configurational wave functions need a re-optimization of the orbitals
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Multi-configurational wave functions need a re-optimization of the orbitals

Orbital rotation

|φ1⟩

|φ1(θ)⟩

θ

θ = 0

θ > 0
|φ2⟩

|φ2(θ)⟩
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Multi-configurational wave functions need a re-optimization of the orbitals

Orbital rotation

⟨φ2 |

⟨φ1 | [cos θ −sin θ
sin θ cos θ ] = 𝒰(θ)

|φ1(θ)⟩ |φ2(θ)⟩

Matrix representation 
of the rotation

|φ1⟩

|φ1(θ)⟩

θ

θ = 0

θ > 0
|φ2⟩

|φ2(θ)⟩
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Multi-configurational wave functions need a re-optimization of the orbitals

Orbital rotation

= e
−[ 0 θ

−θ 0]
⟨φ2 |

⟨φ1 | [cos θ −sin θ
sin θ cos θ ] = 𝒰(θ)

|φ1(θ)⟩ |φ2(θ)⟩
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Multi-configurational wave functions need a re-optimization of the orbitals

Orbital rotation

= e
−[ 0 θ

−θ 0]
⟨φ2 |

⟨φ1 | [cos θ −sin θ
sin θ cos θ ]
|φ1(θ)⟩ |φ2(θ)⟩

anti-hermitian!

κ(θ) = − κ†(θ)
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Spin-orbital rotation in second quantization 

|Φξ⟩ ≡ ̂a†
P1

̂a†
P2

… ̂a†
PN

|vac⟩“Unrotated” determinant
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Spin-orbital rotation in second quantization 

|Φξ⟩ ≡ ̂a†
P1

̂a†
P2

… ̂a†
PN

|vac⟩“Unrotated” determinant

|Φξ(κ)⟩ ≡ ̂a†
P1(κ) ̂a†

P2(κ)… ̂a†
PN(κ) |vac⟩“Rotated” determinant
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Spin-orbital rotation in second quantization 

|Φξ⟩ ≡ ̂a†
P1

̂a†
P2

… ̂a†
PN

|vac⟩“Unrotated” determinant

|Φξ(κ)⟩ ≡ ̂a†
P1(κ) ̂a†

P2(κ)… ̂a†
PN(κ) |vac⟩“Rotated” determinant

= e− ̂κ |Φξ⟩

😀Same operator  
for all the determinants!
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Spin-orbital rotation in second quantization 

|Φξ⟩ ≡ ̂a†
P1

̂a†
P2

… ̂a†
PN

|vac⟩“Unrotated” determinant

|Φξ(κ)⟩ ≡ ̂a†
P1(κ) ̂a†

P2(κ)… ̂a†
PN(κ) |vac⟩“Rotated” determinant

= e− ̂κ |Φξ⟩

̂κ = ∑
P<Q

κPQ ( ̂a†
P ̂aQ − ̂a†

Q ̂aP) = − ̂κ†If we use real algebra…
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Spin-orbital rotation in second quantization 

|Φξ⟩ ≡ ̂a†
P1

̂a†
P2

… ̂a†
PN

|vac⟩“Unrotated” determinant

|Φξ(κ)⟩ ≡ ̂a†
P1(κ) ̂a†

P2(κ)… ̂a†
PN(κ) |vac⟩“Rotated” determinant

= e− ̂κ |Φξ⟩

̂κ = ∑
P<Q

κPQ ( ̂a†
P ̂aQ − ̂a†

Q ̂aP) = − ̂κ†If we use real algebra…

See BONUS exercises for a detailed proof



Residual  
error 
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Dissociation of the hydrogen molecule 
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Dissociation of the hydrogen molecule 
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Complements
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|Ψ(κ)⟩ = e− ̂κ |ΨCASSCF
0 ⟩

Spin-orbital rotation in the vicinity of the minimizing CASSCF wave function
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|Ψ(κ)⟩ = e− ̂κ |ΨCASSCF
0 ⟩

Spin-orbital rotation in the vicinity of the minimizing CASSCF wave function

ECASSCF
0 = min

κ
⟨Ψ(κ) | Ĥ |Ψ(κ)⟩ κ=0= ⟨ΨCASSCF

0 | Ĥ |ΨCASSCF
0 ⟩
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|Ψ(κ)⟩ = e− ̂κ |ΨCASSCF
0 ⟩

Spin-orbital rotation in the vicinity of the minimizing CASSCF wave function

ECASSCF
0 = min

κ
⟨Ψ(κ) | Ĥ |Ψ(κ)⟩ κ=0= ⟨ΨCASSCF

0 | Ĥ |ΨCASSCF
0 ⟩

∂⟨Ψ(κ) | Ĥ |Ψ(κ)⟩
∂κPQ

κ=0

= 0
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Spin-orbital rotation in the vicinity of the minimizing CASSCF wave function

Generalised  
Brillouin theorem

∂⟨Ψ(κ) | Ĥ |Ψ(κ)⟩
∂κPQ

κ=0

= 0

Will be investigated further during the exercise session…



59

Spin-orbital rotation in first quantization 

|φP(κ)⟩ = ∑
Q

𝒰QP(κ) |φQ⟩

𝒰QP(κ) = (e−κ)QP
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Spin-orbital rotation in first quantization 

|φP(κ)⟩ = ∑
Q

𝒰QP(κ) |φQ⟩

𝒰QP(κ) = (e−κ)QP

(κ†)PQ
= (−κ)PQ = κ*QP = −κPQ κ ≡ {κPQ}P<Q
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Spin-orbital rotation in second quantization 

|φP(κ)⟩ = ∑
Q

(e−κ)QP
|φQ⟩

̂a†
P(κ) = ∑

Q
(e−κ)QP

̂a†
Q

̂a†
P(κ) = e− ̂κ ̂a†

Pe+ ̂κ ̂κ = ∑
PQ

κPQ ̂a†
P ̂aQwhere
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φI

φJ

φK…

φU

φV

φW

φX

φA

…

φB

φC

… φY

|Ψ(κ)⟩ = e− ̂κ |ΨCASSCF
0 ⟩ = (1− ̂κ+…) |ΨCASSCF

0 ⟩ = 1− ∑
PQ

κPQ ̂a†
P ̂aQ + … |ΨCASSCF

0 ⟩

κUI

Inactive-active

κAV

active-virtual

κBJ

inactive-virtual
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{ |Ψn(κ)⟩ = e− ̂κ |ΨCASSCF
n ⟩}n=0,1,2,…

State-Averaged CASSCF orbitals
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{ |Ψn(κ)⟩ = e− ̂κ |ΨCASSCF
n ⟩}n=0,1,2,…

State-Averaged CASSCF orbitals

Variational principle for an ensemble of ground and excited states:

A. K. Theophilou, J. Phys. C: Solid State Phys. 12, 5419 (1979). 
A. K. Theophilou, in The Single Particle Density in Physics and Chemistry, edited by N. H. March and B. M. Deb (Academic Press, 1987), pp. 210–212. 
E. K. U. Gross, L. N. Oliveira, and W. Kohn, Phys. Rev. A 37, 2805 (1988).

∑
n

𝚠nEn ≤
𝚠0≥𝚠1≥𝚠2≥…≥0

⟨Ψn|Ψm⟩=δmn

∑
n

𝚠n⟨Ψn | Ĥ |Ψn⟩
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State-Averaged CASSCF orbitals

{ |Ψn(κ)⟩ = e− ̂κ |ΨCASSCF
n ⟩}n=0,1,2,…

κ{𝚠n} = argminκ {∑
n

𝚠n⟨Ψn(κ) | Ĥ |Ψn(κ)⟩}


